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Analysis of Spatiotemporal
Variations and Flow Structures in
a Periodically Driven Cavity
The time-dependent fluid flow in a square cavity was studied using model fluids of
glycerol-water solution at different frequencies and amplitudes of motion of the top plate.
The range of Reynolds numbers in our investigation varied from 5 to 3700. The experi-
ments were carried out in a square cavity with a periodically driven lid, and planar
velocity measurements were obtained using particle image velocimetry. The flow was
driven by moving the top surface of the cavity in a simple harmonic motion. The aspect
ratio, defined as the ratio of cavity length to the cavity height, is unity. The ratio of cavity
spanwise width to the length of the cavity is 0.2. The temporal variation of velocity at
fixed locations in the cavity exhibits a periodic variation. The basic frequency of the fluid
motion at a point in the flow domain was observed to be the same as that of plate motion
for low Reynolds number Re. However, existence of dominant secondary frequencies was
observed along the central vertical plane. The velocity variation as a function of time at
a fixed position and the velocity profiles along horizontal and vertical planes are also
quantitatively described. These were compared to computational fluid dynamics (CFD)
simulations based on the finite volume technique. Comprehensive details of the flow as a
function of Reynolds number are analyzed. The evolution of secondary vortices at differ-
ent plate positions as a function of Reynolds number is also presented. The planar
velocity measurements acquired are indicative of the flow behavior in a periodically
driven cavity with a narrow span width even at high Re. At very low Re, the flow
throughout the periodically driven cavity qualitatively resembles the classical steady
lid-driven cavity flow. At high Re, the entire cavity is occupied with multiple vortices. The
qualitative features of the bulk flow observed are valid even for cavities with infinite span
width. �DOI: 10.1115/1.2173289�

Keywords: periodically driven cavity, particle image velocimetry, periodicity, secondary
vortex, CFD simulations

1 Introduction
The study of the dynamics of the fluid motion in a lid-driven

cavity is a classical problem in fluid mechanics. It serves as a
benchmark or case study for understanding complex flows with
closed circulation. It acts as an idealized representation of many
industrial-processing applications, such as short-well and flexible
blade coaters. In recent years, the flow in a periodically driven
cavity has been examined extensively for different operating con-
ditions. Time periodic cavity flows can be viewed as prototypes
for studying mixing processes.

O’Brien �1� theoretically and numerically studied the oscilla-
tory box flow and the results were consistent with their earlier
experimental results. The flow within a two-dimensional �2D�
closed finite square cavity, driven by a sliding wall that executes
sinusoidal oscillation, was treated by Soh and Goodrich �2�. Later,
Iwatsu et al. �3� studied flow driven by a torsionally oscillating lid
in a square cavity through numerical simulations for a wide range
of Reynolds numbers and frequencies of the oscillating lid. They
reported that at low frequencies the effect of the lid motion pen-
etrates a larger depth into the cavity, and flow is similar to the
steady driven cavity flow at the maximum plate velocity. At high
frequencies, however, the flow was confined within a thin layer
near the oscillating lid. Iwatsu et al. �4� analyzed the three-
dimensional �3D� flow structures in a cubic cavity with an oscil-

lating lid by numerical simulations. They studied the effect of
frequency on the penetration depth. They reported the presence of
the secondary flows at low frequencies, illustrating the 3D nature
of the flow. Vogel et al. �5� studied the vortex dynamics of the
flow in a rectangular cavity driven by harmonic oscillation of the
bottom wall using flow visualization and digital particle image
velocimetry measurements. They examined the stability of the ba-
sic state and found the limits within which the system can be
approximated as 2D and can be used as a surface viscometer.

In spite of various investigations described above, quantitative
information of the entire flow field for a wide range of parameters
is not available for periodically driven cavity flows. Many re-
searchers have studied the mixing of Newtonian and viscoelastic
fluids in time periodic cavity flows. Chien et al. �6� experimentally
studied laminar mixing using glycerol as the working fluid in a 2D
periodic cavity by analyzing a material line and blob deformation.
It was found that the efficiency of the mixing strongly depends on
the frequency of oscillation of the wall. Niederkorn and Ottino �7�
also carried out experimental and computational investigations on
mixing of viscoelastic fluids in a cylindrical geometry with eccen-
tricity. They studied the effect of elasticity of the fluid on the rate
of stretching under different flow conditions. Fluid mixing in 2D
and 3D time periodic cavity flows as a function of rheological
fluid parameters was studied using numerical computations by
Anderson et al. �8�. They found the existence of good mixing
regions for Newtonian fluids and bad mixing regions in case of
shear thinning fluids. Detailed study of the flow structures in a
periodic cavity is hence important in understanding and determin-
ing the efficiency of the mixing process.

Mixing of viscoelastic fluids is important in a variety of indus-

1Author to whom correspondence should be addressed.
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trial applications, such as processing of polymers and melts. The
mixing is efficient only when the fluid particles move and follow
pathlines spanning larger regions in the cavity. In many of the
polymer processing operations, the quality of the final product is
greatly dependent on the flow and mixing of the polymer. These
processes frequently involve cavities with narrow gaps with peri-

odically moving boundaries. Therefore, we have chosen a periodi-
cally driven cavity with narrow spanwise direction to characterize
the flow features. In order to obtain an understanding of the flow
behavior, this work focuses on flow structures with Newtonian
fluids. Velocity measurements in different planes were made at
various experimental conditions using a particle image velocime-
ter. The periodicity of the flow, comprehensive features of the
flow, and variation of velocity components along horizontal and
vertical planes in the flow field are presented. The experimental
results were compared to 2D and 3D computational fluid dynam-
ics �CFD� simulations based on the finite volume method using a
commercial package FLUENT 6.1.

2 Materials and Methods
The experiments were conducted in a periodically driven cavity

�5�. The walls are made of acrylic sheets of 0.6 cm thickness. The
length L of the cavity �along the x direction� is 0.1 m, the height
H measured �in the y direction� is 0.1 m, and the spanwise width
W of the cavity is 0.02 m �in z direction� �Fig. 1�. The aspect ratio
defined as the ratio of length to height �L /H� of the cavity is unity
in our study.

Figure 2 shows a front view of the cavity �A� and the experi-
mental set up. The top plate �B� was designed to move to and

Fig. 1 Geometric details of the cavity

Fig. 2 Schematic diagram of the experimental setup: „A… cavity, „B… top plate, „C… guide plate arrange-
ment, „D… drive wheel, „E… connecting rod assembly, „F1, F2… ball bearings, „G… permanent magnet DC
motor, and „H… thyristor drive

Fig. 3 Comparison of temporal variation of ũ and ṽ at point 1 in the cavity
from the PIV measurements with CFD simulations „�=0.0235 Pa s, Re=348,
St=845…
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Fig. 4 Comparison of temporal variation of ũ and ṽ at point 2 in the cavity
from the PIV measurements with CFD simulations „�=0.0235 Pa s, Re=348,
St=845…

Fig. 5 Trajectories of ũ and ṽ from PIV measurements and 3D
CFD simulations „a… point 1 and „b… point 2 „�=0.0235 Pa s,
Re=348, St=845…

Fig. 6 Power spectra of x and y component velocities from
experimental measurements and CFD simulations at point 1 „a…
ũ and „b… ṽ „�=0.0235 Pa s, Re=348, St=845…
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from along the x direction. This was rendered possible with a
guide plate �C� arrangement. The periodic motion of the top plate
was achieved with a drive wheel �D� and connecting rod �E� as-
sembly. Ball bearings �F1, F2� were used for attaching each end of
the connecting rod as well as to support the drive wheel. A per-
manent magnet DC motor �G� was used to turn the drive wheel.
The speed of the motor was controlled by a thyristor drive �H�.
The plate frequency was varied using the thyristor drive. The am-
plitude �maximum displacement� of the top plate motion was set
by the radius at which the connecting rod was attached to the
drive wheel. For this, several holes at different radial positions
were provided in the drive wheel �D�. The position of a marker on
the top plate was tracked over a period of time. The velocity of the
plate was confirmed as a sinusoidal function using image analysis

Up = A� sin�2�ft� �1�

where A represents the amplitude of the plate �m� and � is the
angular frequency, which is given by 2�f where f is the measured
frequency of the plate motion �s−1�. The experiments were con-
ducted at three different amplitudes 0.04 m, 0.05 m, and 0.06 m
and five different angular frequencies 0.83, 1.04, 1.25, 1.70, and
2.51 s−1. The dimensionless Reynolds number is defined as Re
= �Umax�H� /�, and the Stokes number is defined as St=��H2 /�.
Here, the maximum velocity of the plate �Umax=A�� is the veloc-
ity scale, � is the fluid density, and � is the viscosity of the fluid.
The penetration depth �i.e., the distance up to which the momen-
tum penetrates in the cavity in relation to the depth of the cavity�

is an important parameter. Thus, depth of the cavity �H� is chosen
as the length scale for our problem.

We chose our experimental fluid as commercial 99% glycerol.
The experiments were carried out with different viscosities of the
glycerol-water solutions. The viscosities were measured at 25 °C
using a rheometer Physica MCR-301, and the corresponding vis-
cosities were found to be 0.0047 Pa s �40 vol % �, 0.0143 Pa s
�60 vol % �, 0.0235 Pa s �70 vol % �, 0.0366 Pa s �75 vol % �,
0.147 Pa s �95 vol % �, and 0.771 Pa s �99 vol % �. The volume
percent reported here is for glycerol. The samples were tested by
applying shear rate from 0 to 100 s−1 in ramp mode using a co-
axial cylinder measuring system.

2.1 Experimental Technique. Particle image velocimetry
�PIV�, a nonintrusive technique, was used to get accurate quanti-
tative information of the instantaneous planar velocity field �LaVi-
sion GmBH, Germany�. The fluid was seeded with hollow glass

Fig. 7 Power spectra of x and y component velocities from
experimental measurements and CFD simulations at point 2 „a…
ũ and „b… ṽ „�=0.0235 Pa s, Re=348, St=845…

Fig. 8 Comparison of velocity profiles of ũ measured at the
central z plane at plate positions 2 and 4 along x=0.05 with CFD
simulations „�=0.0235 Pa s, �=1.7 „s−1

…, Re=348, St=845…. The
simulation result of Iwatsu et al. †3‡ at plate position 2 „�=1,
Re=400… is given as the inset.

Fig. 9 Comparison of velocity profiles of ṽ measured at the
central z plane at plate positions 2 and 4 along y=0.075 from
PIV measurements with CFD simulations „�=0.0235 Pa s, �
=1.7 „s−1

…, Re=348, St=845…. The simulation result of Iwatsu et
al. †3‡ at plate position 2 „�=1, Re=400… is given as the inset.
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particles of 5–10 �m size, supplied by LaVision. The PIV mea-
surements were made using 1 mm thick Nd:YAG laser sheet, of
120 mJ pulse energy, and 532 nm wavelength, to illuminate the
plane of interest. The light scattered by the particles were recorded
with FlowMaster-3S charge coupled device �CCD� camera
�1280�1024 pixels,8 Hz� from LaVision. The PIV acquisition
rate was 4 Hz.

The 2D velocity field measurements in the x-y plane �u, veloc-
ity in x direction; v, velocity in y direction� were done in a field of
view 0.094 m�0.075 m located symmetrically around the center.
Two images were taken within a short interval of time. Each im-
age was subdivided into interrogation windows of 32�32 pixel in
size. The size of each pixel was 2.94 mm�2.34 mm. The cross-
correlation function for each interrogation window was used to
obtain a two-dimensional shift. Subsequent division by the time
interval between two consecutive images yields the velocity com-
ponents in the imaging plane. The time interval between two laser
pulses for various experiments varied between 0.014 and 0.11 s.
The vector fields were calculated with an overlap of 50%, and the
calculated vectors were postprocessed by setting an allowable
vector range, which was specified for each velocity component.
All the vectors outside this range were removed. The gaps arising
from such a rejection were filled by interpolation. A median filter,
which computes a median vector from eight neighboring vectors
was used. The image analysis was carried out using Davis 6 soft-
ware �LaVision�.

The motion of the top plate was measured experimentally.
Since this motion is periodic, the velocities at different points in

the flow field also show temporal variations. The flow field is,
hence, a function of position and time. We are interested in a
quantitative comparison of the results of our experiments to nu-
merical simulations. We describe the flow field at four different
top plate positions. At position 1, the plate moves from the ex-
treme right toward the center. Position 2 corresponds to the plate
at the center of the cavity moving toward the left, and position 4
corresponds to the plate at the center of the cavity moving toward
the right. At both positions 2 and 4, the plate velocity is at the
maximum, though in the opposite direction. The plate position,
when it moves from the left extreme toward the center is called
position 3. The experimental data were collected after the system
reached a terminal state, i.e., after the initial transients had de-
cayed.

2.2 Computational Technique. The CFD simulations were
performed using FLUENT 6.1. The 2D and 3D geometries were
made using GAMBIT 2.1. The grid independency was ensured by
meshing the geometry with different spacing between the cells.
The quad map-type grid with 50,000 cells was chosen for 2D
computations and 266,000 cells for 3D computations for detailed
studies. A periodic boundary condition on the top plate was im-
posed using an externally defined macro, and the other faces of
the cavity were considered as solid stationary walls. The convec-
tive flow terms were discretized using second-order upwind
scheme. The coupled implicit time formulation was used with
second-order accuracy. The time step used was 0.025 s for com-
parison to temporal variation of experimental data.

Fig. 10 Flow variation in different z planes at plate position 2: comparison
of the streamline patterns from PIV planar measurements and CFD simula-
tions „a–c… PIV, „d–f… 3D CFD, and „g… 2D CFD „�=0.0143 Pa s, Re=1040,
St=2024…. The arrow indicates the instantaneous position and direction of
the plate.
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3 Results and Discussion
The planar measurements were made in a periodically driven

cavity using PIV over a broad range of parameters. The area of
experimental investigation is shown in dashed lines in Fig. 1. The
measurements in x-y plane were done at different z planes z
=0.005, 0.01, and 0.015 m �i.e., at a quarter, half, and three quar-
ters width�. The magnitudes of u and v at different points were
extracted from the instantaneous velocity fields. All the results
discussed in this work were obtained after the decay of initial
transients and after the system had achieved a terminal periodic
state. The instantaneous planar velocity fields at each plate posi-
tion were averaged over ten measurements and used for the analy-
sis. The nondimensional velocities are defined as ũ=u /Umax and
ṽ=v /Umax, respectively. Time is nondimensionalized with the fre-
quency of the plate motion, t̃= t�. In Sec. 3, experimental results
are presented for Re=348 and are compared to the simulations.
Subsequently, the discussion is included for results at all the Re
investigated in this work.

3.1 Discussions on Flow Characteristics at Re=348. In
Figs. 3 and 4, we depict typical periodic variation of ũ and ṽ at
points 1 and 2, respectively, for Re=348 �points are shown in Fig.
1�. We see the sinusoidal variation of ũ and ṽ at both the points.
Point 1 is closer to the top corner, and the flow is equally domi-
nant in both the directions at this point. Consequently, the magni-
tudes of both the components are significant. There exists a phase
lag between ũ and ṽ at point 1. Point 2 lies in the central plane,
where the flow is significant in x direction. Therefore, ṽ is much
smaller than ũ. The results based on the 2D as well as 3D CFD
simulations are also shown in Figs. 3 and 4. The experimental
results match well with the simulation predictions at both these
points. It should be noted that qualitative agreement in terms of
relative magnitudes and quantitative agreement in terms of cyclic-
ity is obtained when 2D simulations are compared to the experi-
mental PIV measurements. Magnitudes of maximum velocity are
under-predicted by the 2D simulations. However, better agree-
ment was observed with the 3D simulations. This is due to flow in
the z direction, which is not accounted for in 2D simulations. The
variation of velocity fields in the z direction as well as possible
impact of the relative magnitude of the span width is discussed
later.

To highlight the periodic terminal state and further to compare
experimental measurements with simulations, phase trajectories at
points 1 and 2 are shown in Fig. 5. The trajectories are closed
curves, confirming the periodic nature of the terminal state. In Fig.
5�a�, there is only one loop for the phase plane trajectory of point
1. This indicates that during a cycle both the velocity components
are periodic, and in a cycle, each of them has only one maximum
and one minimum. Additionally, the phase lag of approximately
half a cycle is apparent from the figure. Figure 5�b� shows the
behavior at point 2 that ũ exhibits one maximum and one mini-
mum while ṽ exhibits two maxima and two minima. This under-
scores the presence of dominant secondary frequency in the ṽ at
point 2.

Figures 6 and 7 show the comparison of power spectra of ũ and
ṽ at points 1 and 2 obtained from PIV measurements and CFD
simulations. Figures 6 and 7�a� show a peak frequency at f1
=0.27 s−1, imposed plate frequency. However, Fig. 7�b� shows
that the vertical velocity component has the peak frequency, f2
=0.54 s−1, which is double the imposed plate frequency. The
dominance of the secondary frequency in the central vertical plane
was observed at other Re as well.

The velocity profiles of ũ from the PIV measurements along
vertical plane x=0.05 are shown in Fig. 8. The profiles are de-
picted for plate position 2 and plate position 4, when the plate
velocity is maximum. In Fig. 8, the vertical coordinate is nondi-
mensionalised by the scale, ỹ= �0.1−y� / �2v /��1/2, where
�2v /��1/2 is the scaling factor �9�. It is seen that ũ is maximum

near the plate and gradually decays along the depth of the cavity.
Moreover, the velocity profiles at positions 2 and 4 are symmetric
with respect to the central y plane �y=0.05� because of the sym-
metry of the domain and the sinusoidal variation of the plate ve-
locity. At this Re, the flow is in the opposite direction to the plate
motion in a larger fraction of the cavity. This implies that only in
a smaller fraction of the cavity next to the plate, are the velocities
generally higher and in the direction of the plate motion. The
velocity profile of ṽ along y=0.075 at plate positions 2 and 4 are
depicted in Fig. 9. The horizontal coordinate in Fig. 9 is nondi-
mensionalised by the scale, x̃=x /L, where L is the length of the
cavity. Profiles of ṽ at positions 2 and 4 are mirror images, about
x=0.05. These profiles are also compared to 2D as well as 3D
CFD simulations, which are shown as the curves in Figs. 8 and 9.
Results from both the simulations are in qualitative agreement
with the experimental results. However, the 3D simulations match
quantitatively with the experimental results. Similar velocity pro-
files from 2D numerical simulations were reported by Iwatsu et al.
�3� and are shown as insets in Figs. 8 and 9.

3.2 Effect of Span Width Direction. The planar experimen-
tal measurements as well as CFD simulations were done at differ-
ent z planes and at different Re. The flow variation in the different
z planes �plate position 2 at Re=1040� is shown in the streamline
plots from PIV measurements as well as CFD simulations in Figs.
10�a�–10�f�. In the figures, the arrow indicates the instantaneous
position and direction of the plate. It should be noted that the z
plane locations are midplane and two planes equidistant from the
midplane and the walls. The characteristic feature in all the

Fig. 11 Streamlines of velocity fields from planar measure-
ments at the central z plane showing the representative evolu-
tion of flow as a function of Re and St at different plate posi-
tions. The arrow indicates the instantaneous position and
direction of the plate.
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streamline plots is a strong circulation region in the top right
corner. It is noteworthy that the differences at the three planes
exist in terms of the size of the region. Naturally, 2D and 3D
simulations also differ in the same respect. Even though there is a
variation in the z direction at large Re, the planar measurements

acquired are reasonably accurate in depicting the flow. Similar
observations could be made for other plate positions and for dif-
ferent Re.

To investigate the impact of span width on flow structure in the
cavity, 3D simulations were also performed for cavities of differ-

Fig. 12 Profiles of the experimentally measured nondimensionalized vertical component velocity in the central z plane along the
horizontal plane y=0.075 for different Re, St: „a… Re=5, St=13 „�=0.771 Pa s…, „b… Re=28, St=54 „�=0.147 Pa s…, „c… Re=1255,
St=2024 �=0.0143 Pa s „�=0.0143 Pa s…, „d… Re=2064, St=4053 „�=0.0047 Pa s…, and „e… Re=3691, St=6001 „�=0.0047 Pa s…
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ent span width, W=0.01 m and W=0.03 m �recall span width of
experimental cavity was 0.02 m�. Even at high Re, the z velocity
is nearly zero through out the cavity with W=0.01 m and in-
creases with the increase in the span width. However, the x com-
ponent velocity is almost the same with all the span widths. The
streamline patterns at different conditions are qualitatively similar,
and they are in good agreement with the 2D simulations regard-
less of span width of the cavity. This observation was also high-
lighted with results discussed earlier �Re=348�, where the 2D
simulations agreed qualitatively with 3D simulations as well as
experimental measurements.

Overall, these results highlight the effect of finite span width on
the quantitative variation of pointwise velocity and flow structure.
We have analyzed the differences at all Re through measurements
at different z planes and simulations with different widths. Experi-
mental measurements were carried out at planes defined by z
=0.005, 0.01, and 0.015 m. The different widths for which simu-
lations were carried out were W=0.01, 0.02, 0.03 m and � �2D
simulations imply infinite span width�. Based on the observations,
it can be concluded that similar qualitative features of the flow are
observed in all the cases. In the next section, we present variation
in the flow structure and velocity at different planes as functions
of Re.

3.3 Discussion of Results at Different Re. In order to visu-
alize the overall flow patterns, the streamline plots from the ex-
perimental data for different plate positions �discussed in Sec. 2.1�
at different Re are shown in Fig. 11. In this figure the arrow
indicates the instantaneous position and direction of the plate. We
can observe that at very low Re�=5�, the streamlines are similar at
all the plate positions. For instance, there is only a primary vortex
that fills up the entire cavity. In addition, at all the plate positions,
the flow resembles that in a steady lid-driven cavity �LDC�. Simi-
lar results were reported by Iwatsu et al. �3�. At Re=28 as well,
the primary vortex fills the entire cavity at all the plate positions.
The fluid near the top plate is driven in the same direction as that
of the lid motion and a counterflow exists below the top layer as
discussed earlier. At Re=1255, the primary vortex observed at
plate positions 2 and 4 evolves into counterrotating secondary
vortices at positions 1 and 3, respectively. At higher Re�=2064�,
the corner recirculation region that is dominant at positions 1 and
3 is observed in the vicinity of the side wall at positions 2 and 4 as
well. Therefore, the size as well as persistence of the recirculation
region increases with Reynolds number. When the Reynolds num-
ber was further increased to 3691, the whole cavity flow can be
described as a combination of multiple counterrotating vortices.
These experimentally determined flow patterns are in good agree-
ment with the simulation results of Iwatsu et al. �3�.

To examine the velocity variation quantitatively, the velocity
distribution along the horizontal plane y=0.05 at different Re is
plotted in Figs. 12�a�–12�e�. The y component of velocity �ṽ� is
taken from the experimental measurements at the central plane
�z=0.01� at Re=5, 28, 1255, 2064, and 3691. The larger the Re,
larger is the magnitude of velocity. However, ṽ is lower at larger
Re. Comparing velocity profiles at Re of 5 and 28 �Figs. 12�a� and
12�b��, we can observe that the flow is qualitatively similar. As
mentioned earlier, streamline patterns as well as velocity profiles
at these Re are very similar to those in a steady LDC. Consider-
able differences are observed at higher Reynolds numbers, with

velocity profiles displaying significant variation along x. However,
variation with respect to plate position is smaller at higher Re.
This is in good agreement with the observation made earlier that,
at high Re the streamline patterns observed at plate position 1 and
3 persist for positions 2 and 4 as well. The presence of multiple
vortices in the cavity is highlighted with multiple regions of posi-
tive and negative ṽ. Evolution of flow structure, such as reported
in this work, and the detailed characterization of secondary flows
is important for fundamental understanding and as well as for
mixing applications.

4 Conclusions
The periodic oscillatory flow in a square cavity has been stud-

ied under different experimental conditions using particle image
velocimetry. Based on the variation in plate velocity and fluid
viscosity, flow in a range of Reynolds numbers �5–3700� was
analyzed. The temporal variation of the flow at characteristic
points presented dictates the sinusoidal nature of the flow. The
frequency content of the flow was investigated by means of power
spectrum analysis. The spatial variation of the flow along the cen-
tral vertical plane was largely in the horizontal direction. Differing
planes of symmetry in velocity profiles were observed for hori-
zontal and vertical velocity components. At very low Re, the flow
structure is qualitatively similar to the steady lid-driven cavity.
The presence of secondary recirculating regions was observed at
high Re. The measurements were also done at different planes in
the spanwise direction to assess the effect of finite span width on
the flow behavior. The experimental measurements were com-
pared to the 2D and 3D computational fluid dynamic simulations.
Based on all the results, it can be concluded that planar measure-
ments and 2D simulations lead to a qualitative understanding of
the flow behavior in the cavity under investigation. Measurements
at different planes along with 3D simulations lead to quantitative
information about the flow structure and velocity fields.
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Unsteady Tip Leakage Vortex
Cavitation Originating From the
Tip Clearance of an Oscillating
Hydrofoil
Tip leakage vortex cavitations originating from the tip clearance of an oscillating hydro-
foil were observed experimentally. It was found that the delay between the unsteady and
the steady-state results of the tip leakage vortex cavitation increase, and that the maxi-
mum cavity size decreases when the reduced oscillating frequency increases. To simulate
the unsteady characteristics of tip leakage vortex cavitation, a simple calculation based
on slender body approximation was conducted taking into account the effect of cavity
growth. The calculation and experimental results of the cavity volume fluctuation were
found to be in qualitative agreement. �DOI: 10.1115/1.2173290�

Introduction

It is recognized that cavitation instabilities, such as cavitation
surge and rotating cavitation, are caused by the unsteady charac-
teristics of cavitation, i.e., mass flow gain factor and cavitation
compliance. Cavitations in unshrouded pump impellers can be
classified into three types: cavitation on the blade surface, cavita-
tion in the tip leakage flow, and cavitation in back-flow vortices.
For the blade cavitation, unsteady characteristics have been exten-
sively studied, and it is now possible to predict the mass flow gain
factor and cavitation compliance theoretically �1,2�. However, few
studies have been performed on the unsteady cavitation character-
istics in the tip leakage flow, although it seems that such cavitation
in this plays an important role in cavitation instabilities.

In a preliminary study �3�, we presented tip leakage vortex
cavitation results for a fixed hydrofoil. In the present investiga-
tion, we focus on the cavity response, i.e., variation of the size and
the location of the cavity, to the frequency of an oscillating hy-
drofoil. Unsteady cavitation on the blade surface of oscillating
hydrofoils has been extensively studied �4–6� with regard to un-
steady attached cavitation of the propeller in the wake of a ship,
but only a limited number of results are related to the tip vortex
cavitation under unsteady conditions. To our knowledge, the only
results available on the subject are those of Mckenney et al. �7�
and Boulon et al. �8� regarding a hydrofoil without tip clearance.

Rains �9� first proposed the application of slender body ap-
proximation to the tip leakage vortex. In this method, a 3-D tip
leakage flow is simulated by a 2-D unsteady crossflow. Chen et al.
�10� applied this method to a compressor tip clearance flow by
using the vortex method. Watanabe et al. �11� recently extended
this method to include the effects of cavity growth, and Higashi
et al. �3� have applied Watanabe’s method to the tip leakage vortex
cavitation of a fixed hydrofoil. In the present study, Watanabe’s
method is further applied to the unsteady tip leakage vortex cavi-
tation of an oscillating hydrofoil. The influences of the reduced
oscillating frequency were examined by comparison of the experi-
mental results with the calculations.

Experimental Apparatus and Procedures
The experiments were conducted in the cavitation tunnel shown

schematically in Fig. 1. The tunnel is a closed loop and the cavi-
tation number, �, is adjusted by using a vacuum pump connected
to the top of the pressure control tank. The cavitation number was
kept constant at �=1.0 throughout the present experiments. The
cross section of the test section was rectangular, the height and the
width were 70 and 100 mm, respectively, and the length was
500 mm as shown in Fig. 2. Both the sidewall and the top wall of
the test section were made of transparent acrylic resin to allow
systematic visualization. A convergent with an area reduction ratio
of 4.65 was situated upstream of the test section. The water was
deaerated by setting the pressure at 5 kPa for more than 12 h
before the experiments. Although the free stream velocity, U, was
varied between 2.9 and 5 m/s, the effect of the Reynolds number
�Re=UC /�=2.6–4.5�105� on the test results could not be ob-
served in this range. Therefore, the free stream velocity was kept
constant and equal to 5 m/s throughout the experiments.

Figure 3 shows the geometry of the tested hydrofoil. It consists
of a smooth 3 mm thick stainless steel flat plate with a surface
roughness of about 1 �m. The chord C was 90 mm, the span H
was 67 mm, and the design tip clearance was 3 mm �the actual
value was 2.95 mm�. Both the leading and the trailing edges were
rounded with a radius of 1.5 mm. As with the findings by Gearhart
�12�, with a square tip, “gap cavitation” in the clearance between
the tip and the wall and “sheet vortex cavitation” in the shear layer
of the leakage jet clearly appeared. To remove these types of
cavitation, the pressure side corner of the tip was rounded to a
radius of 3 mm, as shown in Fig. 3 �13,14�.

The oscillating mechanism is shown schematically in Figs. 4
and 5. A three-bar linkage oscillates the hydrofoil in a nearly
sinusoidal motion as shown in Fig. 5. It provides a pitching mo-
tion of the hydrofoil around the mid-chord “O” in Fig. 3 at a
dimensional frequency, f , up to 16 Hz, which corresponds to a
reduced frequency, k=2�fC / �2U�=�C / �2U�, up to 0.9. The un-
steady angle of attack ��t� is represented by ��t�=�m+��
�sin�2�ft�. Tests conducted for different couples of �m and ��
have shown that the characteristics of the unsteady tip leakage
vortex cavitation are conserved. Thus, all the results presented
here are for a mean angle of attack, �m, of 4 deg and an oscillat-
ing amplitude of the angle of attack, ��, of 2 deg. The tip flow
was visualized with high-speed video camera operating at
250 frames/s, and with a photo camera with a strobe light provid-
ing an exposure of 20 �s.
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Experimental Results

Observation of the Tip Leakage Vortex Cavitation. Figure 6
shows photos of the tip leakage vortex cavitation observed from
the top of the test section at various angles of attack, i.e., �=2,
4�+�, 6, 4�−�, and 2 deg sequentially, for the reduced frequencies

Fig. 1 Top view of the cavitation tunnel

Fig. 2 Scheme of the test section

Fig. 3 Configuration of the flat plate hydrofoil

Fig. 4 Cross section of the equipment used to produce the
pitching oscillation

Fig. 5 Schematic showing the three-bar linkage used to pro-
duce the oscillation of the angle of attack, and variation of the
angle of attack compared with the sinusoidal curve, for �m
=4 deg and ��=2 deg
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k=0 �steady� and k=0.45,0.90, �unsteady�, at the cavitation num-
ber �=1.0. The plus �	� or minus �
� sign next to the angle of
attack indicates that it is increasing or decreasing, respectively.
Hereafter, we focus on the influence of the oscillating frequency
on the cavity size, i.e., the typical radius of cylindrical tip vortex
cavitation and the location, i.e., trajectory of the tip vortex
cavitation.

Steady Condition �k=0�. In Fig. 6�a�, it is shown that at �
=2 deg, tip leakage vortex cavitation is not observed, although a
limited blade cavitation at the leading edge occurs. At �=4 deg, a
very long cylindrical vortex cavitation develops with unchange-
able radius. Notice that the cavity extends beyond the viewing
window. At �=6 deg, cavitation in the shear layer of the leakage
jet occurs near the tip clearance, rolls up into the vortex, and feeds
the cavity, resulting in a considerable increase in its size. Again,
the tip vortex cavitation twists and convects beyond the viewing
window. The angle made by the foil and the trajectory of the
cavity increases as the angle of attack increases. These results are
reasonable because the pressure difference across the tip clearance
as well as leakage flow increases at a larger angle of attack. Other
results for the steady condition have been presented elsewhere �3�.

Unsteady Condition (k=0.45 and 0.90). Figure 6 shows that the
critical angle of attack, for which the length and radius of the tip
vortex cavitation are the largest, varies from �=6 deg �at k=0� to
�=4�−� deg �at k=0.45� and �=2 deg �at k=0.90�. It was also
found that the cavitation in the shear layer of the leakage jet does
not appear for the unsteady conditions, and that the cavity length
and radius decrease remarkably with an increase in the oscillating
frequency. As opposed to the results for the steady condition, at
which the tip leakage vortex cavitation at �=2 deg cannot be
observed, for the unsteady condition at k=0.90 and �=2 deg, the
tip leakage vortex cavitation is seen downstream of the foil.

Variation of the Cavity Radius. To obtain a better understand-
ing of the influence of the oscillating frequency on the cavitation
behavior, the cavity radius, R, of the tip leakage vortex cavitation
and the cavity length, l, of the attached cavitation on the blade
surface were measured with the high-speed video pictures from
the top and side views as shown in Figs. 7�a� and 7�b�. Because
the radius and length of the cavitation fluctuated considerably
even at the same angle of attack, the measurements were averaged
over 20 frames of the high-speed video for the same angle of
attack. Table 1 shows the standard deviation of cavity radius at
Z /C=0.5, 1.0 and cavity length at mid-span, at k=0 ��=6 deg�,
0.45 ��=5�−� deg�, and 0.90 ��=4�−� deg�.

Figure 7�c� shows the radius of the tip vortex cavity �assumed
to have a circular cross section� at the foil mid-chord Z /C=0.5
and at the trailing edge Z /C=1.0 as a function of the reduced time
�instantaneous angle of attack� for various reduced frequencies up
to k=0.90. In addition, the length of the attached cavity was mea-
sured at the foil mid-span for each instantaneous angle of attack,
as shown in Fig. 7�b�. This is only an indication of the length of
the attached cavity because near the tip clearance the length was
shorter than that at the mid-span for all cases due to the tip clear-
ance flow. Figure 7�d� shows the length of the attached cavitation
as a function of the reduced time �instantaneous angle of attack�
for the various reduced frequencies.

Figure 7�c� shows that the delay between the unsteady and the
steady-state results increase when the reduced frequency in-
creases. The cavity size develops slowly when the angle of attack
increases; it shrinks rapidly when the angle of attack decreases. In
addition, the maximum radius of tip leakage vortex cavitation
decreases if the oscillating frequency is increased. As a result, the
amplitude of the fluctuation of the radius for k=0.90 is half that
for k=0. Such aspects, i.e., the delay between the unsteady and
the steady-state results and the reduction of the amplitude of the

Fig. 6 Photographs of the tip leakage vortex cavitation with various frequencies, for k=0,0.45,0.90, �=1.0, �m=4 deg and ��
=2 deg „uncertainty in �=0.1 deg, k=0.005…. „a… k=0. „b… k=0.45. „c… k=0.90.
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Fig. 7 „a… Cavity radius R of the tip leakage vortex cavitation at Z /C=0.5 and Z /C=1.0. „b… Blade cavity length l on the blade
surface at mid-span. „c… Influence of the oscillating frequency on variation of the cavity radius R at Z /C=0.5 and Z /C=1.0, for
�=1.0, �m=4 deg, and ��=2 deg „uncertainty in R=0.2 mm, �=0.1 deg, k=0.005…. „d… Influence of the oscillating frequency on
variation of the cavity length l at mid-span, for �=1.0, �m=4 deg, and ��=2 deg „uncertainty in l /C=0.02, �=0.1 deg, k=0.005… at
k=0.45 and k=0.90 „e… Comparison of the delay of cavity radius R of the tip vortex cavitation with cavity length l at mid-span, for
�=1.0, �m=4 deg, and ��=2 deg „uncertainty in �=0.1 deg, k=0.005… at k=0.45 and k=0.90.
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cavity radius, are analogous to the unsteady behavior of the length
of the attached cavitation at the mid-span as shown in Fig. 7�d�.
Figure 7�e� shows comparison of the normalized cavity radius
�Z /C=0.5,1.0� with the normalized cavity length �mid-span� at
k=0.45 and k=0.90. The amount of the delay and decrease of the
amplitude for the attached cavitation was almost the same as that
of the tip vortex cavitation.

Outline of the Analytical Method
Tip leakage vortex cavitation occurs in the low pressure region

of the vortex core formed by the rolling up of the shear layer
between the tip leakage flow and the main flow �provided the
local pressure is the vapor pressure�. To explain the calculation
method, we illustrate crossflow planes A, B, C, and D at different
chordwise locations a, b, c, and d, respectively, as shown in Fig.
8. Location a is at the leading edge and d is at the trailing edge.
The tip leakage flow starts at location a. As the crossflow plane
moves through the foil, the vortices representing the shear layer
are shed into the main flow from the tip of the foil. The vortices
roll up in the subsequent cross sections, as illustrated in planes B,
C, and D.

We assume that the crossflow plane moves downstream with
the free stream velocity U. Hence, the distance between the planes
analyzed is �S=U��t, where �t is a time increment. The fol-
lowing assumptions were made in the present calculation. The
velocity of the tip leakage jet on the crossflow plane at location S
is simply assumed to be Uj = �2�p /��1/2, where �p is the instan-
taneous pressure difference across the tip clearance. The pressure
difference �p is assumed to consist of the steady component,
�pm, related to the mean angle of attack, �m, and the unsteady

component, �pu, related to the amplitude of the oscillating angle
of attack, ��. The steady component, �pm, is estimated from a
noncavitating 2-D incompressible inviscid flow calculation around
a thin foil. The unsteady component, �pu, is estimated from the
unsteady airfoil theory described below.

The analytical method used to calculate the noncavitating flow
around an oscillating foil in an ideal fluid has been given by
Kármán and Sears �15�. Here, we use the results of 2-D noncavi-
tating flow analysis available from Fung �16� to evaluate the un-
steady pressure difference across the blade. Figure 9�a� shows the
coordinate used in the following theoretical calculation. The mo-
tion and the foil are defined as follows. The foil surface is repre-
sented by �=cos�
�, so that the leading edge is �=−1 and the
trailing edge is �= +1. If we assume the pitching motion around
the mid-cord at �=0, the displacement � of the foil surface can be
represented as

� = − �� � � � exp�i�t�, � = 2�f �1�

The unsteady pressure distribution on the foil is expressed as fol-
lows �16�:

pu = �U2 � �� � �− ��1 +
ik

2
�C�k� −

ik

2
	tan




2
− 2ik sin 


+
1

4
k2 sin 2

 � ei�t �2�

where k�=2�fC / �2U�=�C / �2U�� is the reduced frequency, and
C�k� is the Thedorsen function. Typical unsteady pressure distri-
bution on the blade is shown in Fig. 9�b�. The unsteady compo-
nent of the pressure difference �pu is calculated from pu using Eq.
�2�.

A vortex method was used for the calculation on the crossflow
plane. A source qj =2�Uj is distributed at the tip clearance, which
represents the tip leakage jet. The discrete free vortices �, repre-
senting the shear layer between the tip leakage jet and the main
flow, are released from the corner of the tip. The strength of the
vortices is determined as �=Uj

2��t /2 from the leakage jet ve-
locity Uj.

In this calculation, a single cylindrical cavity starts to develop
at the location of the minimum pressure, when the pressure first
becomes lower than the vapor pressure pv. The growth of this
cylindrical cavity, radius R, on the crossflow plane is determined

Table 1 Standard deviation of cavity �„R… and cavity length
�„l /C…

Fig. 8 Sketch for explanation of the cross plane and the unsteady pressure differ-
ence across the tip clearance
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by the unsteady version of Bernoulli equation. The effect of the
cavity is represented by a source qb=2�R�dR /dt at the center of
the rolled-up vortex. The effects of the sidewall of the test section
are ignored for simplicity. Boundary conditions on the upper wall
and the foil surface are satisfied by introducing the mirror image
of singularities within 0�S /C�1.0. However, the mirror image
with respect to the foil surface is not considered at S /C�1.0
where there is no foil. The initial radius of the cavity is set to be
R /C=0.00011, and the time increment is �t= �C /U� /2000 in the
present calculations.

Calculation Results

Cavitation Behavior. Figure 10 shows the projection of the
cavity on a plane normal to the foil, as shown in the visualizations
of Fig. 6, calculated for steady �k=0� and unsteady conditions
�k=0.45,0.90� at �=1.0, �m=4 deg, and ��=2 deg.

First, for the steady condition �k=0�, the cavity size is larger at
a larger angle of attack. This general behavior agrees well with the
experimental results, except that the tip leakage vortex cavitation
grows rapidly near the leading edge at �=2 deg. It seems that the
estimation of the steady pressure difference, �pm, across the tip
clearance estimated from the 2-D inviscid flow analysis is respon-
sible for the overestimation. However, the present 2-D unsteady
flow model based on a slender body approximation can qualita-
tively predict the location and the size of the cavity for the steady
condition.

For the unsteady conditions �k=0.45 and 0.9�, the tip vortex
cavitation grows to a maximum at �=6–4�−� deg. From these
results, it is clear that the cavity development is delayed behind
the foil oscillation. Here, focusing on the instance of �=2 deg, it
can be observed that the tip leakage vortex cavitation grows again
downstream for the unsteady conditions �k=0.45,0.90�, although
it disappears near the trailing edge for the steady condition �k
=0�. These characteristics qualitatively agree with unsteady ex-
perimental results as shown in the visualization of Fig. 6.

Figure 11�a� compares the trajectory of the cavity for the steady
and unsteady conditions. For the steady condition �k=0�, the

Fig. 9 Coordinate of the pitching oscillation of a thin flat plate
foil and typical unsteady pressure distribution for ��=2 deg,
k=0.90, and t /T=0. „a… Pitching oscillation of flat plate foil. „b…
Unsteady pressure distribution.

Fig. 10 Calculation results of the tip leakage vortex cavitation with various oscillating frequencies, for k
=0,0.45,0.90, �=1.0, �m=4 deg, and ��=2 deg, compared with the experimental results shown in Fig. 6. „a…
k=0, „b… k=0.45, „c… k=0.90.
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angle made by the foil and the trajectory of the cavity increase
with increasing angle of attack. For the unsteady conditions, the
cavity trajectory becomes meandering with increasing oscillating
frequency. For the unsteady condition k=0.90, the trajectory at
�=2 deg is far from the foil, and the trajectory at �=6 deg is
close to the foil at Z /C=2.0. This is contrary to the situation for
the steady condition. Figure 11�b� shows the trajectory of the cav-
ity in the experiments at the same condition as that in the calcu-
lations. Similar behavior of the cavity trajectory could be ob-
served in the experiments.

Cavity Volume. Figure 12 shows the variation of the estimated
cavity volume compared with experimental results. Both cavity
volumes were estimated by integrating of the partial cylindrical
cavity from the leading edge �Z /C=0� to twice the chord length
�Z /C=2.0�. In this estimation, it was assumed that the cavity
shape is cylindrical. Although the agreement between the experi-

ment and calculation is not sufficient quantitatively, the same ten-
dency can be found with respect to the influence of the oscillating
frequency. That is, �a� the delay between the unsteady and the
steady-state results increase, and �b� the maximum volume of the
cavity decreases when the reduced frequency increases.

Discussions
Tip leakage vortex cavitation occurs in lower pressure region in

the vortex core formed by rolling up of the shear layer. Therefore,
let us examine the vortices representing the shear layer that even-
tually rolls up to the tip leakage vortex core. In the present calcu-
lation, the discrete free vortices � are released from the corner of
the tip on the crossflow plane. The total amount of the shed vor-
tices was calculated and compared between the steady �k=0� and
the unsteady �k=0.9� condition.

Fig. 11 Cavity trajectory at various angles of attack for k=0,0.45,0.90, �=1.0, �m
=4 deg, and ��=2 deg „experimental uncertainty in X /C, Z /C=0.05, �=0.1 deg, k
=0.005…. „a… Calculation, „b… Experiment.
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Figure 13 shows the increase of the total amount of the shed
vortices, �� /UC, on the crossflow plane from the leading edge to
the trailing edge. These figures show the increase at the instant
angle of attack �=6, 4�+�, 4�−�, and 2 deg, respectively, when the
crossflow plane reaches the trailing edge at Z /C=1.0. Here, we
focus on the circulation, i.e., the total amount of the shed vortices
�� /UC at the trailing edge �Z /C=1.0�. Figure 14 presents a com-
parison of the circulation for the steady �k=0� and unsteady �k
=0.90� conditions. For the steady condition k=0, this value is
theoretically equal to �� /UC=CL /2=��sin � �CL: lift coeffi-
cient of the flat plate foil� at Z /C=1.0. Comparing the unsteady
result with the steady one, it was found that �a� at �=6 deg,
�� /UC for the unsteady condition is less than that for the steady
condition. While �b� at �=4�−� deg, �� /UC for the unsteady
condition is larger than that for the steady condition. To the con-
trary, at �=4�+� deg, �� /UC for the unsteady condition is less
than that for the steady condition, and �c� at �=2 deg, �� /UC for
the unsteady condition is larger than that for the steady condition.
These tendencies of �� /UC at Z /C=1.0 agree with those of the
unsteady cavity radius, R, observed at Z /C=1.0 as shown in Fig.
7�c�.

From these results, it can be concluded that the circulation of
the tip leakage vortex core consisting of the shed vortices be-
comes smaller for the unsteady states than for the steady one.
Also, the fluctuation of the total amount of vortices is delayed
behind the oscillation of the angle of attack. It can be inferred that
the unsteady behavior of the pressure difference across the tip

clearance is responsible for the characteristics of the circulation of
the tip leakage vortex and affects the growth and the decay of the
unsteady tip vortex cavitation.

Conclusions
The results obtained in the present study can be summarized as

follows:

1. When the reduced frequency of the oscillating hydrofoil in-
creases, the delay between the unsteady and the steady-state
results of the tip vortex cavitation increases, and the maxi-
mum volume of that decreases. These characteristics were
observed both in the experiment and the calculation.

2. The present 2-D unsteady flow model based on a slender
body approximation can qualitatively predict the unsteady
behavior of the tip leakage vortex cavitation of the oscillat-
ing hydrofoil.

3. The unsteady behavior of the pressure difference across the
tip clearance influences the circulation of the tip vortex core
and affects the growth and the decay of the unsteady tip
leakage vortex cavitation.

Fig. 12 Comparison of the variation of the cavity volume be-
tween the experiments and calculations, for k=0,0.45,0.90, �
=1.0, �m=4 deg, and ��=2 deg. Cavity volume is limited from
the leading edge to the length of the two chords „experimental
uncertainty in V=200 mm3, �=0.1 deg, k=0.005…. „a… Experi-
ment. „b… Calculation.

Fig. 13 Total amount of the shed vortices �� /UC compared
between steady „k=0… and unsteady „k=0.90… condition, for �
=1.0, �m=4 deg and ��=2 deg
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Nomenclature
C � chord

C�k� � Thedorsen function
CL � lift coefficient=Lift/ ��U2C /2�

f � frequency
H � span
i � imaginary unit
k � reduced frequency=2�fC / �2U�=�C / �2U�
l � cavity length of the blade cavitation
p � pressure

p1 � pressure at inlet
pv � vapor pressure

�p � pressure difference across the tip clearance
�pm � mean component of pressure difference across

the tip clearance
�pu � unsteady component of pressure difference

across the tip clearance
qj � strength of source representing the leakage jet
qb � strength of source representing the cavity

growth
R � radius of the cavity

Re � Reynolds number=UC /�
S � distance along the chord

�S � increment of S
T � period
t � time

�t � time increment
� ,� � coordinates, defined in Fig. 9

U � free stream velocity
Uj � velocity of leakage jet flow
V � cavity volume
X � distance from the foil
Z � distance from the leading edge
� � angle of attack

�� � amplitude of the angle of attack
�m � mean angle of attack

� � strength of vortices
� � kinematic viscosity
� � density
� � cavitation number= �p1− pv� / ��U2 /2�, or stan-

dard deviation
� � angular velocity of oscillating foil

References
�1� Brennen, C. E., 1978, “Bubbly Flow Model for Dynamic Characteristics of

Cavitating Pumps,” J. Fluid Mech., 89, pp. 234–240.
�2� Otsuka, S., Tsujimoto, Y., Kamijo, K., and Furuya, O., 1996, “Frequency De-

pendence of Mass Flow Gain Factor and Cavitation Compliance of Cavitating
Inducers,” ASME J. Fluids Eng., 118, pp. 400–408.

�3� Higashi, S., Yoshida, Y., and Tsujimoto, Y., 2002, “Tip Leakage Vortex Cavi-
tation From the Tip Clearance of a Single Hydrofoil,” JSME Int. J., Ser. B, 45,
pp. 662–671.

�4� Tanibayashi, H., and Chiba, N., 1977, “Unsteady Cavitation of Oscillating
Hydrofoil,” Mitsubishi Tech. Bull., 117, pp. 1–10.

�5� Miyata, H., Tamiya, S., and Kato, H., 1972, “Pressure Characteristics and
Cavitation on an Oscillating Hydrofoil,” J. Soc. Naval Architects of Japan �in
Japanese�, 132, pp. 107–115.

�6� Franc, J. P., and Michel, J. M., 1988, “Unsteady Attached Cavitation on an
Oscillating Hydrofoil,” J. Fluid Mech., 198, pp. 171–189.

�7� Mckenney, E. A., and Hart, D. P., 1993, “Experimental Determination of
Bound Circulation and Shed Vorticity Induced by an Oscillating Hydrofoil,”
ASME FED-Vol. 153, Cavitation and Multiphase Flow, pp. 87–91.

�8� Boulon, O., Franc, J. P., and Michel, J. M., 1997, “Tip Vortex Cavitation on an
Oscillating Hydrofoil,” ASME J. Fluids Eng., 119, pp. 752–758.

�9� Rains, D. A., 1954, “Tip Clearance Flows in Axial Flow Compressors and
Pumps,” California Institute of Technology, Hydrodynamics and Mechanical
Engineering Laboratories, Lab. Rep. No. 5.

�10� Chen, G. T., Greitzer, E. M., Tan, C. S., and Marble, F. E., 1991, “Similarity
Analysis of Compressor Tip Clearance Flow Structure,” ASME J. Turbomach.,
113, pp. 260–271.

�11� Watanabe, S., Seki, H., Higashi, S., Yokota, K., and Tsujimoto, Y., 2001,
“Modeling of 2-D Leakage Jet Cavitation as a Basic Study of Tip Leakage
Vortex Cavitation,” ASME J. Fluids Eng., 123, pp. 50–56.

�12� Gearhart, W. S., 1966, “Tip Clearance Cavitation in Shrouded Underwater
Propulsors,” J. Aircr., 3, pp. 185–192.

�13� Ido, A., and Uranishi, K., 1991, “Tip Clearance Cavitation and Erosion in
Mixed-Flow Pumps,” FED �Am. Soc. Mech. Eng.�, Vol. 119, pp. 27–29.

�14� Laborde, R., Chantrel, P., and Mory, M., 1997, “Tip Clearance and Tip Vortex
Cavitation in Axial Flow Pump,” ASME J. Fluids Eng., 119, pp. 680–685.

�15� Von Kármán, T. H., and Sears, W. R., 1938, “Airfoil Theory for Non-Uniform
Motion,” J. Aeronaut. Sci., 5, pp. 379–389.

�16� Fung, Y. C., 1969, An Introduction to the Theory of Aeroelasticity, Dover
Publication, Inc., New York, p. 401.

Fig. 14 Comparison of the circulation �� /UC on the crossflow
plane at the trailing edge „Z /C=1.0… between the steady „k=0…
and unsteady „k=0.90… condition, for �=1.0, �m=4 deg, and
��=2 deg

Journal of Fluids Engineering MAY 2006, Vol. 128 / 429

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Hironori Horiguchi
Graduate School of Engineering Science,

Osaka University,
1-3 Machikaneyama, Toyonaka,

Osaka, 560-8531, Japan
e-mail: horiguti@me.es.osaka-u.ac.jp

Yury Semenov
Institute of Technical Mechanics,

National Academy of Science and
National Space Agency of Ukraine,

15, Leshko-Popel’ St.,
Dniepropetrovsk, 49005, Ukraine
e-mail: relcom@semenov.dp.ua

Masataka Nakano
Technical Development and Engineering Center,

Turbo and Hydraulic Machinery Department,
Ishikawajima-Harima Heavy Industries Co., Ltd.,

1 Shin-nakahara, Isogo, Yokohaha,
Kanagawa, 235-8501, Japan

e-mail: masataka�nakano@ihi.co.jp

Yoshinobu Tsujimoto
Graduate School of Engineering Science,

Osaka University,
1-3 Machikaneyama, Toyonaka,

Osaka, 560-8531, Japan
e-mail: tujimoto@me.es.osaka-u.ac.jp

Linear Stability Analysis of the
Effects of Camber and Blade
Thickness on Cavitation
Instabilities in Inducers
It has been shown by experimental and numerical studies that various cavitation insta-
bilities occur in inducers for rocket engines when the cavity length exceeds about 65% of
the blade spacing. On the other hand, it has been pointed out by an experimental study
that the cavitation instabilities occur when the pressure gradient near the throat becomes
small to some degree. The present study is motivated to examine the latter criterion based
on pressure gradient for cavitation instabilities from the viewpoint of theoretical analysis.
For this purpose, analyses of steady flow and its stability were carried out for cavitating
flow in cascades with circular arc and plano-convex blades by a singularity method
based on closed cavity model. It was found that the criterion based on the cavity length
for the occurrence of cavitation instabilities is more adequate than the criterion based on
the pressure gradient. It was also found that the steady cavity length and the stability of
the flow in both cascades can be practically correlated with a parameter � / �2��−�0��,
where � is a cavitation number, � is an angle of attack, and �0 is a shockless angle of
attack. �DOI: 10.1115/1.2173291�

Introduction
High-speed turbomachinery, such as turbopumps for rocket en-

gines, is operated under cavitating condition. Cavitation can be-
come unstable even at the design flow rate, and unsteady cavita-
tion seriously reduces the reliability of the rocket engine system.
Therefore, the prediction of the possible cavitation instabilities
and the understanding of their characters are required for the im-
provement of the reliability.

The analyses of steady cavitation flow in inducers and its sta-
bility have been made by the authors �1,2�. The results show that
various modes of cavitation instabilities can occur when the
steady cavity length reaches about 65% of the blade spacing of the
impeller. Actually, some of those modes predicted have been also
found in experiments �3,4�.

On the other hand, it has been suggested by an experimental
study �5� that the cavitation instabilities can occur when the pres-
sure gradient near the throat becomes small to some degree as the
values of � / �2�� decreases, where � is a cavitation number and �
is an angle of attack. To examine this from the standpoint of
theoretical analysis, the analyses of steady flow and its stability
are carried out for cavitating flow in cascades with circular arc
and plano-convex blades by a singularity method based on a
closed-cavity model.

First, the effects of camber and blade thickness are discussed.
Then, the relation between the pressure gradient on the suction
surface of a blade near the throat and the occurrence of cavitation
instabilities is examined. Based on the results for the cascades
with various solidity and stagger, we discuss which is more ad-
equate for the criterion of stability, the steady cavity length, or the
pressure gradient at the cavity trailing edge.

In high-speed turbopumps, the backflow vortex cavitation and
tip vortex cavitation, as well as the blade surface cavitation treated
here can occur, and the flow field is generally three-dimensional.
So, the effect of the three-dimensionality of the flow and cavita-
tion may not be negligible. However, only two-dimensional blade
surface cavitation is considered here to obtain fundamental char-
acteristics.

Model for Present Analysis
We consider a cascade with the spacing h and the stagger angle

� as shown in Fig. 1, with a mean flow of magnitude U and the
angle of attack �. The cascade has circular arc blades as shown in
Fig. 1 or plano-convex blade shown in Fig. 2. To simplify the
problem, it is assumed that the outlet duct length is infinite and no
velocity fluctuation exists at downstream infinity. The inlet duct
length L is assumed to be finite and set to be 100C in the present
study. The inlet duct is connected to a space with constant total
pressure pt along AB at the duct inlet. The complex conjugate

velocity fluctuation there is denoted by Ñei�ej�t, where Ñ repre-
sents the amplitude of axial velocity fluctuation.

The camber line of the circular arc blades is given by

y =
��

2
�1 −

�

C
� + Ih cos �, 0 � � � C

�I = − �, . . . ,− 1,0,1, . . . ,�� �1�

where � is an angle subtended by the tangents to the blade at the
leading and trailing edges. In the present study, � is assumed to
be small as is the angle of attack �. From the blade geometry, a
relation exists between � and maximum camber t

� = 8
t

C
�2�
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To study the effects of the blade thickness, we consider a cas-
cade with plano-convex blades shown in Fig. 2. The shape of the
suction surface of the blade is given by Eqs. �1� and �2�, where t
is the maximum blade thickness for the case of plano-convex
blade.

The index of blades n is defined by taking account of the peri-
odicity of blade row for the inducer with blade number ZN: the
blade on the x-axis is given the index zero, the index increases in
a positive direction of the y -axis, and the index of ZNth blade
returns to zero.

In the present study, the partial cavitation with cavity length ln
on the nth blade is considered. The velocity disturbance due to the
blades and cavities can be represented by source distributions qn
on the cavity region, vortex distributions 	1,n and 	2,n on the blade
region, and trailing vortices 	t,n on the wake surface of the blades.
For the plano-convex blades, source distributions qB,n on the blade
region are used to represent the effects of blade thickness. These
singularities are distributed on the chords, and their extensions on
the assumption that the cavity thickness, the camber, and the flow
disturbance are small. Then, the complex velocity w�z , t� can be
obtained by integrating the velocities induced by these singulari-
ties along the chords and their extensions. The detailed expression
of w�z , t� is shown in Appendix A.

We divide the strength of singularities and the cavity length into
the steady and unsteady components as follows:

qn�s1� = qs,n�s1� + q̃n�s1�ej�t

	1,n�s1� = 	1s,n�s1� + 	̃1,n�s1�ej�t

	2,n�s2� = 	2s,n�s2� + 	̃2,n�s2�ej�t

qB,n�s1� = qBs,n�s1�

qB,n�s2� = qBs,n�s2�

	t,n��� = 	̃t,n���ej�t

ln = ls,n + lnej�t

�n = 0, . . . ,ZN − 1� �3�

where s1 and s2 are the coordinates stretching with the variable
cavity length ln and defined by

s1 = ln/� �0 � s1 � 1,0 � � � ln,n = 0,1, . . . ,ZN − 1� �4�

s2 = �� − �2ln − C��/�C − ln� �1 � s2 � 2,ln � � � C,n

= 0,1, . . . ,ZN − 1� �5�

�=�R+ j�I is the complex frequency with the real part �R and the
imaginary part �I signifying the frequency and decay rate, respec-
tively.

In the present study, the chamber angle � is assumed to be
small, as well as the angle of attack �. Because of the linearization
based on this assumption, the right-hand side of the boundary
conditions, Eqs. �B5� and �B7�, becomes 0 for unsteady compo-
nents. As a result, the value of unsteady source q̃B,n becomes zero.

The velocity around the cascade is divided into the uniform
steady component �U ,U��, the steady disturbance �us ,vs�, and the
unsteady disturbance �ũ , ṽ� components as follows:

u = U + us + ũej�t

v = U� + vs + ṽej�t �6�

Here, it is assumed that �
1, U� 	us	, 	vs	� 	ũ	, 	ṽ	 and linear-
ization is made on these assumptions.

Boundary Conditions
Boundary conditions are applied on the coordinates s1 and s2

stretching with the variable cavity length ln.

Boundary Condition on Cavity Surface. The pressure on the
cavity surface �z=mhei��/2−��+ lms1+0i, 0�s1�1, m
=0,1 , . . . ,ZN−1� is assumed to be constant and equal to the vapor
pressure pv. The index m is the number of the blade on which the
boundary conditions are applied. The linearized momentum equa-
tion on the cavity surface is given by

�uc,m

�t
+ U

�uc,m

��
= 0 �7�

Solving Eq. �7� in consideration of Eq. �4�, we obtain the velocity
uc,m�s1� on the cavity surface as follows:

uc,m�s1� = U + ucs + ũc,me−j��ls,m/U�s1ej�t �8�
Equation �8� leads to the following boundary condition:

Real�w�mhei��/2−�� + lms1 + 0i,t�� = U + ucs

+ ũc,me−j��ls,m/U�s1ej�t, 0 � s1 � 1 �9�
The velocity on the cavity surface is related with the pressure at
�=−L as follows, by the unsteady Bernoulli’s equation between
�=0 and �=−� and the momentum equation for the fluid between
�=−L and �=−�, which oscillates uniformly with the amplitude

Ñ

ucs =
p−Ls − pv


U
=

�U

2
�10�

�
�0,m − �−� − lim
b→�

��b − L cos ��Ñ��
�t

+ Uũc,m − UÑ cos � =
p̃−L




�11�

where p−Ls and pv are the pressure at the upstream boundary, �
=−L, and the vapor pressure, respectively. b is a distance along
the axis of cascade between the leading edge of blade and the
upstream. � is the cavitation number and defined as 2�p−Ls

− pv� / �
U2�. �0,m and �−� are the velocity potentials at the lead-
ing edge of mth blade and �=−�, respectively. By the assumption
that the flow around the cascade is connected to a space with a
constant total pressure along AB at a distance L from the leading
edge, we can obtain

Fig. 1 Schematic of the cascade with circular arc blades

Fig. 2 Plano-convex blade
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p̃−L = − 
UÑ cos � �12�

Equations �10� and �11� with Eq. �12� give the tangential velocity
ucs and ũc,m on the cavity surface.

Boundary Condition on Blade Surface. On the wetted blade
surface, the flow should be tangential to the blade. This boundary
condition can be expressed by using the y-component velocity.
The practical expression of the boundary condition is given in
Appendix B.

Cavity Closure Condition. The cavity thickness �m should
satisfy the following kinematic condition:

��m

�t
+

1

lm
�U − s1

dlm

dt
� ��m

�s1
= qm�s1�, �0 � s1 � 1� �13�

The cavity thickness is separated into steady and unsteady com-
ponents as follows:

�m�s1� = �s,m�s1� + �̃m�s1�ej�t �14�

Equation �13� with Eqs. �3� and �14� is separated into steady and
unsteady components after linearization. By integrating these
equations, we obtain

�s,m�s1� =
ls,m

U �
0

s1

qs,m�s1��ds1� �15�

�̃m�s1� =
ls,m

U �
0

s1

q̃m�s1��e
−j��ls,m/U��s1−s1��ds1� +

l̃m

U�0

s1 �1

+ j
�ls,m

U
s1��qs,m�s1��e

−j��ls,m/U��s1−s1��ds1� �16�

The cavity closure conditions for steady and unsteady components
are as follows:

�s,m�1� = 0 �17�

�̃m�1� = 0 �18�

Kutta’s Condition. The pressure difference across the blade is
assumed to vanish at the trailing edge. From the difference of
momentum equations on the pressure and suction surfaces of the
blade after linearization, we can represent the above assumption
by the following equation:

�

�t
�
0

1

	1,m�s1�lmds1 +�
1

2

	2,m�s2��C − lm�ds2� + U	2,m�2� = 0

�19�

Equation �19� is equivalent to Kelvin’s circulation conservation
law and signifies that the vortex wake of strength 	2,m�2� is shed
from the trailing edge with the mean velocity U, corresponding to
the change of the blade circulation.

For the case that the trailing free vortex of the strength 	̃t,m���
is transported on the freestream, it can be related with 	̃2,m�2� as
follows:

	̃t,m��� = 	̃2,m�2�e−j��/U���−C� �20�

Downstream Condition. In the case that the downstream duct
length is assumed to be infinite, the downstream flow-rate fluctua-
tion is suppressed due to the infinite inertia effect. Then, the con-
tinuity equation can be given by

Ñ +
1

ZNh 

n=0

ZN−1��
0

1

q̃n�s1�lnds1� = 0 �21�

Closure Condition for qB. The unknowns qBs,m, which repre-
sent the blade thickness, should satisfy the following equation:

�
0

1

qBs,m�s1�lmds1 +�
1

2

qBs,m�s2��C − lm�ds2 = 0 �22�

Procedure of Calculation
The unknowns are the steady and unsteady components of

strength of source and vortexes, qm�s1�, qBs,m�s1�, qBs,m�s2�,
	1,m�s1�, 	2,m�s2�, the cavity length lm, the velocity uc,m on the
cavity surface, and the amplitude of the inlet velocity fluctuation

Ñ. These are determined by the boundary conditions mentioned
above. The strength of singularities are specified at discrete points,
s=S1,k�k=1�NC� on the cavity surface and S2,k�k=1�NB� on the
wetted surface in the coordinates s1, s2, stretching with the vari-
able cavity length lm as unknowns. The locations of the singularity
specifications, S1,k and S2,k are given as follows so that they dis-
tribute densely near the leading and trailing edges of the cavity
and the blade.

S1,k =
ls,m

2

1 − cos� �

NC − 1
�k − 1��� �0 � S1,k � 1,k = 1, . . . ,NC�

�23�

S2,k = 1 +
1

2

1 − cos� �

NL
· k�� �1 � S2,k � 2, k = 1, . . . ,NB�

�24�

The strength of singularities is basically assumed to be linear be-
tween these discrete points. However, near the leading and trailing
edges of cavity, the singular behavior of linearized cavitating flow
obtained by Geurst �6� is taken into account, as employed by
Kerwin et al. �7�. More specifically, the strength of singularities
are assumed to be qn�s1��s1

�−1/4� and 	1,n�s1��s1
�−1/4� near the

leading edge of cavity and blade, and qn�s1���1−s1��−1/2� and
	2,n�s2���s2−1��−1/2� near the trailing edge of cavity. The bound-
ary conditions are applied at the middle of the discrete points.
After linearization, the boundary conditions are reduced as fol-
lows to the system of linear equations for the unknowns except
ls,m and �.

For steady components,

�As�ls,m� ��
qs,m�S1,1�

:

	1s,m�S1,1�
:

	2s,m�S2,1�
:

qBs,m�S1,1�
:

qBs,m�S2,1�
:

�

� =�Bs�
�m = 0,1, . . . ,ZN − 1� �25�

and for unsteady components,
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�Au�ls,m,�� ��
q̃m�S1,1�

:

	̃1,m�S1,1�
:

	̃2,m�S2,1�
:

ũc,m

:

l̃m

:

Ñ

� =�0�
�m = 0,1, . . . ,ZN − 1� , �26�

where As�ls,m� and Au�ls,m ,�� are coefficient matrices, Bs is a
constant vector. The values of unknowns on mth blade are shown
by the index m�=0,1 , . . . ,ZN−1�.

The steady flow is determined by solving Eq. �25�. In the
present study, the cavity length ls,m�m=0, . . . ,ZN−1� are deter-
mined for a given value of �. For this purpose, a repetitive
method is used. First, we assume the values of ls,m�m
=0, . . . ,ZN−1� and the values of other unknowns are determined
from Eq. �25� without using the closure condition. Then the cavity
thickness at the cavity trailing edge is calculated. If the cavity
thickness is calculated to be positive/negative, a longer/shorter
cavity length is assumed for the next iteration. This process is
repeated until we obtain the closure condition. Equation �26� is a
homogeneous system of linear equations. The determinant of the
coefficient matrix Au�ls,m ,�� should satisfy

	Au�ls,m,��	 = 0 �27�

so that a nontrivial solution can be obtained. The complex fre-
quency �=�R+ j�I is determined from Eq. �27�. Thus, the angular
frequency �R and the stability of cavitation depend on the steady
cavity length ls,m or, equivalently, �.

The numbers of discrete points, NC and NB are set to be 37 in
the present study. The steady cavity length obtained with NC
=NB=37 agrees with that with NC=NB=100 to second or third
places of decimals. Thus, NC=NB=37 is considered to be suffi-
cient for the discussions in the present study.

Results and Discussions

Steady Cavity Length. Figure 3 shows the steady cavity length
in the cascades with circular arc blades, plano-convex blades and
flat plate blades. The solidity C /h is 2, the stagger angle � is
80 deg and the number of blades ZN is 3. The values of ls /h �
=ls,m /h ,m=0,1 ,2� are plotted against � / �2�� in Fig. 3�a�, where
� is an angle of attack. � / �2�� is used instead of � for compari-
son of the results to the steady cavity length for the cascade with
flat plate blades, which is the function of � / �2��. It is found that
the steady cavity length is smaller for larger camber and blade
thickness, and the difference of the effects of the camber and
blade thickness is small for the steady cavity length. Symbols in
Fig. 3�a� show the onset point of the rotating cavitation �8� ob-
tained by the stability analysis. The value of � / �2�� at the onset
of the rotating cavitation is smaller for larger camber and blade
thickness. The rotating cavitation occurs for the steady cavity
length longer than the 65% of blade spacing.

The steady cavity length ls /h plotted against � / �2��−�0�� is
shown in Figs. 3�b� and 3�c� for the cascades with circular arc
blades and plano-convex blades, respectively. �0 is a shockless
angle of attack for noncavitating flow; the values of �0 are shown

in each figure. From these results, the steady cavity length can be
practically correlated with � / �2��−�0�� for both cascades.

Stability Analysis. Figures 4–6 show the Strouhal number St
of unstable modes with negative �I and the phase difference �n,n+1
for the cascades with flat plate blades, circular arc blades, and
plano-convex blades, respectively. The Strouhal number in the
present study is based on the steady cavity length ls and defined as
follows:

St =
�R/2�

U/ls
�28�

Fig. 3 Steady cavity length in the cascade with circular arc
blades and plano-convex blades, C /h=2, �=80 deg, �=5 deg:
„a… ls /h versus � / „2�…, „b… ls /h versus � / †2„�−�0…‡ in the cas-
cade with circular arc blades, and „c… ls /h versus � / †2„�−�0…‡

in the cascade with plano-convex blades

Journal of Fluids Engineering MAY 2006, Vol. 128 / 433

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Many unstable modes are obtained, but only lower order modes
are shown in Figs. 4–6. Modes I and V are the cavitation surge
modes with same phase for all blades. Modes I and V are the
modes whose Strouhal numbers are dependent and independent on
the length L of the inlet duct, respectively.

Modes II–IV correspond to the modes of the rotating cavitation.

From the phase difference �n,n+1, we can identify that mode II
represents the forward rotating cavitation, modes III and IV rep-
resent the backward rotating cavitation and higher-order mode of
forward rotating cavitation, respectively.

Figures 5�a� and 5�b� show the results on the cascades with
circular arc blades whose cambers t /C equal 0.01 and 0.02, re-
spectively. From Figs. 4, 5�a�, and 5�b�, it is found that as the
value of t /C increases, the values of � / �2��−�0�� at the onset of
modes II–IV, corresponding to the rotating cavitation decrease,
and those of modes I and V, corresponding to the cavitation surge
increase.

Figures 6�a� and 6�b� show the results on the cascades with
plano-convex blades whose thicknesses t /C equal 0.01 and 0.02,
respectively. As the value of t /C increases, the values of � / �2��
−�0�� at the onset of modes II–IV decrease and those of modes I
and V increase as well as the case of the cascades with circular arc
blades.

As shown in Figs. 4–6, various unstable modes appear for the
steady cavity length longer than 65% of the blade spacing. This
means that the steady cavitation with the cavity longer than 65%
of the blade spacing is unstable also for the case with the camber
and blade thickness. Since the cavity length ls /h is correlated with
� / �2��−�0�� as shown in Fig. 3, the onset of the cavitation insta-
bilities is basically correlated with this parameter.

Effect of the Length of Inlet Duct. Figure 7 shows the Strou-

Fig. 4 Strouhal number of destabilizing roots for the cascade
with flat plate blades. C /h=2, �=80 deg

Fig. 5 Strouhal number of destabilizing roots for the cascade
with circular arc blades. C /h=2, �=80 deg, �=5 deg: „a… t /C
=0.01 „�0=1.42 deg… and „b… t /C=0.02 „�0=2.85 deg…

Fig. 6 Strouhal number of destabilizing roots for the cascade
with plano-convex blades, C /h=2, �=80 deg, �=5 deg: „a…
t /C=0.01 „�0=1.30 deg… and „b… t /C=0.02 „�0=2.60 deg…
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hal number of the unstable modes and phase difference �n,n+1 for
the length of inlet duct L=100C and 1000C in the cascade with
flat plate blades. It is found that the Strouhal number of mode I is
significantly affected by the duct length.

The total of the fluctuating cavity volume in mode I is quite
larger than that in other modes �2�. Therefore, the mass flow fluc-
tuation in mode I is larger. Thus, the Strouhal number of mode I is
significantly affected by the inlet duct length.

Steady Pressure Distribution and Pressure Gradient on
Blade. Figures 8 and 9 show the steady pressure distributions on
the circular arc and plano-convex blades, respectively, at the onset
of the rotating cavitation. Figure 8�a� shows the pressure distribu-

Fig. 8 Steady pressure distribution on the suction surface of a
blade in the cascades with flat plate blades „t /C=0… and circu-
lar arc blades at the onset of the rotating cavitation, C /h=2, �
=80 deg, �=5 deg: „a… t /C=0, � / †2„�−�0…‡=2.44, „b… t /C=0.01,
� / †2„�−�0…‡=1.92, and „c… t /C=0.02, � / †2„�−�0…‡=1.51

Fig. 9 The same as Fig. 8, for the cascades with plano-convex
blades: „a… t /C=0.01, � / †2„�−�0…‡=1.96 and „b… t /C=0.02,
� / †2„�−�0…‡=1.33

Fig. 10 Pressure gradient on the suction surface of a blade at
�=h sin �, C /h=2, �=80 deg, �=5 deg: „a… cascade with circu-
lar arc blades and „b… cascade with plano-convex blades

Fig. 7 Effect of the length of inlet duct for the Strouhal number
in the cascade with flat plate blades; C /h=2, �=80 deg: „a…
Strouhal number of modes I–V and „b… Strouhal number of
modes I and II
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tion on a blade of the cascade with flat plate blades. The regions
with constant pressure Cp=−� /2 in Figs. 8 and 9 correspond to
cavities. The pressure coefficient Cp approaches 0.5 near the cav-
ity trailing edge. This is caused by the flow stagnation due to the
applied linear closed-cavity model.

Here, we consider the pressure gradient at the throat � /h
=sin �, where the effect of the flow stagnation at the cavity trail-
ing edge is insignificant. The dotted-dashed lines at � /h
=sin ��0.99 in Figs. 8 and 9 represent the location of the throat
of cascade.

Figure 10 shows the steady pressure gradients on the suction
surface of blades at the throat, � /h�0.99. Figures 10�a� and 10�b�
are for the cascades with circular arc blades and plano-convex
blades, respectively. As the value of � / �2��−�0�� decreases, the
pressure gradient d�Cp� /d�x /C� decreases. The negative slope is
caused by the flow stagnation near the cavity trailing edge. The
sharp increase near � / �2��−�0���0.65−0.75 corresponds to the
shift between cavity surface and the stagnation point.

The � in Figs. 10�a� and 10�b� shows the onset point of the
rotating cavitation corresponding to mode II. The rotating cavita-
tion occurs when the pressure gradient becomes small to some
degree. The values of critical pressure gradient d�Cp� /d�x /C� at
the onset of rotating cavitation are almost constant and 0.6�0.8

for t /C=0–0.02 in the cascade with circular arc blades. However,
the value of critical pressure gradient changes largely for the cas-
cade with plano-convex blades.

Effects of Solidity and Stagger on the Critical Pressure Gra-
dient for the Onset of Rotating Cavitation. Figure 11 shows the
steady cavity length in the cascade with flat plate blades. Figure
11�a� shows the cavity length for the cascade with C /h=1,2 ,3
and �=80 deg. Figure 11�b� shows the cavity length in the cas-
cade with C /h=2.0 and �=80, 70, 60 deg. The onset points of
rotating cavitation are shown in these figures. It was found that the
rotating cavitation occurs when the cavity is longer than 65% of
the blade spacing in all cascades.

Figure 12 shows the steady pressure gradient on the suction
surface of blades at the throat, � /h=0.99 in the cascade with flat
plate blades. Figure 12�a� is for the cascades with C /h=1,2 ,3
and �=80 deg and Fig. 12�b� is for the cascades with C /h=2 and
�=80, 70, 60 deg. It was found in Fig. 12�a� and 12�b� that the
distribution of the pressure gradient is significantly affected by the
solidity C /h and the stagger �. The values of critical pressure
gradient at the onset of rotating cavitation also changes signifi-
cantly for C /h and �.

Through the above discussions on the pressure gradient, it was
found that the values of the pressure gradient at the onset of ro-
tating cavitation are affected by the blade thickness, solidity, and
stagger of cascades. Therefore, the criterion based on the cavity
length for the occurrence of cavitation instability is more adequate
than the criterion based on the pressure gradient.

Conclusions
The analyses of steady cavitating flow in cascades and its sta-

bility were carried out to investigate the effects of the camber and
blade thickness, and the relation between the pressure gradient on
the suction surface of a blade near the throat and the occurrence of
cavitation instabilities.

Fig. 11 Steady cavity length in the cascade with flat plate
blades: „a… C /h=1,2,3 „�=80 deg… and „b… �=80,70,60 deg
„C /h=2…

Fig. 12 Pressure gradient on the suction surface of a blade at
�=h sin � in the cascade with flat plate blades; �=5 deg: „a…
C /h=1,2,3 „�=80 deg… and „b… �=80,70,60 deg „C /h=2…

436 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



In the analysis of the steady flow, it was found that the steady
cavity length is shorter for the larger camber and blade thickness
and the difference of the effects of the camber and blade thickness
is small for the steady cavity length. It was also found that the
steady cavity length can be practically correlated with a parameter
� / �2��−�0�� for the cascades with circular arc blades and plano-
convex blades, where �0 is a shockless angle of attack.

In the stability analysis, various modes of cavitation instabili-
ties appear for the cavity longer than 65% of the blade spacing in
both cascades with circular arc blades and plano-convex blades.
From this fact, the criterion based on the steady cavity length is
considered to be adequate for the occurrence of the cavitation
instabilities for both cascades as well as for the cascade with flat
plate blades. Since the cavity length is correlated with the param-
eter � / �2��−�0��, cavitation instabilities are also correlated with
the parameter.

The steady pressure gradient on the suction surface of a blade
near the throat was calculated. When the pressure gradient became
small to some degree, the rotating cavitation occurred. However,
the values of critical pressure gradient at the onset of rotating
cavitation are affected by the blade thickness, solidity, and stagger
of cascades. Therefore, the criterion of cavitation instability is
more adequate than the criterion based on the pressure gradient.
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Nomenclature
A � coefficient matrix
B � constant vector
C � chord length

Cp � pressure coefficient, �p− p−Ls� / �
U2�
f � function defined by Eq. �4�
h � blade spacing
I � arbitrary integer number
i � imaginary unit in space, i2=−1
j � imaginary unit in time, j2=−1

L � distance between the leading edge of the blade
and the space with constant total pressure,
100C

l � cavity length
N � amplitude of upstream axial velocity

fluctuation
NC ,NB � number of discrete points on s coordinate

p−L � pressure at �=−L
pt � total pressure at �=−L
pv � vapor pressure
q � strength of source

qB � strength of source which represents blade
thickness

S � location of discrete point on s-coordinate
St � Strouhal number, ��R / �2��� / �U / ls�

t � maximum camber or maximum length between
suction surface and chord or time

U � upstream mean velocity
UT � peripheral velocity �moving speed� of cascade,

U sin��+��
u � x component of flow velocity
v � y component of flow velocity
w � complex velocity, u− iv

ZN � number of blade
z � complex coordinate, x+ iy
� � angle of attack

�0 � shockless angle of attack
� � stagger angle

�0 � velocity potential at the leading edge of blade
�−� � velocity potential at upstream infinity

	 � strength of vortex
� � cavity thickness

�m,n � phase angle of the fluctuation of cavity length
on nth blade relative to mth blade

� � distance from the leading edge along chord

 � density of fluid
� � cavitation number, 2�p−Ls− pv� / �
U2�
� � complex angular frequency, �R+ j�I

�R � angular frequency
�I � decay ratio

Superscript
˜ � unsteady component

Subscripts
1, 2 � index of cavitating and non-cavitating region

in terms of s-coordinate
c � cavity surface
k � index of discrete point

m ,n � blade index
s � steady component
t � trailing free vortex
u � unsteady component

Appendix A: Complex Velocity
The complex velocity is given by

w�z,t� = u − iv = Ue−i� + Ñei�ej�t +
1

2� 

n=0

ZN−1 
�
0

1

�qn�s1� + i	1,n�s1� + qB,n�s1��

��fn�z,lns1� − fn�− L + aei��/2−��,lns1��lnds1

+�
1

2

�i	2,n�s2� + qB,n�s2���fn�z,�C − ln�s2 + �2ln − C�� − fn�− L + aei��/2−��,�C − ln�s2 + �2ln − C���

��C − ln�ds2 + i�
C

�

	t,n����fn�z,�� − fn�− L + aei��/2−��,���d�� �A1�
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fn�z,�� =
�

ZNh
e−i��/2−�� cot� �

ZNh
�z − ��e−i��/2−�� −

n

ZN
��

�A2�

The function fn�z ,�� represents the effects of infinite number of
singularities of equal strength located at z=�+ IZNhej��/2−��, I=
−� , . . . ,−1 ,0 ,1 , . . . ,�. The strength of singularities is specified
on these coordinates s1 and s2 moving in accord with the variable
cavity length ln. In the present analysis with larger L�=100C�, f�
−L+aei��/2−�� ,�� is approximated to −�ei� /h, where a is an arbi-
trary constant.

Appendix B: Boundary Conditions on Blade Surface
The y component of velocity on circular arc blade is given by

�U + us + ũej�t�
dy

dx
= �U + us + ũej�t�

�

2
�1 − 2

�

C
�

�
U�

2
�1 − 2

�

C
� ��Eq . �1�� �B1�

Therefore, the following boundary conditions should be satisfied.
For the cascade with circular arc blades,

− Imag�w�mhei��/2−�� + lms1 − 0i,t�� =
U�

2
�1 − 2

lms1

C
�, �0 � s1

� 1� �B2�

− Imag�w�mhei��/2−�� + �C − lm�s2 + �2lm − C� ± 0i,t��

=
U�

2
�1 − 2

�C − lm�s2 + �2lm − C�
C

�, �1 � s2 � 2�

�B3�
For the cascade with plano-convex blades,

− Imag�w�mhei��/2−�� + lms1 − 0i,t�� = 0, �0 � s1 � 1�
�B4�

− Imag�w�mhei��/2−�� + lms1 + 0i,t��

=
U�

2
�1 − 2

lms1

C
�, �0 � s1 � 1� �B5�

− Imag�w�mhei��/2−�� + �C − lm�s2 + �2lm − C� − 0i,t��

= 0, �1 � s2 � 2� �B6�

− Imag�w�mhei��/2−�� + �C − lm�s2 + �2lm − C� + 0i,t��

=
U�

2
�1 − 2

�C − lm�s2 + �2lm − C�
C

�, �1 � s2 � 2�

�B7�

where Imag�w� means the imaginary part of w.
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Characteristics of Small Vortices
in a Turbulent Axisymmetric Jet
Characteristics of small vortices were studied in axisymmetric jets wherein the Kolmog-
orov scale was approached by progressively decreasing the Reynolds number while still
maintaining turbulent flow. A periodic forcing introduced far upstream of the jet nozzle
ensured that the jet was turbulent. A vortex eduction tool was developed and applied to
the high-pass filtered 2D velocity field in the axial plane of a turbulent jet while varying
Re between 140 and 2600. Vortex population, energy, vorticity, and rms (root-mean-
square velocity fluctuations) of the high-pass filtered field were measured to elucidate
vortex characteristics. The observed population of vortices decreases dramatically at the
Kolmogorov scale. The observed increase in vortex population with decreasing vortex
size appears to be in accord with the space-filling argument, in that the vortex population
in a two-dimensional domain should grow as R−2. The energy density curve obtained
from vortex statistics reproduces the −5/3 slope for the inertial subrange, and the high-
pass filtered field accounts for approximately two-thirds of the total rms.
�DOI: 10.1115/1.2173292�

Introduction
Turbulent flow is comprised of eddies, ranging in size from the

Kolmogorov scale ��� at the small end of the spectrum to the
integral scale �b� at the large end. In most turbulence studies, the
velocity signal is acquired using pointwise techniques, such as
hot-wire anemometry �1,2� or laser-Doppler anemometry �2�, and
the time-resolved velocity signal record is analyzed to extract its
spectral content. The small probe volume in these techniques is
well suited to obtain measurements at even the smallest scales in
the flow. In contrast, in the current research, we determine the
characteristics of small eddies in a turbulent axisymmetric jet us-
ing the particle image velocimetry �PIV� measurement technique.
We use a vortex eduction tool to identify vortices in the high-pass
filtered 2D velocity field of a turbulent flow and extract their
statistical properties, such as population density, size, circulation,
and energy. We have previously applied this tool to extract vortex
statistics from velocity measurements in the axial plane of a self-
similar turbulent axisymmetric jet �3�. In a subsequent paper, an
improved version of the tool was used to measure the variation of
circulation and vorticity within vortex cores �4�. The properties of
large engulfing eddies that typically reside at the jet edge were
explored in �5�.

An obvious difficulty with using PIV to explore the smallest
flow scales is a lack of spatial resolution; it is difficult to obtain
data using PIV at scales approaching the Kolmogorov scale in
typical turbulent flows. One solution is to employ techniques akin
to micro-PIV, where the flow is examined at sufficiently high
magnifications to resolve the smallest scales. However, instead of
applying progressively larger magnifications and exploring the
Kolmogorov scale in that manner, our approach is to employ suc-
cessively smaller jet Reynolds numbers and increase the Kolmog-
orov scale to the point that it becomes visible to our recording
configuration wherein the spatial resolution is unchanged through-
out.

At the outset, it is useful to briefly review the characteristics of
vortices of various sizes. Starting from the integral scale, succes-
sive generations of eddies may be assigned a size brn �n
=0,1 ,2 , . . ., and r is some factor smaller than unity�. Space-filling

considerations �6� imply that the number of eddies of a particular
generation will grow as r−3n in three-dimensional space; in a two-
dimensional domain, an r−2n relationship is expected. Energy is
introduced at the integral scales and flows down the cascade to be
eventually removed at the Kolmogorov scale by viscous dissipa-
tion. According to Kolmogorov theory, the rate at which energy is
produced by Reynolds stresses is identical to the rate at which it is
dissipated by viscous stresses �6�, implying that it is also identical
to the energy flux down the cascade.

At a given Reynolds number, the energy density increases with
wave number k until it reaches a peak value at the integral scale
�7�. Subsequently, the energy density diminishes monotonically as
the wave number increases. As described in �8� this energy is
finally dissipated by viscosity. Hence, the total energy E of vorti-
ces of size k should depend on the dissipation rate �, k, and kine-
matic viscosity �

E�k�
�5/4�1/4 =

E�k�
�2�

= f�k,�� �1�

Here, � is the Kolmogorov scale defined as �= ��3 /��1/4 and � is
the Kolmogorov velocity defined as �= ����1/4.

The centerline energy dissipation rate for axisymmetric jets is
given by �=0.5uc

3 / �z−z0� �2�, where uc is the centerline velocity,
and �z−z0� is the downstream distance from the virtual origin of
the jet. The integral scale for turbulent jets is of the order of the
local jet width b, given by the 1/e point of the Gaussian profile
approximation to the time-averaged streamwise velocity in a jet.
�For the purpose of our study, it is adequate to assume that the
integral scale is equal to b.� Substituting for � in the expression
for �, we obtain

� = ��3�z − z0�
0.5uc

3 �1/4

�2�

Noting also that for an axisymmetric jet, Re based on nozzle
diameter �d� and nozzle exit velocity �uo� is �1.7buc /�, we can
write

�

b
= 3� 1

Re
�3/4

�3�

These expressions are useful for designing the jet experiment
and selecting operating parameters as described next. We also
describe the details of the vortex eduction tool whereby 2D vector
maps obtained using PIV are high-pass filtered to extract their

1College of Marine Studies, University of Delaware.
2Corresponding author.
Contributed by the Fluids Engineering Division of ASME for publication in the

JOURNAL OF FLUIDS ENGINEERING. Manuscript received September 10, 2004; final
manuscript received October 25, 2005. Review conducted by Joseph Katz.

Journal of Fluids Engineering MAY 2006, Vol. 128 / 439Copyright © 2006 by ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



high-frequency content in the form of vortices. Vortex popula-
tions, vorticity, and energy distributions are examined and com-
pared to results available in the literature.

Experimental Setup and Measurement Techniques
PIV measurements were conducted in a rectangular glass tank

91.5 cm�31 cm�40 cm high, housing a jet-nozzle assembly
mounted to one side of the tank, as shown in Fig. 1. The nozzle
assembly consisted of a cylinder �13 mm ID and 46 mm long�
capped by a 3 mm thick end plate; a 1 mm dia hole drilled at the
center of the end plate served as the jet orifice. One of the chal-
lenges in this study was to ensure that the jet remained turbulent
even at Reynolds numbers as low as 140. This was achieved by
applying a periodic perturbation on the jet supply tubing as will be
described shortly. Our nozzle was specifically designed such that
this perturbation was not damped by the time the jet emerged from
the orifice. The nozzle-cylinder was connected via flexible tubing,
a valve, and rotameter to a constant head fluid source mounted on
an adjustable height platform. The flow rate and, hence, the Rey-
nolds number for the jet were controlled by adjusting the height of
the platform and the valve opening. During experiments, the
height of host fluid in the glass tank was equal to the tank width
�31 cm�, and the nozzle was positioned at the center of this square
cross section at one end of the tank, as shown in Fig. 1. The
dimensions of the tank relative to the jet nozzle diameter were
comparable to previous jet experiments conducted in our labora-
tory �3–5� and ensured that the finiteness of the host fluid did not
influence jet development in any measurable way. Deionized wa-
ter was used as the working fluid for both the jet and the host.
Both fluids were seeded with fluorescent PIV tracer particles
�40 �m�.

As shown in Fig. 1, PIV measurements were conducted in an
axial plane of the jet over a region of interest centered 200 mm
downstream from the nozzle. The region of interest was illumi-
nated by twin Nd-YAG lasers �Continuum Surelite II� and provid-

ing 30 mJ per pulse at a wavelength of 532 nm. The laser beams
were passed through a sheet-forming module and steering optics
to produce a 1 mm thick vertical laser sheet that was directed
downward into the tank through the top surface as shown in Fig.
1. A 10-bit LaVision Imager Intense PIV/LIF �laser-induced fluo-
rescence� camera, with a 1376�1040 pixel array was oriented
orthogonal to the illuminated plane. The camera magnification
was set to capture a width of the jet corresponding to approxi-
mately ±1.5b about the jet axis. The view field was set to 140 mm
wide for all measurements. A long-wave pass filter was mounted
on to the camera lens during PIV measurements to block elastic
scattering of laser light while allowing fluorescence to pass
through and improve the overall signal quality.

The time separation between laser pulses �4–10 ms, depending
on the operating Reynolds number� was chosen to maximize in-
plane particle displacement �reducing random error� while still
restricting out-of-plane particle motion to acceptable levels.
Double-frame images were acquired at 0.5 Hz. The Reynolds
number was varied from 140 to 2600. An ensemble of 200 instan-
taneous velocity fields was acquired for each Reynolds number to
compute vortex statistics.

To ensure turbulent flow for even small Reynolds numbers, the
jet was tripped by applying a periodic disturbance �4–15 Hz,
based on the operating Reynolds number� in the following man-
ner. A flexible nylon self-locking cable tie �Gardner Bender, Part
No. 46-108, 20 cm long�2.5 mm wide�0.8 mm thick� was at-
tached to the shaft of a variable speed motor. The cable tie was
trimmed to a final length of 15 cm and positioned to impact the
flexible jet supply tubing approximately 18 cm �i.e., 180 nozzle
diameters� upstream of the nozzle. The low level of the applied
forcing and its distance from the nozzle made it far less dominant
compared to other jet forcing methods, such as �9� who describe
radically altered jets produced by axial and circumferential exci-
tations applied directly at the nozzle exit. Furthermore, the Strou-
hal number �St= fd /uo� of the applied forcing in our experiments

Fig. 1 Schematic of experimental setup
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was in the range of 0.005–0.03, which is one to two orders of
magnitude smaller than the “preferred frequency” required to radi-
cally alter jet behavior �9�.

In our experiments, the revolutions per minute �rpm� of the
variable speed motor and, hence, the frequency of the applied
disturbance was selected after careful visual evaluation of the jet
behavior. A small amount of sodium hydroxide and thymolphtha-
lein �an indicator that turns blue for pH�8.5 and is colorless
otherwise� was added to the jet supply reservoir to visualize the
jet emerging into the host fluid and confirm that the jet remained
turbulent even at the smallest Reynolds numbers employed in this

study. When the jet fluid underwent turbulent mixing with the
host, its pH dropped below the threshold value rendering it color-
less. The use of this pH-indicator method allowed an effective
visualization of the turbulent nature of the emerging jet even dur-
ing a PIV run, without incurring a buildup of dye in the tank that
would impair PIV recording.

In addition to visual evaluation of the jet, time-averaged axial
velocity profiles were plotted at various downstream locations for
all the Reynolds numbers used in the study. Figure 2 shows two
dramatically different plots for Uavg for Re=250. The first plot
corresponds to the turbulent jet �perturbation has been turned on�,

Fig. 2 Time-averaged streamwise velocity profiles for Re=250: „a… pertur-
bation turned on „turbulent jet… and „b… perturbation turned off „laminar jet…
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and the second plot corresponds to the laminar jet �perturbation is
off�. The centerline velocity is substantially smaller for the turbu-
lent case �10 mm/s max� relative to the laminar case
�25 mm/s max�, which is the expected behavior. The laminar jet
is also very narrow due to minimal mixing with the ambient fluid.
On the other hand, the turbulent jet displays the typical rapid
mixing with the ambient fluid and spreads laterally at the typical
rate for turbulent jets. As an aside, note that both the turbulent and
laminar jets lean slightly to the right as they proceed downstream
�which actually means downward in the experimental situation
because the jet is horizontally directed from left to right�. This is
because it is difficult to accurately match the jet density to the host
density and the effect is more pronounced at low Re. However,
since our vortex eduction technique uses the high-pass filtered
velocity field, this slight tilt has a negligible effect on the vortex
statistics that are of interest in this paper.

The velocity profile for even the smallest Reynolds number
resembled those for higher Reynolds numbers. Furthermore, the
two characteristic constants for turbulent jets �the centerline ve-
locity decay constant Bu and the jet spread rate c� were calculated
for all Re used in the study and found to be close to values com-
monly quoted in the literature �Bu=5.7, c=0.1� for turbulent jets.
Finally, rms profiles for all Re were plotted for each downstream
distance. Turbulent jet literature quotes the ratio of the rms to the
mean velocity at about 0.25 at the centerline. Our rms results
provide a value that is very close to that expected for turbulent
jets.

Cross correlation, with double-pass grid refinement was used
for PIV processing, resulting in a final interrogation spot size of
32�32 pixels with 50% overlap. The resolution of the square grid
of the resulting vector fields was 1.63 mm. The particle displace-
ment measurement error is about 0.1 pixels, which corresponds to
a relative error in the velocity measurement of about 1–2% at the
centerline.

Vortex Education Technique
A high-pass filtering technique �3,10� was used for educing

vortices that were identified using the definition provided by �11�.

First, the instantaneous velocity field is smoothed using a Gauss-
ian kernel. The resulting field is thus low-pass filtered. Next, the
high-pass filtered field is obtained by subtracting the low-pass
filtered field from the instantaneous field, exposing the vortices.
The standard deviation of the smoothing Gaussian kernel was set
to three grid units, and the filter was truncated at five grid units
�5�. An automated method was employed for counting the number
of vortices as described in �5�. Briefly, a point in the high-pass
filtered field was identified as a vortex center if the neighboring
vectors displayed a monotonic variation in angular orientation
from 0 to 2� while moving in a closed path around it; specific
details for the identification of the smallest radii �1 and �2� are
presented in Fig. 3. Details for higher radii are similar, but are
omitted for brevity and also because the smallest radii are the
focus of the current study. The robustness of the education tech-
nique can be confirmed by the good comparison between the
educed vortices and the corresponding standard vorticity plot �see
Fig. 5, Ref. �4��. In addition to the algorithm described in �5� and
in Fig. 3, it was also necessary to employ one additional criterion
in the present work. At low Reynolds numbers, the magnitude of
the vectors in the high-pass filtered field falls to 	0.1 pixels,
which is comparable to the error in the PIV measurement. In order
to circumvent the detection of spurious vortices from such vector
fields, we set a threshold value for the average velocity magnitude
within a vortex of 0.07 pixels, in order to accept a vortex as a
valid one. Our automated code identifies vortices of sizes 1, �2, 2,
�5, �8, 3, 10, and �13 grid units �each radius value is the square
root of the sum of the squares of two integers�. The outermost
radial position that passed the check mentioned in Fig. 3 was
marked as the radius R of that vortex. Vortex radius �R�, rotational
sense �clockwise or counterclockwise�, and circulation �
� were
measured directly, and energy �E� and vorticity ��� were derived.
Circulation is defined as


 =	 u� · ds �4�

where u� is the high-pass filtered velocity vector. Energy density
is calculated as

Fig. 3 Flow chart for identifying a vortex center and determining its radius
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E�k� =
c1
2

k
�5�

where k is the wave number and c1 is a constant. �We have set
c1=1 for the energy plots presented in this paper.� Vorticity is
calculated as

� =



R2 �6�

Results and Discussions
The vortex education tool described earlier �Fig. 3� was used to

explore the variation of vortex populations for various Re and
vortex radius R. In Fig. 4, we plot vortex populations sorted by
vortex radius against Re. The plot contains three important results:
�i� The vortex populations for clockwise3 and counterclockwise
eddies are almost identical, which is expected from symmetry
considerations and thus lends confidence to our eduction tool; �ii�
For a given Re, the vortex population decreases continuously with
increasing radius, which is consistent with the space-filling hy-
pothesis �we will explore this aspect in greater detail shortly�; and
�iii� For a given vortex radius, the vortex population decreases
monotonically as Re is decreased �especially for vortices of
smaller radii�, with a precipitous drop in population at the smallest
Re of 140. The dramatic decay in number of vortices of small
radii �R= ±1, ± �2� below Re=250 indicates that these eddies are
approaching the Kolmogorov scale, beyond which viscosity sup-
presses eddy formation. Equation �3� indicates that ��1.47 mm
�see also Table 1� for Re=140 at a midframe downstream distance
of 200d, which compares well with the smallest vortex size in Fig.
4. The number of vortices for larger radii also decreases for Re
	250, but the change is not as significant as it is for smaller radii.

Figure 5 is simply a rearrangement of the data in Fig. 4, in that
we now plot vortex populations sorted by Re against vortex ra-
dius. The vortex population �N� and the vortex radius �R� are
normalized by their corresponding values for R=1, respectively.

The experimental data �for R	3� are reasonably fit by straight
lines with slopes ranging from −2.1 for Re=1200 to −3.7 for the
lowest Re of 140. Large vortices are sparse at low Re, and there-
fore, there is a greater sampling error associated with their
populations.4 Consequently, we focus on the data for Re=1200
�slope=−2.1� and 2600 �slope=−2.5� in Fig. 5. Both their slopes
are close to −2. This result appears to be in accord with the space-
filling argument, in that the vortex population in a two-
dimensional domain should grow as R−2 when moving from one
vortex size to the next.

Kinetic energy of the vortices of different size is plotted in Figs.
6 and 7. Essentially, the energy density curve reaches a maximum
at a wave number corresponding to the integral scale and de-
creases for higher wave numbers. The energy density plot in Fig.
6 was obtained as follows. First, we summed the total energy
contained by all vortices of a given radius in the entire record.
Next, we divided this total by the number of frames to get the
average energy for that vortex radius per frame; the average en-

3Clockwise eddies are denoted by negative radius values in the legend in Fig. 4.

4It should be noted that slopes of the Re=140 and 600 lines are close to 2 if
vortices of larger radii are ignored.

Table 1 Kolmogorov scale at the centerline of round jets at
z /d=200 for different Reynolds numbers

Fig. 4 Variation of number of vortices „per frame… with Rey-
nolds number. Negative radius values in the legend correspond
to clockwise eddies.

Fig. 5 Linear fits for ratio of vortex population and radius
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ergy per unit area was then obtained by dividing by the area of the
frame. Finally, because the energy of all eddies of size 2� /k is
proportional to E�k� times the width of the energy spectrum,
which is k �7�, we can obtain E�k� by dividing the average energy
per unit area by k. The energy plots shown in Fig. 6 match fairly
well with theory that predicts a E�k� versus k slope of −5/3 in the
inertial subrange. Figure 6 indicates a slope of about −1.3 for the
larger Re values. As expected, energy values decrease with Rey-
nolds number for every wave number. Figure 7 presents the en-
ergy data of Fig. 6 in dimensionless form �energy density is nor-
malized by uc

2b�. The energy density curve indicates a reasonably
good collapse for wave numbers greater than 0.1b /R.

Typically in turbulence studies, rms of the velocity signal is
measured directly, using a pointwise technique, such as hot-wire

anemometry or laser-Doppler anemometry. Here, we extract rms
of the high-pass filtered velocity using PIV measurements with
good spatial resolution but limited temporal resolution. The rms of
the high-pass filtered streamwise velocity �u�� at the centerline is
plotted against Reynolds number in Fig. 8; the data are fit well by
a straight line. A linear relationship is to be expected because all
velocities scale with the local centerline velocity uc, which, in
turn, is proportional to Re. Note that the fit to the data does not
pass through the origin, suggesting that a small portion of the
measured rms may arise from noise in the velocity data. The slope
of the line is 0.0044 mm/s. Using the well-known correlation for
total �i.e., across all wave numbers� rms at the centerline �u� /uc
=0.25, which can be rewritten as u� /Re=0.15 v /b�, it is readily

Fig. 9 Variation in average vorticity with vortex size

Fig. 6 Variation in vortex energy with vortex size „energy av-
eraged per frame…

Fig. 7 Variation of nondimensional vortex energy with vortex
size

Fig. 8 Variation of centerline rms „u�… of high-pass filtered ve-
locity field with Reynolds number
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shown that the slope of u� versus Reynolds number should be
0.0075 mm/s for our experimental conditions. The difference be-
tween the two slopes is contributed by the low-pass field, which
carries the remainder of the rms with it. For the size of the filter
used in our study, we can conclude that approximately two-thirds
of the total rms �or about half the total energy� is carried by the
high-pass filtered field.

Vorticity �averaged over 200 frames� sorted by Reynolds num-
ber is plotted against vortex size in Figs. 9 and 10. It is evident
that vorticity increases with k and that the relative increase in the
vorticity is greater for larger Reynolds numbers �Fig. 9�. When
Fig. 9 is replotted in dimensionless form in Fig. 10, the data
collapse quite well and confirm that vorticity increases with wave
number.

Conclusions
Characteristics of small vortices in turbulent jets are obtained

by applying a vortex education tool to high-pass filtered 2D ve-
locity fields. Vortex characteristics are obtained at scales ap-
proaching the Kolmogorov scale by employing jets at low Rey-
nolds numbers at which they would ordinarily be laminar. The jets
are forced to remain turbulent at these low Re’s by applying a
periodic perturbation to the jet fluid. Results show that the vortex
population drops substantially when the eddy size approaches the
Kolmogorov scale. Vortex populations sorted by Reynolds num-
ber are consistent with the space-filling argument in two dimen-
sions. The energy density varies with wave number as −5/3 for
the inertial subrange, and vorticity increases with wave number.
For the size of the filter used in our study, approximately two-
thirds of the total rms �or about half the total energy� is carried by
the high-pass filtered field.
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Sensitivity Analysis of Entrance
Design Parameters of a
Backward-Inclined Centrifugal
Fan Using DOE Method and CFD
Calculations
Centrifugal fans with an electric motor included in the hub are commonly used in HVAC
(heating, ventilation, and air conditioning) systems. A design of experiments (DOE) has
been performed to study the effect of the entrance conditions of a backward-inclined
centrifugal fan on its efficiency. The parameters involved are the base radius of the motor
hub, the radius of the fan entry section, the deceleration factor throughout the entry zone
(from the entry of the fan to the entry of the blade), and the solidity factor. Numerical
simulation coupled with the DOE has been used for the sensitivity analysis of the en-
trance parameters. Initially, a complete factorial plan �24� was performed to screen the
most influent parameters and interactions. This has shown that the motor’s cap radius, as
well as its interactions with other parameters, is not significant. A second DOE, using
composite central design (CCD which has a second order of accuracy) has then been
performed on the remaining parameters (radius of the fan entry section, deceleration
factor, and the solidity factor). The effects of these parameters and their interactions on
the fan efficiency are now presented. A linear regression with three parameters has been
performed to establish the efficiency distribution map. The methodology employed is
validated by comparing the predicted results from the DOE and those from the numerical
simulation of the corresponding fan. �DOI: 10.1115/1.2173293�

1 Introduction

Small centrifugal fans and blowers have been used extensively
in home appliances and heating, ventilation, and air conditioning
�HVAC� systems. Flow in a centrifugal fan is a complex three-
dimensional phenomenon, involving boundary layer, separation,
secondary flow, turbulence, etc. Also, the geometry is often com-
plex and asymmetric. These geometrical parameters have signifi-
cant effects on the performance of centrifugal fans and blowers.
Many studies have been concerned with blade and volute geom-
etry, but few are dedicated to the entrance parameters and, above
all, to the combined effects of these parameters. The design of a
centrifugal fan is traditionally based on dimensionless analysis.
Two well-known classical books of Stepanoff �1� and Eck �2� treat
design in this manner. Many experimental and theoretical research
efforts have been made in this field in order to explore and under-
stand the behavior of flow through a machine. However, most of
the theoretical works only consider nonviscous flow through the
fan in order to simplify such a complex problem; details of such
an approach are discussed by the authors in �1,2�. Recently,
through use of improving facilities available for performing the
numerical calculations, more researchers have been interested in
considering viscous flow modeling by solving the Navier-Stokes
equations. Computational fluid dynamics �CFD� tools can help us
to understand the flow-field variations throughout a machine and
are also very efficient for the study of the effects of geometrical
parameters on the performance of fans and blowers. These enable
the researcher to achieve suitable parameters, corresponding to the
desired machine performance. The question remains however,

what are the suitable parameters? What is the effect of each pa-
rameter and what is the overall effect of the interaction of these
parameters on the performance of the machine?

Many works in the literature have been found using numerical
simulation for the study of flow fields in a turbomachine �how-
ever, published works on small fans and blowers are in number
limited�. Among them, Rai and Madavan �3� has used three-
dimensional �3D� Navier-Stokes equations to numerically study
the rotor-stator interaction. Zhang et al. �4� analyzed 3D viscous
flow within a backswept centrifugal impeller using Navier-Stokes
equations and k-� turbulent model. Strickland et al. �5� presented
a numerical simulation for the study of flow field inside a cen-
trifugal pump. Lin and Huang �6� designed and numerically simu-
lated a small forward-curved centrifugal fan. They found a good
agreement between the experimental and numerical results.
Gonzalez et al. �7� showed that numerical simulation is capable of
capturing the details of the flow field throughout a centrifugal
pump due to the impeller-volute interaction. Choi et al. �8� used
CFD tool integrated with an optimization code to improve the
design of an automotive fan; they selected limited independent
parameters �two parameters related to the radial distribution of the
sweep angle of an axial fan� in order to maximize the pressure
coefficient and to also minimize the production of turbulent ki-
netic energy. As the numbers of iterations required to converge the
optimization code depend on the number of variables employed,
they used a limited number of parameters. Recently, Yu et al. �9�
numerically studied the flow field for a centrifugal fan using the
multiple reference frame method. They analyzed the effect of the
blade inlet angle and the impeller gap on the fan performance.

As seen in the foregoing paragraphs, all of the earlier published
works have been aimed at understanding the behavior of flow
inside a machine and its interaction with its solid parts or at trying
to optimize a particular machine by considering some pertinent
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parameters. But as we know, there is no published work that stud-
ies the weight and effect of each design parameter �e.g., entry
region variables, blade design parameters, and collector and vo-
lute parameters� on the general performance of a turbomachine
and, in particular, a centrifugal fan.

Therefore, the purpose of this present paper is to study and
understand the weight and effects of the entrance region param-
eters of a backward-inclined centrifugal fan on the fan’s effi-
ciency. Thus, the cap of the motor �an electric motor mounted
inside the hub and rotating the fan�, entrance radius, deceleration
factor through the entry zone, and the solidity factor were chosen
to study their weight and their effects as well as their interactions
on the efficiency of the centrifugal fan. Therefore, a first design of
experiments �DOE� has been planned based on a complete facto-
rial method. The result of this first DOE is refined, using the
central composite design �CCD� method. The fan response to each
configuration of the parameters is calculated, numerically, by us-
ing a validated numerical code.

2 Model Description and Numerical Procedures

2.1 Geometry and Grid. A geometrical discretization of a
backward-inclined centrifugal fan is created using the commercial
software GAMBIT. It consists of the entry region, rotor and the
volute. In order to simulate the real inlet condition, a large hemi-
sphere is added to the entry region for the purpose of imposing
inlet boundary conditions. Unstructured tetrahedral cells are used
for the meshing of all regions. It is constructed using more than a
million cells �1,047,501�. A general view of the geometry and
grids are shown in Figs. 1 and 2.

2.2 Mathematical Formulations and Numerical
Procedure. Three-dimensional elliptical forms of the governing
equations �continuity and Navier-Stokes equations� for incom-
pressible flows are used as primitive variables:

�Uj

�Xj
= 0 �1�

�
�

�Xj
�UjUi� = −

�P

�Xi
+

�

�Xj
��� �Ui

�Xj
+

�Uj

�Xj
� − �uiuj� �2�

Since the temperature is constant, the energy conservation equa-
tion is not used and the fluid properties are assumed to be con-
stant. The standard k-� turbulent model is chosen for the modeling
of the effects of turbulence while a wall function is used to resolve
the near wall flows. The commercial software FLUENT is used to
resolve the set of equations based on the control volume method.
In order to have more accuracy, second-order upwind is selected
for the advection terms and the SIMPLE method is performed for
the pressure-velocity coupling. A steady-state multiple reference
frame modeling is used in the calculations to simulate the flow
behavior in different zones �rotating and stationary zones� while
the unsteady interaction effects were neglected. This method
seems to provide a savings in computer time by a factor of about
10 �10� and the same degree of accuracy of the unsteady calcula-
tions using the sliding mesh method based on Refs. �11,12�. Also,
recently Yu et al. �9� have used the multiple reference frame
method for modeling a centrifugal fan. They showed that good
agreement between the numerical and experimental results was
obtainable.

2.3 Boundary Conditions. Centrifugal fan geometry consists
of three different zones: the entrance, the rotor, and the volute.
The inlet region and the volute are considered on a stationary
frame, whereas the rotor zone is studied on a rotating frame. Sur-
faces between the entry zone and the rotor �surfaces correspond-
ing to the blades entry� and surfaces between the rotor and the
volute �surfaces corresponding to the blades exit� are defined in-
terfaces, needed for the relative velocity of the rotor. Uniform
velocity normal to the hemisphere surface is imposed as the inlet
boundary condition while the turbulence intensity is assumed to
be 1% and the turbulent viscosity ratio equal to 1, corresponding
to the prevailing low-turbulence air condition. There are some
rotating walls included in the inlet zone; thus, they are considered
as rotating walls in the stationary frame. The rotor walls related to
the rotor zone are selected as nonrotating walls in their frame
�rotating frame�. The outflow boundary condition, with a mass
balance correction, is imposed at the volute outlet.

Convergence of the solution is determined by monitoring the
normalized residuals for each dependent variable. The solution is
considered converged when these normalized residuals reduce to
1�10−3 and the mass residual decreases to 1�10−6.

2.4 Validation of Numerical Simulations. In order to vali-
date the numerical code, grid-independent tests have been done
and the calculated results compared to the experimental results.

Fig. 1 Sketch of the fan unstructured mesh „hemisphere is
added to inlet…

Fig. 2 Detail of the rotor mesh
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Experimental data were obtained using the ANSI/AMCA Standard
210-99 “Laboratory Method of Testing Fans for Aerodynamic Per-
formance Rating” �13�.

At different mass flow rates �see Fig. 3�, the pressure difference
between the inlet of the fan and the exit of the volute were com-
pared and the concordance between the numerical results and the
experimental results are within 5%.

3 Design of Experiment and Results Analysis
Design of experiment �DOE� was performed on k variables at

more than two levels in order to understand their weights and
effects on the plan �14�. A 2k factorial design was chosen to con-
struct the design of experiment this is a design with the k factor
each at two levels. Therefore, for a 2k-design, the complete model
would contain 2k−1 effects. Four parameters �related to the en-
trance design of the centrifugal fan� were chosen to study their
effects and their interactions’ effects on the fan efficiency. The
selected parameters are �A� the radius of the cap of the motor
�motor installed in the fan and a cylindrical shape assumed for it
�see Fig. 4�, �B� the radius of the entrance �see Fig. 4�, �C� decel-
eration factor �from the inlet section to the blade inlet�, and �D�
the solidity factor. The angle of attack and the blade inlet diameter

are related to the deceleration and the solidity factor following the
method presented by Eck �2� and used in this study to generate the
geometry. Table 1 summarizes the two levels of each factor �the
lower level is identified by −1 and the higher one by +1�. Based
on the parameters and the number of levels, a factorial design
table is prepared and shown in Table 2. The response of these
variables �fan efficiency� is obtained by the corresponding nu-
merical simulation solutions. Therefore, a series of numerical
simulations has been performed for different combinations of
these parameters and their levels �24=16 tests�, while other fan
design parameters, such as blade exit angle, external diameter,
blade profile �constant thickness blade�, etc., are considered to be
constant. For example, the first row shows the level of each pa-
rameter at the first test, i.e., A=−1, B=−1, C=−1, and D=−1,
which means �see Table 1�: A=1.27 cm, B=0, C=0.7 and D=2.
The analysis of variance for these four parameters at two levels is
highlighted in Table 3 �interactions of the higher degree, ABC,
ABD, and BCD are neglected�. The sum of squares used for test-
ing the hypothesis, that a main effect or an interaction is negli-
gible, is presented on the first row �ss�. The degree of freedom
�DOF� appears in the second row while the variance �s2� is shown
in the third row. These values have been obtained following the
method presented by Montgomery �14�. In this experiment plan,
the Fisher factor �F0�, shown in the next row, is equal to 6.61 for
a 95% confidence level �i.e., the method used to produce the con-
fidence interval yields a correct statement 95% of the time�. The

Fig. 3 Comparison of the numerical simulation with the experimental
measurements

Fig. 4 Entrance nomenclature

Table 1 Parameters and their two levels value for the com-
plete factorial model
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Table 2 Level of the parameters for each test

Table 3 Analysis of variance for the complete factorial model

Table 4 Parameters and their level for CCD
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estimated F values for the parameters B, C, D and the interactions
BC, BD, and CD are greater than F0, which means these param-
eters and interactions are statistically significant.

Figure 5 shows the response of these four parameters and the
previously mentioned three significant interactions on the fan ef-
ficiency. As shown in this figure, parameter A �the radius of the
motor cap� compared to the other parameters �B, C, and D� has no
significant effect on the efficiency of the fan. However, the inter-
actions BC, BD, and CD are very important. The results of the
first DOE show the region of the greatest influence on the fan
efficiency. The parameters B, C, and D, as well as the interaction
BC, BD, and CD have positive effects on their lower level �−1�.
But if all of the parameters stay at their lower levels �−1�, their
interactions can not stay at their lower level because it becomes a
positive value �−1�−1=1�, corresponding to the higher level.
Therefore, an interesting region can not be constructed based on
the lower level of all of these parameters. Thus, the region of the
optimum condition would be constructed based on the lower level
of the parameters B and D and the higher level of parameter C,
since the latter effect is less important. This also allows for having
lower levels for the interactions BC and CD, which have a posi-
tive effect.

At this stage, another DOE has been planned to refine the re-
gion of the optimum condition. Instead of a factorial design, a

central composite design �CCD� �14� is chosen for the new plan.
This will enable us to study the behaviour of the parameters and
their interactions by the second order of accuracy.

Table 4 summarizes the parameters and their levels for the
CCD. It is seen that the two levels of parameters B and D are
around their lower level in the first DOE, whereas parameter C is
close to its higher level, as was explained earlier. To construct the
CCD plan, 15 tests are needed. Eight tests must be performed at
two levels to construct the factorial plan �in order to reduce nu-
merical error in the regression, these eight test have been calcu-
lated twice with two different schemes, so that for these eight tests
in Table 4, two response values are written�, six runs at another
two levels to establish the axial points �2k�, and one test at another
condition to establish the center point are also needed. The analy-
sis of variance for these parameters is shown in Table 5. The
estimated Fisher factor shows that factor C and interactions BD
and BCD are not important. However interactions BC and CD
have significant effects. Also, it shows that the interaction effects
of BC, BD, and CD are significant with a 95% confidence level.

The result of this analysis is shown in Fig. 6: the entrance
radius �B� and the solidity factor �D�, as well as the interactions
BC and CD are all very important. It is interesting to note that the

Table 5 Analysis of variance for CCD

Fig. 5 Response of the first DOE „complete factorial model…
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parameter C �deceleration factor� has not as significant an effect
as its interactions with the entrance radius �BC� and the solidity
factor �CD�. This is because of an indirect effect of the decelera-
tion factor �C� on the blade angle of attack and inlet diameter. All
the parameters and interactions BC and CD have a positive effect
at their lower levels and a negative effect at their higher levels.

This means that to have a positive interaction effect, one of the
main parameters �B, C, or D� should stay at its lower level �less-
effective position�. Since the deceleration factor �C� has a less
important effect than the other two, it is chosen to stay at its
higher level and, consequently, the interactions BC and CD can
stay at their positive effect position.

Fig. 7 Contour of efficiency map for the solidity factor 1.5757

Fig. 6 Response of the CCD
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4 Optimum Design
A linear regression with the three factors �B, C, and D� has been

done to find the response surface. A contour map presenting dif-
ferent efficiency regimes has been drawn, based on the variations
of the deceleration factor �C� and the entrance radius �B� for dif-
ferent values of the solidity factor �D�. Figure 7 shows such a
contour for the solidity factor of 1.5757 �lower level�; increasing
the deceleration factor �parameter C goes to its higher level� and
keeping the entrance radius �B� around its lower level �1.016 cm�,
the maximum efficiency region appears for this solidity factor.
Then by decreasing the solidity factor to 1.2, a region of higher

efficiency appears. This is shown in Fig. 8, a region of 65% effi-
ciency which could not be seen in the case of D=1.5757. How-
ever, as it is shown in Fig. 9, increasing the solidity factor to 1.8
causes a reduction in the efficiency. This is confirmed that the
movement direction required to achieve a higher efficiency is to-
ward the lower value of the solidity factor. These contours show
that the optimum region, having maximum efficiency based on the
entrance parameters, is a region for which B�1.016 cm, 1�C
�1.2 and D�1.7.

In order to validate the procedure, a geometrical condition
�which gives specific value to each entrance parameter� in the

Fig. 8 Contour of efficiency map for the solidity factor 1.2

Fig. 9 Contour of efficiency map for the solidity factor 1.8
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region of 63–64% efficiency, was chosen �see Fig. 7�. The corre-
sponding fan was configured, based on the following values:

Entrance radius �B� = 0.9108 cm

Deceleration factor �C� = 1.1267

Solidity factor �D� = 1.5757

Then the fan was simulated numerically and the efficiency ob-
tained equal to 62%. This confirms that the efficiency map ob-
tained using the DOE methodology is reliable with good preci-
sion.

5 Conclusion
The design of experiments �DOE� has been performed in order

to study the effect of the entrance geometry of a backward-
inclined centrifugal fan on the efficiency of the fan. Numerical
simulation has been used to determine the efficiency of the fan for
different configurations of the entrance parameters. These en-
trance parameters consist of the radius of the cap of the motor
used for rotating the fan, the radius of the entry section, a decel-
eration factor throughout the entry zone �from the entry of the fan
to the entry of the blade�, and the solidity factor. The first DOE
�complete factorial model� specifies the region of the most impor-
tant effects. It shows that the motor’s cap, as well as its cross-
interactions with the other parameters, is not significant. However,
the effects of three other parameters and their interactions are
important. Therefore, a region of positive effect on fan efficiency
is established. A second DOE �central composite design �CCD�,
which has a second-order accuracy� has also been performed on
the three most important parameters �radius of the entry to the fan,
deceleration factor, and the solidity factor�. CCD is focused on the
regions that have positive effects on the fan efficiency. A linear
regression on three factors at three levels shows the map of dif-
ferent efficiency regions based on these three important param-
eters. A higher-efficiency region appears when the entrance radius
is smaller than 0.9108 cm, deceleration varies around 1.1, and the
solidity factor is lower than 1.7. The effects of each principal
parameter and their interaction have been discussed, and the re-
gions of various efficiencies are presented on a contour format.
The methodology is validated by comparing the predicted result
of DOE and the numerical simulation on a specific fan.
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Nomenclature
K � number of factors
P � pressure �Pa�

U ,u � time-mean and fluctuating velocity �m s−1�

Greek symbols
� � dynamic viscosity �N s m−2�
� � density �kg m−3�
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Steady and Unsteady Radial
Forces for a Centrifugal Pump
With Impeller to Tongue Gap
Variation
Experimental and numerical studies are presented on the steady and unsteady radial
forces produced in a single volute vaneless centrifugal pump. Experimentally, the un-
steady pressure distributions were obtained using fast response pressure transducers.
These measurements were compared with equivalent numerical results from a URANS
calculation, using the commercial code FLUENT. Two impellers with different outlet diam-
eters were tested for the same volute, with radial gaps between the blade and tongue of
10.0% and 15.8% of the impeller radius, for the bigger and smaller impeller diameters,
respectively. Very often, pump manufacturers apply the similarity laws to this situation,
but the measured specific speeds in this case were found to be slightly different. The
steady radial forces for the two impellers were calculated from both the measured aver-
age pressure field and the model over a wide range of flow rates in order to fully
characterize the pump behavior. Again, a deviation from the expected values applying the
similarity laws was found. The data from the pressure fluctuation measurements were
processed to obtain the dynamic forces at the blade passing frequency, also over a wide
range of flow rates. Afterwards, these results were used to check the predictions from the
numerical simulations. For some flow rates, the bigger diameter produced higher radial
forces, but this was not to be a general rule for all the operating points. This paper
describes the work carried out and summarizes the experimental and the numerical
results, for both radial gaps. The steady and unsteady forces at the blade passing fre-
quency were calculated by radial integration of the pressure distributions on the shroud
side of the pump volute. For the unsteady forces, the numerical model allowed a separate
analysis of the terms due to the pressure pulsations and terms related to the momentum
exchange in the impeller. In this way, the whole operating range of the pump was studied
and analyzed to account for the static and dynamic flow effects. The unsteady forces are
very important when designing the pump shaft as they can produce a fatigue collapse if
they are not kept under a proper working value. �DOI: 10.1115/1.2173294�

Introduction
Knowledge of the radial forces is fundamental to understanding

the dynamic working conditions of a centrifugal pump. The main
goal of this paper is to determine such forces both on a steady and
unsteady basis. The flow inside a centrifugal pump is quite com-
plex and it is always dominated by the geometrical constraints
which impose a strongly 3D structure.

The fluid flow inside a centrifugal pump is characterized by a
circumferentially nonuniform unsteady pattern, mostly associated
with the rotation frequency and, especially, the blade-passing fre-
quency �1�. Fluctuations at the blade-passing frequency are the
result of the hydraulic disturbances that follow the trailing edge of
the impeller blades and the fluid-dynamic interaction of the blades
with the volute of the pump. This phenomenon can be an impor-
tant source for hydraulic noise and vibration �2�.

The magnitude of these flow fluctuations for a given pump is
very dependent on the operating point �3�. Besides this flow rate
dependence, there are geometrical features that affect flow fluc-
tuations, not only within the pump, but also over the hydraulic
circuit. One such feature is the radial gap between the exit of the
impeller and the volute at the tongue region, �4,5�. The effect of
the radial gap on the fluid-dynamic perturbations produced in the

pump is particularly interesting, because pump manufacturers usu-
ally offer to equip each volute with several impellers of slightly
different outlet diameter and thus different blade-tongue gap. This
is so because these impellers can be conveniently obtained from a
progressive cut-back of the blades, and manufacturers can offer a
wide range of operating specifications without an important incre-
ment of production costs �6�.

The main goal of this work was to evaluate the influence of the
radial gap between the impeller exit and the volute tongue on the
unsteady radial forces produced on the impeller of a centrifugal
pump with volute casing. For such purpose, two different impel-
lers were tested for one single volute, with outlet diameters of 190
and 200 mm, respectively �the former is a cut-back of the latter�.
The resulting radial gaps were 15.8% and 10% of the impeller
radius and the respective specific speeds were �s=0.52, 0.53, for
the smaller and bigger impellers, respectively.

Both experimental and numerical studies were performed. Mea-
surements were carried out with pressure transducers installed on
the shroud of the pump volute, at every 10 deg. Both static and
fluctuating �blade-passing frequency� pressure values were ob-
tained for both impellers over a wide range of flow rates. The
experimental data were compared to the predictions from the nu-
merical simulations of the flow using the commercial CFD code
FLUENT. This comparison focused on both the steady and unsteady
radial forces produced on the impeller of the pump due to the
pressure distribution along the volute, as a preparatory step to the
validation of the total radial forces predicted by the simulations.
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Experimental Facility
In the hydraulic setup used for the experiments, water was

pumped from and returned to a 100 m3 reservoir �Fig. 1�. The
tested pump had a single axial suction duct and a vaneless spiral
volute casing. This pump could be equipped with a shrouded
seven-bladed impeller of either 190 or 200 mm outside diameter.
The main parameters of this pump have been already described in
previous studies �3,7,8�. The rotational speed was �
=169.65 rad/s and, therefore, the blade passing frequency is fBP
=189 Hz. In this setup, measurement uncertainties were found to
be less than ±2.5% for the flow rate and ±1.5% for the head.

For both impellers, 36 pressure taps were located, one at every
10 deg, on the volute shroud along a circumference with R
=107 mm �see Fig. 2�. Fast-response pressure transducers Kistler
7031 were placed on these taps. After proper amplification, the
resulting pressure signals and the signal from an optical tachom-
eter were digitized and recorded in a PC equipped with a multi-
channel analog-to-digital conversion card. The signals were fast
Fourier transform processed to obtain the pressure fluctuation data
at the dominant frequencies, in particular the blade-passing fre-
quency fBP. Measurement uncertainty for the pressure fluctuations
at fBP was ±1.5%. A more detailed description of the test facility
and the experimental procedure can be found elsewhere �3,7�.

Tests were conducted at 17 flow rates, from 0% to 160% of the
nominal flow rate, for both impellers. The result was the static

pressure and the pressure fluctuation at the blade-passing fre-
quency �amplitude and phase delay� for each of the 36 measure-
ment positions, for each different operating condition. As an ex-
ample, Fig. 3 shows the power spectra of the pressure at one
position in the tongue region, 20 deg from the tongue edge, as a
function of the flow rate for the impeller 200 mm in diameter. As
expected, the unsteady content of the pressure is mostly associated
with the blade-passing frequency. The amplitude is high for flow
rates at the extremes, but at a minimum when the flow rate is near
nominal. Further details on these results and discussion can be
found in Ref. �3� or �8�.

In this experimental facility, no velocity measurements were
available. Therefore when studying the radial forces, only the
pressure component of such forces could be calculated from the
experimental data.

Numerical Model
The meshing details for the 3D model of the pump are dis-

cussed in Ref. �9�. The most relevant features of the model are the
grid refinement in the volute tongue region and the sliding mesh
technique, apart from the fully unsteady calculation with the
blades changing relative positions for each time step. An example
of the grid generated for one of the impellers is shown in Fig. 4.

The numerical code used �FLUENT� solves the fully 3D incom-
pressible Navier-Stokes equations, including the centrifugal force
source in the impeller and the unsteady terms. Turbulence was
simulated with the standard k-� model. Although the grid size
used was not adequate to investigate local boundary layer vari-
ables, global values were well captured and the details of the flow
near the tongue for the two impellers follow the usual trends

Fig. 1 Experimental setup for the pump measurements „di-
mensions in m…

Fig. 2 View of the piezoelectric transducers mounted on the
shroud side of the pump

Fig. 3 Pressure spectrum as a function of flow rate „D2
=0.2 m…. Position: 20 deg from volute tongue in the rotating
direction.

Fig. 4 Sketch of the pump unstructured mesh. „Inlet and outlet
pipe portions are added….
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found in the literature �for example, �1��. For such calculations,
wall functions based on the logarithmic law were used. The time-
dependent term scheme was second order and implicit. The
pressure-velocity coupling was calculated by means of the SIM-
PLEC algorithm. Second order, upwind discretizations for the
convection terms and central difference schemes for the diffusion
terms were used.

The type of boundary conditions at both the inlet and outlet
were selected based on convergence criteria and a good simulation
of the flow feature through a real machine. In pumping systems,
the flow rate can be controlled by modifying the circuit hydraulic
resistance �for instance, by the opening or closing of a valve�. This
can be modeled by imposing a pressure drop at the exit as a
function of the flow rate. On the other hand, a constant pressure
level can be considered at the inlet side for all flow rates. There-
fore, total pressure at the inlet and a pressure drop proportional to
the kinetic energy at the outlet were imposed throughout the simu-
lations. These boundary conditions avoid the definition of a uni-
form and constant velocity profile at the inlet or outlet, which, in
general, would not be so realistic.

At the inlet and exit pipes, there is an unavoidable effect on the
final flow solution as a result of the boundary conditions. A rea-
sonable length must be added to the real machine geometry to
avoid this effect as much as possible and to better simulate the
pumping circuit influence. Previous models were developed with
a similar technique and defined a preliminary approach to the
problem, with less inlet and outlet lengths �10�. The comparison
of results between the old and present models leads to the conclu-
sion that the most recent model, presented here, provides assur-
ance of a reasonable geometrical independence from the imposed
boundary conditions.

A cluster with 12 Athlon-K7 nodes was used for the calcula-
tions. The time step used in the unsteady calculation was set to
2.94�10−4 s in order to get enough time resolution for the dy-
namic analysis. The Courant number was kept below 2, which
assures very good time accuracy and numerical stability.

The number of iterations was adjusted to reduce the residuals
below acceptable values in each time step. In particular, the ratio
of the sum of the residuals and the sum of the fluxes for a given
variable in all the cells was reduced down to the value of 10−5

�five orders of magnitude�. After initializing the unsteady calcula-
tion with the steady solution, about five impeller revolutions were
necessary to achieve the periodic unsteady solution convergence.

A final grid with about 335,000 cells was used in the present
study. A comparison of the performance prediction curve for one
of the impellers with this numerical model was previously pre-
sented �9�. The grid size dependence was studied through inten-
sive tests for the bigger impeller �9�. As a conclusion, the overall
performance of the pump was kept the same for the definitive
grids, whose results are presented here. Particularly, even with
less than half of the cells finally used for the computations, the
variations observed in flow rate, head, and efficiency were kept
under very reasonable values �always less than 1.2%�. Besides
these static value changes, a better and more detailed flow pattern,
especially near the walls, could be observed with increasing cell
numbers and this fact conditioned the selection of the finer grid as
final, to proceed with the study.

The numerical accuracy of both steady and fluctuating results
was estimated to be on the order of 2% and 1%, respectively.
During the numerical study, the guidelines proposed in �11� were
used and the numerical uncertainty was related to the change in
certain reference values when different mesh refinements were
considered. In other words, the values obtained for accuracy can
be considered reasonable enough as to validate the numerical re-
sults.

The developed numerical model considers neither the leakage
flows between the impeller and the casing walls nor the resulting
disk friction. This would lead to an unavoidable growth in the
number of cells, difficult to handle with existing calculation re-

sources. Nevertheless, the influence of these physical volumes be-
tween the impeller shroud or hub and the exterior sidewalls on the
unsteady radial forces can be assumed to be small. The effects of
these volumes are mostly in a plane perpendicular to the rotational
shaft, and then its major force would result in an axial direction.
On the other hand, the magnitude of the flow rate circulating
through these small volumes for commercial pumps with similar
specific speed does not usually exceed 4% for the nominal flow
rate �12�.

Steady Radial Forces for Both Impellers
The fluid dynamic interaction between the flow leaving the im-

peller and the static solid boundary that forms the casing of a
centrifugal pump has been widely studied in the literature; see for
example �6� for a general idea or �13� for a more specific problem.
In particular, the effect of the radial gap was pointed out as an
important parameter by many authors.

In order to show the static effect of the radial gap, first the static
pressure fields on the shroud side around the volute were mea-
sured and calculated. Different flow rates were tested, ranging
from 0% to 160% of the nominal flow rate, in steps of 10%. The
experimental and numerical results for three of these flow rates
are compared in Fig. 5 as a function of the angular position �,
which is measured from the line formed by the center of rotation
and the position of the volute tongue edge.

For all the studied flow rates, the numerical results follow the
trends of the experimental data, but some significant differences
appear. At low flow rates, the predicted pressure values appear to
be greater than the experimental ones. On the other hand, at high
flow rates, at angular positions � above 200 deg, the predicted
values are smaller �Fig. 5�. These differences can be attributed to
not including the interstitial regions between the impeller hub and
shroud and the corresponding lateral sides of the casing in the
numerical model.

The effects of such interstitial regions are twofold. On one
hand, some flow rate leakage circulates from the volute to the
impeller inlet through the gap of the shroud side, so that the net
flow rate through the impeller is greater than the external flow
rate. According to the guidelines �12�, the leakage flow at design
operating conditions may be established at about 4% of the nomi-
nal flow rate, but its relative magnitude increases at lower flow
rates. Consequently, for a given external flow rate, the predictions
actually correspond to a somewhat smaller flow rate through the
impeller than in the real pump, and, hence, the static pressure
predictions can be expected to be greater than the experimental
values. This is what can be observed in Fig. 5 for the low flow
rate, or even for the high flow rate in the narrow zone of the
volute ���150 deg�.

Fig. 5 Static pressure around the volute for three flow rates
„comparison of the numerical and experimental results…
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On the other hand, the presence of the interstitial gaps between
the impeller sides and the lateral walls of the casing means that
the effective cross section of the volute in the real pump is some-
what greater than in the numerical model. This increment is par-
ticularly relevant at the tongue region, since it facilitates either the
positive �for low flow rates� or negative �for high flow rates� flow
exchange through the radial gap, i.e., it contributes to the attenu-
ation of the static pressure difference across that tongue gap. For
this reason, the experimental static pressure values for the high
flow rate and angular position � above 200 deg are greater than
the corresponding numerical predictions.

From these results, and keeping in mind the existing differ-
ences, an integration to obtain the total force on the shaft was
performed. For the numerical model a full integration over differ-
ent axial positions is possible, whereas for the experimental mea-
surements, only the pressure on the shroud is available. Therefore,
for the experimental measurements a constant pressure distribu-
tion over the whole axial span was imposed. However, in the
experimental data, the momentum due to the non-axisymmetric
velocity field was not included because it was not measured.

The forces were calculated in the absolute coordinate system
where the reference for the angle is the tongue position. The posi-
tive angular direction is the counter-rotating one �same reference
as for the angle � in Fig. 5�.

In Fig. 6, the experimental results of the integration are shown
for both impellers. An expected trend with a V shape was ob-
tained, with a minimum force close to the nominal flow rate. If the
similarity laws were applied, the same curve would be obtained
because the plot is generated using nondimensional values. On the
contrary, a shift of the minimum force value at higher flow rates
for the bigger impeller was found. Similarity laws seem to be
applicable for flow rates in the range of zero to 0.7QN. Neverthe-
less, significant differences were found for higher flow rates. For
the lowest flow range, 0 to 0.5QN, the nondimensional static force
is slightly higher for the smaller impeller. On the other hand, in its
dimensional values and due to the bigger impeller diameter, the
force is higher for the higher diameter up to the nominal flow rate.
At higher flow rates, the static force is much higher for the smaller
impeller, due to the lack of similarity and to the nominal flow rate
shift. There is no data available to check possible differences for
flow rates above 1.5QN, but the trend indicates that this effect
remains there and the smaller impeller produces higher static ra-
dial forces even in the nondimensional values.

Besides the difference in the calculation procedure, the numeri-
cal model captures satisfactorily the global trend for the angle of
the obtained force, as shown in Fig. 7. A bigger difference in the

value of the total radial force is obtained, but only for a reduced
range of the flow rate, that is, for the highest flows �Fig. 8�.

A shift in the minimum force position of about 10% of the
nominal flow rate is seen when comparing numerical and experi-
mental results. This could be a result of the disk friction forces
induced by the leakage flows, which are not included in the nu-
merical model yet exist in the real machine. The effect of such
simplification on the calculated performance curves has been dis-
cussed in previous papers �9,14� with the conclusion that the ef-
ficiency at the nominal flow rate was overestimated. Nevertheless,
the flow patterns numerically obtained were in agreement with the
expected trends, for example, the location of the stagnation point
in the volute tongue as a function of the flow rate, separation, and
so forth.

Therefore, both static pressure and force are well captured for
the bigger impeller and for the smaller one �produced as a cut-
back of the bigger one�. These results show a minimum force at
flow rates slightly higher than the nominal one for both impellers.
The non-axisymmetric flow leaving the impeller has a very small
influence on the static radial force at any flow rate.

Comparison of the Fluctuations in the Shroud Side
Plane for Both Impellers

After the static values of the simulation were compared with the
measurements for both impellers, the pressure fluctuations at the
bladepassing frequency were examined. A circumferential integra-

Fig. 6 Experimental comparison of the static pressure force
for the two impellers

Fig. 7 Comparison of the static contribution for the force
angle around the volute „angles referred to the rotation center
to volute tongue direction…. Impeller with D2=200 mm.

Fig. 8 Comparison of the static contribution for the force mag-
nitude around the volute. Impeller with D2=200 mm.
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Fig. 9 „a… Comparison of the pressure fluctuations at the blade-passing frequency for the two impellers Q<QN. Experimental
measurements. „b… Comparison of the pressure fluctuations at the blade-passing frequency for the two impellers QÐQN.
Experimental measurements.
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tion of the pressure component at the blade-passing frequency was
performed around the impeller exit position. This procedure is
equivalent to performing a filtering of the pressure distribution on
the volute at the blade-passing frequency for the different studied
flow rates.

For this pump and under the selected operating conditions, no
cavitation effects in the performance curve were found. The con-
tribution of the dynamic effects, particularly the pressure values in
the volute except at the blade-passing frequency, can be consid-
ered negligible �see Fig. 3, taken from the measurements�. And
this is also the case for any circumferential position. The previous
statement does not mean that in other parts of the impeller or at
the inlet or outlet pipes, other frequencies could show their ef-
fects. Therefore, the predominant effect is observed at the blade
passing frequency. Before a full numerical to experimental com-
parison is performed, a comparison of the experimental results for
the two impellers is analyzed �Fig. 9�.

The experimental results for the two impellers are compared in
Figs. 9�a� and 9�b�, where six different flow rates are plotted. In
these figures, the effect of the radial gap on the pressure distribu-
tions can be clearly seen.

For flow rates below the nominal �Fig. 9�a��, the differences in
the amplitude of the pressure amplitude are quite small and lim-
ited to a region near and downstream of the volute tongue posi-
tion, that is, angular positions with � between 0 and 150 deg.

For flow rates higher than the nominal �Fig. 9�b��, the three
different graphs show pressure amplitude differences for the two
impellers are even higher and extend to all the circumferential
positions.

These pressure fluctuations are also very well predicted for all
flow rates by the numerical model for the bigger impeller. One
example for 150% of the nominal flow rate is shown in Fig. 10.
For the smaller impeller, similar conclusions can be drawn, al-
though this study did not cover this case.

Radial Force Due to Blade-Passing-Frequency Effects
The numerically calculated pressure fluctuations at the blade-

passing frequency can be used to compare different axial planes
�not available in the experiments�. Figure 11 shows how the un-
steady pressure peak at the blade-passing frequency is not uniform
over the whole axial span of the volute. This analysis for different
planes was already mentioned in previous publications, but is
shown and analyzed here for the sake of completeness �9�.

For almost all the studied flows, a similar behavior was found.
The values of the pressure fluctuations in both side planes �shroud
and hub� are quite similar, but for the central plane a maximum

value was obtained. This higher pressure in the center plane could
be an explanation for the pair of counter-rotating vortices found in
all circumferential positions, explained in more detail in �9�.

In the figures that follow, the resulting radial force from the
unsteady pressure fluctuations at the blade passing frequency are
plotted. The horizontal component corresponds to the component
of the unsteady radial force in the X direction �see Fig. 4�. This
direction is defined by two geometrical points: the rotational cen-
ter and the volute tongue position. The vertical component �Y
direction� is perpendicular in the counter-rotating direction. The
results shown in the following figures trace an envelope for a
force vector which rotates at the blade passing frequency. There-
fore, the force completes Z rotations for each impeller one. In
addition, for each force rotation, if the vector is placed in the
origin of coordinates, the vector end evolves enclosed by the
ellipse-like curves and would trace them. The rotation direction
and the value of the nondimensionalization parameter are also
added to these and following figures.

An integration procedure for the pressure fluctuations is defined
taking into account the value and angular phase at the blade-
passing frequency. Then, this integration will produce estimates of
the radial forces at the blade-passing frequency. The integration
was performed by assigning to each chosen measurement location
a corresponding surface point in the impeller exit section. The
spatial resolution is fixed by the 36 measurement positions. The
value for the unsteady force is obtained following a procedure
equivalent to that used for the static pressure, but takes into ac-
count the relative angle at this frequency for each flow rate and
each impeller. Figures 12 and 13 show the results of the calcula-
tion for the two impellers based on the experimental values of the
pressure fluctuations.

The integration procedure gives a force that resembles the total
unsteady force, which rotates around the impeller with a complex
and wide frequency range, at the blade-passing frequency. In other
words, it is a calculation which filters the total unsteady force at
such particular frequency. In other words, it corresponds to the
component of the unsteady force at the blade passing frequency,
which performs a rotation for each blade-passing period. When
the force is aligned with the X axis, it would produce a radial force
directed towards the volute tongue position.

For each blade-passing rotation �2� /Z rad� the projected force
for a given flow rate completes one of the elliptical shaped figures.
The maximum force and angle vary with the flow rate for the
smaller impeller, whereas the angle remains almost constant for
the bigger impeller.

The comparison of Figs. 12 and 13 shows that the bigger im-
peller does not always produce a higher dynamic force. For low

Fig. 10 Comparison of the pressure fluctuations at the blade-
passing frequency for Q=1.5QN on a shroud plane „z=0.0….
Tongue at �=0 deg and D2=200 mm.

Fig. 11 Nondimensional pressure fluctuation at the blade-
passing frequency for three axial positions at the volute „nu-
merical values…. The tongue is at �=0 deg and Q=0.5QN.
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flow rates the trend was as expected �the bigger impeller gives rise
to higher forces�. For the higher flow rates, the opposite trend was
found. From the available data, no absolute conclusion can be
drawn about the origin of this difference. The extremely complex
flow pattern appearing at flow rates higher than nominal could
have different interactions with the external geometry and produce
the measured behavior.

Using the developed numerical model, a full integration over
the axial span is possible. The resulting unsteady forces for two
off-design conditions of the bigger impeller are shown in Fig. 14.

Although the shape of the curve enclosing the vector forces is
also elliptical, the minimum values and angles differ from the

values experimentally observed. These differences can be attrib-
uted to the nonuniform axial distribution of the unsteady force at
the blade-passing frequency, shown in Fig. 11.

Another effect on the force due to pressure fluctuations at the
blade-passing frequency could be a result of momentum flux fluc-
tuations. This effect might be important and has been reported in
other existing studies �15�. Therefore, any comparison with the
numerical results would be limited to the pressure component of
such fluctuations.

If both axial span variations and velocity influence are dis-
counted, and the calculated values are integrated following the
same procedure as for the experimental results, different conclu-
sions can be drawn. This integration was performed for the bigger
impeller and the comparison between numerical and experimental
results is shown in Figs. 15–17.

For all the flow rates tested, the agreement between model and
experimental results is acceptable, both in value and angle. As can
be observed in these three figures, the numerical model repro-
duces very precisely the pressure fluctuations at the blade-passing
frequency, independent of the operating condition.

Therefore, when only the pressure fluctuations are considered,
the numerical and experimental results describe almost the same
force both in amplitude and phase. The effect of the axial span
variations and the lack of uniform velocity around the volute are,
thus, important when the unsteady forces are examined. This is
opposite to the case of the steady forces.

Of course, when comparing the numerical results for the un-
steady forces, the total force and the pressure force �which does
not account for the momentum exchange� show relevant differ-
ences. A comparison of these forces is plotted in Fig. 18. At the
low flow rate shown and as a general rule for the rates studied, the
momentum components of the fluctuation force produce a signifi-
cant increase of the envelope of the force and a slight turning of
this envelope. In general, the effect of the other dynamic force
components �apart from the pressure one� contributes to the un-
steady radial forces damping their effects. In other words, the
shape of the force envelope becomes more circular, thus decreas-
ing the unbalanced force on the shaft.

Fig. 12 Vector diagram of unsteady radial pressure force from
experiments. A blade-passing period for D2=190 mm.

Fig. 13 Vector diagram of unsteady radial pressure force from
experiments. A blade passing period for D2=200 mm.

Fig. 14 Vector diagram of unsteady radial force numerically
calculated during a blade passing period for D2=200 mm
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Conclusions
The static and dynamic effects of the flow in a vaneless volute

centrifugal pump with two different impellers were studied. The
average pressure and pressure fluctuations in the shroud side of
the volute have been used to obtain the resulting forces �average
and at blade-passing frequency� both experimentally and numeri-
cally.

The experimental and numerical approaches used in the study
have produced enough data to structure the study in two items,
namely the static and unsteady effects of the flow passing through
the pump �mainly pressure and radial forces�. The unsteady or

dynamic effects are more important at the blade-passing fre-
quency and so this predominant frequency has been analyzed.

In spite of the difference in the average pressure at different
axial planes, good agreement for the average force angle has been
found. The experimental and numerical results are almost the
same in the angle of the force, but differ in value for high flow
rates.

However, a similar situation cannot be assumed for the blade-
passing frequency. This could suggest that the general trend found

Fig. 15 Comparison of the vector diagram of unsteady radial
force due to the pressure fluctuations during a blade-passing
period for D2=200 mm. Q=0.6QN.

Fig. 16 Comparison of the vector diagram of unsteady radial
force due to the pressure fluctuations during a blade-passing
period for D2=200 mm. Q=QN.

Fig. 17 Comparison of the vector diagram of unsteady radial
force due to the pressure fluctuations during a blade-passing
period for D2=200 mm. Q=1.5QN.

Fig. 18 Comparison of the vector diagram of unsteady radial
force due to the pressure fluctuations and total force during a
blade-passing period for D2=200 mm. Q=0.5QN.
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experimentally, considering only the pressure at the shroud side, is
not a good estimate of the force at that particular frequency. In
particular, the integration procedure for the unsteady forces can be
used to filter the radial unsteady forces at the blade-passing fre-
quency. The results, numerically obtained for the two impellers,
have shown a lack of axial uniformity, which could be the origin
of the differences observed. When the effect of the unsteady pres-
sure pattern is isolated, the results of the numerical model and the
experiments agree for all flow rates.

The difference in the radial gaps, from 15.8% to 10% of the
impeller radius, does not produce a strong effect on the pressure
fluctuations at any frequency and, in particular, at the blade-
passing frequency. Nevertheless, an increase of 10% in the un-
steady forces has been found for the bigger impeller. This could
suggest that decreasing the impeller diameter in further steps
would give rise to even higher forces. These dynamic effects
should be considered together with the static force results, which
indicated larger forces for the highest flow rates in the case of the
smaller impeller.
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Nomenclature
b2 � impeller discharge width, m
D2 � impeller discharge diameter, m
F � radial force due the unsteady pressure patterns

in the absolute coordinate system, N
Fx ,Fy � unsteady force components �horizontal and

vertical� in the absolute coordinate system, N.
Nondimensionalized with the product
1
2��bD2U2

2

fR, fBP � rotating frequency, blade-passing frequency, Hz
k � turbulent kinetic energy, m2/s2

P , pA � pressure, pressure amplitude at the blade-
passing frequency, Pa. Nondimensionalized
with the product 1

2�U2
2

P0 � total pressure at inlet, Pa
Q ,QN � flow rate, flow rate at nominal point, m3/s

R � radial position, m
U2 � peripheral velocity at impeller outlet, m/s

X ,Y � main coordinates, m

Z � number of blades
z � axial position, m
� � turbulent dissipation, m2/s3

� � density of the fluid �water�, Kg/m3

� � angular position around impeller from the vo-
lute tongue location in the rotating direction,
deg

� � rotating speed, rad/s
�s � �QN

1/2 / �gHN�3/4, specific speed
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Shape Recovery of a Levitated
Aspherical Droplet From 2D
Image Information
This paper presents an image processing technique in order to predict the shape of a
levitated aspherical droplet. The technique is of great importance to containerless mate-
rials processing. A majority of the electromagnetic levitation techniques utilizes two
cameras at right angles to observe both transversal and frontal views. This allows ob-
taining two images of the droplet at instant time. In many cases, the portion of the frontal
image is missing due to the heating coil. The newly developed technique allows restora-
tion of the missing portion of the image information. The through image can be recon-
structed by combining the recovered shapes. A special computer program is generated to
simulate a normalized volume of the droplet. �DOI: 10.1115/1.2175157�

Keywords: electromagnetic levitation, thermophysical property measurement, image
reconstruction, shape from shading

Introduction
The process of electromagnetic levitation �EML� is now a well-

established technique in metallurgy. This technique consists of
placing a piece of metal in a time-varying magnetic field produced
by a coil carrying a high frequency electric current. The great
advantage of EML process is that the levitation creates a contain-
erless environment and prevents against the contamination of the
sample with any impurities from the container walls when the
metal is processed using the “traditional” melting method.

The EML process is used in metallurgical research, not only for
its intrinsic theoretical value, but also for its various applications
in engineering, such as thermophysical property measurement of
materials. Conventional analysis for such a purpose, supposes to
measure the frequencies of surface oscillation modes of the levi-
tated droplet. Theoretical approaches for determining the oscilla-
tions of the droplet can be found in the studies by Bayazitoglu et
al. �1�, Bratz and Egry �2�, Busse �3�, and Cummings and Black-
burn �4�. Chen and Overfelt �5� reported several measurements of
surface tension using oscillating drop technique. The effect of
static deformation on the oscillations of levitated droplets has
been performed and the results are applied to demonstrate the
possible improvements in surface tension measurement �6�. The
complete review of theoretical and experimental works on EML is
given by Bakhtiyarov and Overfelt �7�.

Despite the fact that these conventional studies are very useful
for a detailed description of materials properties, there are diffi-
culties in computing the volume variations with respect to the
temperature changes.

The objective of the present study is to perform a 3D recon-
struction from 2D image information in order to compute the nor-
malized volume of the aspherical droplet, and such as to predict
thermophysical property of the levitated materials.

In the electromagnetic levitation experiments two cameras at
right angles are usually used to take both transversal and frontal
pictures of the levitated droplet. This allows obtaining two images
of the droplet at instant time. In many cases, the frontal image of
the levitated droplet is missing due to the blockage of the view by
the heating coil.

The restoration process of a missing part from an object is

known as “reverse engineering” technique. A reverse engineering
typically starts with measuring an existing object so that a surface
or a solid model can be deduced in order to analyze the shape
errors between the parts and the model. The reverse engineering
procedure covers three different fields: Electromechanical with the
data capture, mathematical with the segmentation and surface-
fitting tasks, and computer graphics/computational geometry for
the solid model development.

In the mathematical field, several methods have been devel-
oped, such as a curvature-continuous surface technique based on
the captured topological structure �8�, B-spline surface fitting
technique �9�, quadratic surface fitting technique �10,11�.

The process of image restoration can be considered as a surface
fitting method, where the reconstructed surface needs to fit the
initial surface. The newly developed technique called Convex
Hull Cubic-Spline �CHCS� algorithm, allows restoration of the
missing part of the image information.

Shape recovery is an inverse computer vision problem that
transforms 2D images into 3D images. The methods, such as
shape from shading �SFS�, shape from texture and shape from
motion are used for shape recovery. The SFS technique has been
used for the first time by Horn �12� and can be regarded now as
one of the classical problems in the computer vision.

A contour propagation method was used by Kimmel �13� in
order to obtain both transversal and restored frontal views with
different general light source estimations. The surface shape from
image shading was obtained from each individual picture. The
through image was reconstructed by combining the recovered
shapes. A special computer program was generated to simulate the
normalized volume of the droplet.

Electromagnetic Force and Surface Shape
In the process of electromagnetic levitation the applied mag-

netic field induces eddy currents in the metal. As a result of the
interaction between the induced currents and the external mag-
netic field, a Lorentz force is produced and eddy currents heat or
eventually melt the specimen due to the Joule effect.

The time-averaged Lorentz force density exerted on the droplet
can be computed using f=Re�j�B*�, where J is the induced eddy
current density, B is the magnetic flux density, and Re�.� and * are
the real part and the complex conjugate of the complex variable,
respectively. If the applied current is strong enough, the electro-
magnetic forces can counterbalance the gravitational force to levi-
tate the sample. The electromagnetically induced flow in the liq-
uid metal may be turbulent, and it may affect the droplet shape.
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Interacting with the external field, the suspended droplet can
move, rotate or change the shape. The instability of the motion is
produced �1� by the asymmetric distribution of the force field and
�2� because of the effects of the interaction of the electromagnetic
force with the molten metal. Surface oscillations, stirring and
shape changes are the results of the motion instabilities.

The transversal and frontal views of the droplet in a levitation
process are shown in Figs. 1�a� and 1�b�, respectively.

Image Restoration
The process of image restoration can be regarded as a surface

fitting method, where the reconstructed surface needs to fit trough
the initial surface. In the restoration process the initial surface can
be considered as an intensity information of the image.

For the restoration of the missing portion of the image, a newly
developed technique based on a convex hull algorithm and cubic-
spline functions is used. This new technique was used because of
the local spherical property of the surface. The convex hull of a
set of points is defined as the smallest convex set that includes the
points. Computing a convex hull is one of the sophisticated com-
putational geometry algorithms, and there are many variations of
it. Both the Graham scan algorithm �14,15� and the ”divide-and-
conquer” algorithm �16� are used to determine the convex hull,
but Graham scan has a low runtime constant in 2D and runs very
fast there. There are numerous applications for convex hulls, and
one of them is the shape analysis. For the restoration procedure
we used a Graham scan algorithm. In order to complete the res-
toration procedure, a cubic-spline function was applied in order to
interpolate the convex hull.

The function S�x� is called an interpolating cubic-spline if

�1� it is a cubic polynomial

S�x� = Si�x� = a0
�i� + a1

�i��x − xi� + a2
�i��x − xi�2 + a3

�i��x − xi�3

�1�

on each interval �xi ,xi+1�, i=0,1 , . . . ,m−1
�2� it has the second continuous derivative on the segment

�a ,b�, e.g., the function is of the class C2�a ,b�
�3� it satisfies the condition

S�xi� = yi, i = 0,1, . . . ,m .

Such a spline function is a cubic polynomial on each interval
�xi ,xi+1�, i=0,1 , . . . ,m−1, and hence it is defined by four coeffi-
cients.

Convex Hull Cubic-Spline algorithm:

Step 1. Apply Graham scan algorithm to determine the convex
hull of the levitated droplet.

Step 2. Interpolate the point positions of the convex hull using
a cubic-spline function, in order to restore the missing curve of the
droplet.

Step 3. Interpolate the intensity information of the convex hull
pixels using a cubic spline function in order to find the intensity
information of the missing curve of the droplet.

Step 4. Store the new obtained information.
Step 5. Delete the convex hull obtained at Step 1.
Step 6. For the remaining part of the droplet repeat the algo-

rithm.
Step 7. Put all the stored information together in order to obtain

the recovered droplet.

Using the CHCS algorithm the missing part from the frontal
view of the droplet in Fig. 2�a� was recovered as shown in Fig.
2�b�. Figure 2�a� is a grayscale representation of Fig. 1�b�.

An image of the perfect sphere �Fig. 3�a�� has been used to
validate the restoration results. A portion of the image has been
removed �Fig. 3�b��, in order to simulate the missing part due to
blockage by the heating coil. The CHCS algorithm was applied in
order to recover the missing part of the test specimen. The re-
sulted image is shown in Fig. 3�c�.

In order to evaluate the algorithm efficiency, the recovered im-
age �Fig. 3�c�� was compared to the frontal original image �Fig.
3�a�� of the test specimen.

Surface Reconstruction
In order to reconstruct the image of the three-dimensional levi-

tated droplet from the transversal and recovered frontal views,
SFS algorithm was applied in this study. The SFS has been a
research subject for over two decades, and it is considered as one
of the classical problems of computer vision.

Fig. 1 Transversal „a… and frontal „b… views of the droplet in a
levitation process

Fig. 2 Grayscale representation of frontal view of the droplet
in a levitation process „a… and its recovered view „b…

Fig. 3 A perfect sphere model to validate the restoration
procedure
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In the SFS the main idea is that the local regions in an image
E�x ,y� correspond to illuminated patches of a piecewise continu-
ous surface whose height is represented by the function z
= f�x ,y�. The shaded image of the surface is defined as a bright-
ness distribution E�x ,y�. The brightness E�x ,y� can vary depend-
ing on the surface orientation, direction of illumination and mate-
rial properties of the surface. The reflectance map R�p ,q�, i.e.,
dependence between brightness and surface orientation, represents
an explicit mapping between the surface normal and the bright-
ness E�x ,y�=R�p ,q�, in terms of the surface gradient in the x and
y directions, i.e., p�x ,y�=�z�x ,y� /�x and q�x ,y�=�z�x ,y� /�y.

Shape from shading aims to recover the depth function z�x ,y�
from the image E�x ,y� via a so-called shading rule or reflectance
map. There are two main classes of integration techniques for
finding surface height z�x ,y� from discrete gradients p�x ,y� and
q�x ,y�, local and global integration techniques. Local integration
techniques perform well when the image is considered Lambertian
and no noisy data are used. Here we consider Lambertian surface,
with a constant radiance that is independent of the viewing direc-
tion. With respect to the definition of radiance, the radiant flux can
be emitted, transmitted, and/or reflected by the surface. As a re-
sult, the brightness E�x ,y� is simply proportional to the orienta-
tion of the surface normal relative to the direction of the light
source.

To solve the SFS, first we solved the normalized irradiance
equation E�x ,y�=R�p ,q�, where the brightness E�x ,y� is the im-
age of the object, and R�p ,q� is the reflectance of the surface
patch with the local surface normal defined as n= �−p ,−q ,1�T.

Then, the surface unit normal can be written as

N =
1

�1 + p2 + q2
�− p,− q,1�T. �2�

For a light source at infinity, one can write the source direction
as i= �−pl ,−ql ,1�T. Then, the unit light source direction can be
written as

I =
1

�1 + pl
2 + ql

2
�− pl,− ql,1�T. �3�

Using the surface normal unit and light source direction unit for
a Lambertian surface, the reflectance map was defined as
R�p ,q�= I ·N.

From image irradiance equation it is known that the image
brightness is proportional to the radiance at the corresponding

surface point. By normalizing both the reflectance map and the
image intensity, the irradiance equation can be written as

E�x,y� = R�p,q� = I · N =
1 + ppl + qql

�1 + p2 + q2�1 + pl
2 + ql

2
. �4�

Solving the irradiance equation via the contour propagation
method, and Eulerian formulation �for more details see Kimmel
�6�� for a general light source direction, the droplet surface has
been reconstructed. For the general light source direction estima-
tion, the gradient was computed using a Sobel operator, where the
average Fourier components in x and y directions were taken into
the consideration.

Using the previous described method, the shape of the droplet
and the shape of the perfect sphere were reconstructed as shown
in Figs. 4�a� and 4�b�, respectively.

The through images have been reconstructed by combining the
recovered shapes. The shapes have been combined by identifying
corresponding points of the images and precisely measuring the
position of each point in the camera coordinates. The final recon-
structed images of the droplet and the perfect sphere are shown in
Figs. 5�a� and 5�b�, respectively.

Volume Computation
The volume of the droplet was estimated by the following for-

mula

V = �
i=1

N

Ai · hi�P� , �5�

where Ai represents the area associated with the surface Si, which
was generated by each three adjoining points on the reconstructed
droplet shape, hi�P� denotes the height from an interior point P to
each surface Si of the droplet, corrected for any scale changes in
the image, and N represents the total number of surfaces generated
from all disjoints of adjoining points, that clearly define the re-
constructed shape.

Conclusions
The application of digital image processing to problems in ma-

terials science has grown rapidly in recent years. Digital images
can be easily analyzed, using pixel counting, for example, to de-
termine quantities such as volume and surface areas as well as the
sizes and other stereological properties of individual particles or

Fig. 4 Reconstructed images of droplet „a… and perfect sphere „b…
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thermophysical properties of materials. Such a technique was ap-
plied in this work in order to compute the volume of a levitated
aspherical droplet.

The appropriateness of this approach has been illustrated
through experiments, using a perfect sphere model and a real levi-
tated droplet. Using a new technique �CHCS algorithm� based on
correlating the computational geometry convex hull technique and
the interpolation of a cubic-spline function, the missing portion of
the frontal images was restored.

To validate the results an image of a perfect sphere model has
been used. In order to evaluate the algorithm accuracy, the recov-
ered image was compared to the original image of the perfect
sphere. It appears that the differences between the original and
recovered images �computed by subtracting the recovered image
from the original one� are almost imperceptible. The algorithm
performs the restoration with an accuracy of 99%.

To reconstruct the three-dimensional image of the levitated
droplet from the transversal and recovered frontal views, a shape
from shading algorithm was applied. The shapes of both the drop-
let and the perfect sphere were recovered. Then the shapes have
been combined by identifying the corresponding points in the im-
ages and precisely measuring the position of each point in the
camera coordinates. The true images have been obtained by com-
bining the recovered shapes. A MATLAB computer program was
generated to compute a normalized volume of the droplet.
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Nomenclature
Ai � area
B � magnetic flux density

E�x ,y� � brightness
f � time-averaged Lorentz force density
f � frequency

hi � height
I � light source direction unit
J � induced eddy current density

n � surface normal
N � surface normal unit
R � radius of the spherical specimen

S�x� � interpolating cubic-spline
Si � surface associated with the area Ai
V � volume of the droplet
P � interior point
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Numerical Simulation and Mixing
Study of Pseudoplastic Fluids in
an Industrial Helical Static Mixer
Static mixers are increasingly being used to perform a variety of mixing tasks in indus-
tries, ranging from simple blending to complex multiphase reaction systems. Use of static
mixers to process non-Newtonian fluids is quite common. Data on the pressure drop of
non-Newtonian fluids in static mixers and the degree of mixing of materials through the
mixer are very useful in the design and engineering application of these tools. This paper
extends a previous study by the authors on an industrial helical static mixer and illus-
trates how static mixing processes of single-phase viscous liquids can be simulated nu-
merically. A further aim is to provide an improved understanding of the flow pattern of
pseudoplastic liquids through the mixer. A three-dimensional finite volume simulation is
used to study the performance of the mixer. The flow velocities, pressure drops, etc., are
calculated for various flow rates, using the Carreau and the power law models for
non-Newtonian fluids. The numerical predictions by these two models are compared to
existing experimental data. Also, a comparison of the mixer performance for both New-
tonian and pseudoplastic fluids is presented. The effects of the Reynolds number of the
flow and also properties of pseudoplastic fluids on the static mixer performance have
been studied. It is shown that for the materials studied here, the fluid type is not effective
on the degree of mixing. It is also shown that the fluid type has a major impact on the
pressure drop across the mixer.
�DOI: 10.1115/1.2174058�

Keywords: static mixer, non-Newtonian fluid, Carreau law, power law, particles distri-
bution uniformity

Introduction
Viscous liquids have to be homogenized in continuous opera-

tions in many branches of processing industries. Consequently,
fluid mixing plays a critical role in the success or failure of many
industrial processes. The use of static mixers has been utilized
over a wide range of applications such as continuous mixing,
blending, heat and mass transfer processes, chemical reactions, etc
�1�.

While mechanical agitators are commonly used for batch mix-
ing, static mixers are often preferred for continuous mixing appli-
cations. Static mixers offer several advantages. They have low
maintenance and operating costs, low space requirements, and no
moving parts. One typical static mixer, the helical static mixer,
consists of left- and right-twisting helical elements placed at a
right angle to each other. The mixing elements, which are called
segments, as one could imagine, appear to have been cut from a
long periodic structure. Several of these segments are inserted in
line at various locations, and housed in a pipe which squeezes the
liquid through the resulting mixing element �Fig. 1�. The helical
insert causes a secondary flow in a plane perpendicular to the
predominant axial flow. Despite wide spread usage, the way these
mixers work is still not fully understood �2�.

Due to the industrial importance of static mixers, many studies
have been undertaken in attempts to characterize their perfor-
mance. Pressure drop across a static mixer was studied experi-
mentally for Newtonian and non-Newtonian fluids �3–7�, since it
is essential in order to correctly size the extruder or pump, feeding

the static mixer. A set of consistency and power law indices, for a
carboxymethyl cellulose �CMC� solution flow inside different
static mixers, is given by Shah and Kale �3� and Chandra and Kale
�4�; however Xu et al. �5�, use specific values for the rheological
properties of a CMC solution. Moreover, heat transfer �8�, mass
transfer �9�, and also drop size distribution �10� in static mixers
have been studied experimentally.

For a given application, besides experimentation, the modern
approach to study the mixing processes is to use powerful CFD
tools �11–18�. In recent years, significant progress has been made
in the characterization of fluid-mechanical mixing using Lagrang-
ian tracking techniques. The majority of the previous work on
static mixers has focused on model flows that are two-dimensional
in space and periodic in time. A smaller set of studies has consid-
ered simple, three-dimensional, spatially periodic flows �11,12�
where a simplified, two-dimensional analytical approximation to
the velocity field was obtained. Also, in spite of the fact that the
majority of the working fluids in different industries are non-
Newtonian, previous studies have considered mostly Newtonian
fluids. A few studies considered non-Newtonian fluids for very
low Reynolds numbers, e.g., �18�.

A wide range of working fluids in industrial mixers are non-
Newtonian, mostly pseudoplastic, fluids. These fluids are termed
shear thinning since the viscosity decreases with increasing veloc-
ity gradient. Avalosse and Crochet studied the flow of a Newton-
ian fluid and a shear thinning non-Newtonian fluid through a Ken-
ics mixer, using the finite-element method and periodic boundary
conditions, that is, the mixer was assumed to contain an infinite
number of segments. The flow Reynolds number was 0.01. �19�.
They also used a Kenics device in order to mix two clays of
different colors. The Reynolds number of the flow of the clays
was on the order of 0.01. After the clays were flowed for some
time, the system was stored in a freezer for four hours. Then, the
mixture was cut into several parallel cross sections normal to the
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axis of mixer in order to set an experimental base to measure the
accuracy of their numerical simulation. About 8000 fluid particles
crossing the entry section were employed to study the mixing
pattern by calculating the pathlines of particles, using the pre-
dicted velocity field as input. The number of lost particles �which
is discussed later in this paper� was from 20% to 25% of the total
particles released in the flow inlet. They concluded that the rheo-
logical properties of the working fluid have little influence on the
obtained mixing pattern.

The non-Newtonian fluid studied here is carboxymethyl cellu-
lose �CMC� in water. CMC is used in detergents as an antirede-
position agent, adhesives, latex paints and polishes, in foods,
drugs, and cosmetics as a viscosifier, emulsion stabilizer, and
thickener to improve texture, in textile warp sizing, and in paper
processing. Several studies have been performed to investigate
CMC properties or have reported making use of CMC properties,
e.g., �20–23�. In this study, the CMC fluids are modeled by the
Carreau law model for the shear stress, which provides an accu-
rate representation of fluid behavior.

A high quality numerical solution of the velocity field can pro-
vide a suitable starting point to characterize mixing performance.
This approach has allowed Lagrangian techniques to be applied to
a fully three-dimensional flow in an industrial helical static mixer
manufactured by the TAH, Inc. �Robbinsville, NJ�. The mixer
geometrical parameters are shown in Table 1. The solid material
thickness of the mixer is about 22% of each segment length,
which makes the zero thickness assumption of the mixer, as has
been done in previous studies, questionable. Also, the ratio of the
each segment length to the mixer diameter is about 0.846. In other
words, the static mixer considered here is very compact; in a
standard Kenics mixer, this ratio is 1.50–2.50.

In this paper, numerical techniques are applied to quantitatively
evaluate the mixing performance of a static mixer for shear thin-
ning non-Newtonian fluids. The range of modified Reynolds num-
bers is from Re�=0.01 to Re�=1000, where Re� is given by

Re� =
�U2−ndn

k

8
�6n + 2

n
�n �1�

The following sections briefly present the governing equations
and describe the numerical techniques used to obtain the velocity
field and to characterize mixing at various Reynolds numbers,
present and discuss the results, and summarize the outcomes of
this work.

Analysis
Flow across a helical static mixer is a fully three-dimensional

chaotic flow �24�. For steady incompressible flow, the mass con-
servation and the momentum equations can be written as

�ui

�xi
= 0 �2�

�
��uiuj�

�xj
+

�p

�xi
=

��ij

�xj
+ �gi + Fi �3�

In the absence of a gravitational body force and any external
body force, the two last terms on the right side of Eq. �3� are zero.
The stress tensor �ij in Eq. �3� is given by

�ij = �� �ui

�xj
+

�uj

�xi
� −

2

3
�

�uk

�xk
�ij �4�

where � is the molecular viscosity. It is mentioned that for an
incompressible steady flow the last term of Eq. �4� is zero. For
Newtonian fluids, � is independent of the strain rate of the flow.
For non-Newtonian fluids, viscosity becomes a function of the
strain rate. Details about different models for non-Newtonian vis-
cosity can be found in the literature, e.g., �25–27�. In this study,
two models are considered: the power law model, and the Carreau
model. The power law model for the shear stress uses the follow-
ing equation for the viscosity:

� = �eT/T0�̇ n−1 �5�
The Carreau model attempts to describe a wide range of fluids

by the establishment of a curve fit to piece together functions for
both Newtonian and shear-thinning non-Newtonian laws. The
Carreau model uses the following equation for the viscosity:

� = �� + ��0 − ����1 + ��eT/T0�̇�2��n−1� 	 2 �6�

Values of �0, �, �, and n used in Eqs. �5� and �6� for this study
can be found in Table 2; these values are based on the data given
in �20–22�. �� is assumed to be zero. The reference temperature
�T0� is 25°C, which is also the working temperature in this study.
It may be worth mentioning that the temperature has a significant
effect on the rheological parameters of CMC �28�.

The power law model predicts infinite viscosity when the shear
rate goes to zero. The difference between values of viscosity pre-
dicted by the power law and the Carreau models is significant
when the shear rate is small. Figure 2 shows the difference be-
tween the viscosities predicted by these two models for different
shear rate values. This difference is non-dimensionalized by di-
viding by the viscosity value predicted by the Carreau model.

Numerical Simulation
The numerical simulation of the flow and mixing in the helical

static mixer has been performed via a two-step procedure. In the
first step, the flow velocity �and pressure� is computed. The ve-
locity values are then used as input to the second step that consists
of the calculation of the particle trajectories within the computed
flow fields and also the residence time distribution of the fluid in
the static mixer.

Mesh Generation. Effective numerical processes for computa-
tional fluid dynamics �CFD� problems depend on the geometric

Fig. 1 A six-element static mixer

Table 1 Static mixer geometry

Diameter �d� 4.80 mm
Segment �element� length 4.06 mm
Thickness 0.89 mm
Entrance length 9.60 mm
Exit length 9.60 mm

Table 2 Rheological properties of CMC solutions

Concentration
�ppm� n

�
�Pa sn−1�

�0

�Pa s�
�
�s�

50 0.8118 0.00561 0.0042 0.214
500 0.7900 0.02629 0.0190 0.213

5000 0.7900 0.32839 0.3100 0.760
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modeling as well as the grid generation and grid quality. An un-
structured hexagonal mesh �which compares to a tetrahedral mesh
is more suitable for problems involving shear flow� was generated
to model the static mixer inside a pipe; the geometry was modeled
completely, with no simplifications. To achieve the most accurate
results from the solver all efforts have been made to maximize the
quality of the mesh. Instead of the traditional approach of three-
dimensional unstructured mesh generation, in which the solid and
boundary surfaces grids are generated prior to the volume mesh-
ing, here a novel technique is used. The flow-field geometry is cut
by a large number of parallel planes perpendicular to the pipe
centerline. These parallel planes are distributed uniformly with the
same distance to each other. The cross section of each plane is
meshed with an interval size equal to the distance between each
two planes. The next step is to mesh the flow-field volume using
these cross-sectional surface meshes. This technique leads to a
high quality grid, which, in turn, improves the rate of convergence
of the flow solver. It also makes the particle tracking calculations
much faster and easier. Different mesh quality tests were per-
formed on the generated mesh, and validated the very high quality
of the grid �29�.

Flow Computation. The solver used in this study for the flow
computation is a commercial code �FLUENT

1�. This code uses the
Eulerian approach to solve the equations on a computational
mesh, based on a cell-centered finite volume discretization. The
solver is a segregated, implicit, second-order upwind �30�. All
calculations were performed in double precision. To obtain
second-order accuracy, quantities at the cell faces are computed
using a multidimensional linear reconstruction approach �30,31�.
Pressure-velocity coupling is achieved by using the SIMPLEC

�SIMPLE-Consistent� algorithm �32�.

Particle Tracking. To determine the efficiency of a mixer, it is
necessary to establish means by which the fluid mixing can be
gauged both qualitatively and quantitatively. In the present study,
this was achieved by calculating the trajectories of fluid particles
in the flow-field of the mixer. This method avoids the problem of
excessive numerical diffusion that is observed if the species con-
tinuity equations are solved �15�.

For a steady flow, the fluid particles trajectories correspond to

streamlines. Therefore, trajectories are tracked by integrating the
vector equation of motion, using the numerically computed veloc-
ity field as input.

dxi

dt
= ui �7�

Some care must be taken in integrating the Eq. �7� that de-
scribes particle motion in order to retain a sufficient degree of
accuracy. To obtain an accurate global evaluation of the mixing,
the study of the trajectories of a large number of particles has been
undertaken.

Preliminary tests have indicated that while lower-order schemes
appear to provide acceptable results, they accentuate the problem
of lost particles, that is, particles that are trapped near a solid wall,
where the local velocity is zero, or leave the computational do-
main. For the results presented in this paper, a fourth-order
Runge-Kutta integration algorithm with adaptive step-size control
was employed. To avoid problems near stagnation points, the nu-
merical integration of the streamline equation was performed us-
ing a fixed spatial increment rather than a fixed time step. Figure
3 shows the trajectory of one particle through the mixer. By this
method, the particle locations within the cross sections of the
flow-field can be obtained. With these considerations, the number
of lost particles was minimized. The number of lost particles is the
most for the case of Re�=1000 and CMC concentration of
500 ppm, which is 7.14% of the particles that entered the flow-
field. No attempt was made to replace lost particles by reinjection
into the flow field, since this may unduly perturb the mixing
analysis.

At the entry of the inlet pipe section, a large number of zero-
volume and zero-mass fluid particles are distributed uniformly and
trajectories of these particles are calculated by integrating Eq. �7�
for each one individually. For a wide range of Reynolds numbers,
the velocity field shows a periodicity matching that of the helical
static mixer geometry �13�, the particle tracking can take advan-
tage of this periodicity to extend the simulation results from a
six-element base-case mixer to devices of greater length. The six-
element base case is divided into an entrance section �inlet tube
and first two helical elements�, a central periodic section �two
helical elements�, and an exit section �outlet tube and last two
helical elements�. Within the numerical method of the particle
tracker, the central section can be repeated as a spatially periodic
unit to extend the tracking to a mixer of any length.

Residence Time Distribution. The Residence time distribution
�RTD� is used to characterize the uniformity of the history of fluid
elements in the static mixer. A similar history for all fluid elements
in the flow is a desirable feature in order to provide the uniformity
of the product quality. This can be achieved by a narrow distribu-
tion of the residence times for chemical reactors. RTD for flows in
a static mixer has been studied experimentally �33� and numeri-
cally �34,35�. Here, the RTD for a shear thinning, non-Newtonian,
fluid in a helical static mixer was calculated by tracking about1

FLUENT is a registered trademark of Fluent Inc., Lebanon, NH.

Fig. 2 Nondimensionalized difference between the viscosities
predicted by the power law and the Carreau models

Fig. 3 Path line of one particle through the mixer
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30,000 uniformly spaced, zero-mass, zero-volume, particles ini-
tially located in the top half of the flowfield inlet. The trajectories
of these particles were tracked through the flow via integration of
Eq. �8�. The residence time of each particle was measured from
the point when the particle passed the cross-sectional plane of the
leading edge of the first mixing element to the point when the
particle crossed the cross section of the trailing edge of the last
mixing element. The measured residence time is nondimensional-
ized by the residence time of a fluid particle traveling at the bulk
flow velocity in a pipe with no mixer. Given the value of the
nondimensionalized residence time �t*� for all fluid particles
which have passed the cross-sectional plane, the fraction of the
volumetric flow which has a residence time between t* and t*

+dt* can be calculated. This parameter is known as the distribu-
tion function f�t*�.

Particles Distribution Uniformity. A perfect result of mixing
of two fluids can be defined as a uniform distribution of each fluid
particles in the flow-field cross section. Based on this idea, assume
that the cross section of the flow is divided to very small identical
in shape and size plane sectors. If Ns is the total number of plane
sectors, and N�i� is the number of particles placed in the ith sector,
then the particle distribution function of the first kind for the ith
sector is given by

pd1�i� =

�Np

Ns
− N�i��
Np

�8�

Now assume the flow-field cross section is divided into equal
angles by a large number, say Nl, of symmetry lines. If the number
of particles on the left side of the ith symmetry line is NLeft�i�, and
the particles on the right side of this line is NRight�i�, then the
particle distribution function of the second kind for the ith sym-
metry line is given by

pd2�i� =
�NLeft�i� − NRight�i��

Np
�9�

Using the particle distribution functions of the first and second
kind, the particles distribution uniformity �PDU� can be defined as

PDU = 	1 −
1

2�1 −
1

Ns
� 


i=1

Ns→�

pd1�i���1 −
1

Nl


i=1

Nl→�

pd2�i��
�10�

This function varies between zero �the poorest distribution of
particles� and one �a totally uniform distribution of particles�. It is
worthwhile noticing that to obtain a meaningful value for PDU, Ns
should be smaller or equal to Np and Nl should be smaller or equal
to 1/2Np; also each of the Ns and Nl should be greater than or
equal to 2.

In this study, 501,740 zero-volume and zero-mass particles
were distributed uniformly in the half circular plane of the inlet
surface at the entry of the inlet pipe section. This can be viewed as
a simplified model for the diametrical feeding of the mixer with
two component fluids. Particle trajectories corresponding to only
one of the fluids are calculated.

Structure Radius. As a quantitative measure of the fluid mix-
ing, the size of flow structures at different flow cross sections is
considered. The two-dimensional structure radius at a given axial
location �rs� normalized to the pipe radius, has been defined to
correspond to the radius of the largest circle that can be drawn
around a particle of one of the fluid components that does not
contain any particles of the other fluid component �36�. This struc-
ture radius corresponds to the striation thickness generally mea-
sured experimentally �16�.

Intensity of Segregation. In early 1950s, Danckwerts intro-
duced the intensity of segregation �37�. The intensity of segrega-
tion is defined as the ratio of the variance of the concentration
values over the variance of the segregated system. Toor investi-
gated this parameter in details �38�. Dispersive mixing, as well as
distributive mixing, can be characterized by the intensity of seg-
regation �39,40�. Details about intensity of segregation can be
found in the literature, e.g., �41,42�. The heterogeneity of the mix-
ture can be represented in terms of the variance s2 of such mea-
surements, defined as

s2 =
1

ñ − 1

i=1

ñ

�ci − c̄�2 �11�

where ci is the concentration of traced particles and c̄ is its aver-
age. If ci is the same everywhere, then s2 is zero. If the system has
two immiscible phases, i.e., when all fluid elements are segre-
gated, so that ci at every point is either zero or one, the variance
has, then, its maximum value

smax
2 = c̄�1 − c̄� �12�

The normalization of the variance to its maximum value is called
intensity of segregation

I =
s2

smax
2 �13�

Intensity of segregation is a measure of the deviations of con-
centration within dissimilar regions of a mixture. When trans-
posed in a CFD context, it represents a statistical measure of
concentration of tracer positions over a given cross section, called
a Poincaré section, for instance at the exit of the mixer �43�. It
varies between zero and one. When the intensity of segregation is
zero, an ideal distributive mixing is obtained. A value of one rep-
resents total segregation. In practice, however, the values of inten-
sity of segregation, even for a very poor mixture, lie much closer
to zero than to one �44�.

It is also mentioned that the coefficient of variation �COV� can
be used to measure the intensity of segregation �45�. COV is given
by

COV =
1

c

�

i=1

ñ

�ci − c̄�2

ñ − 1
�14�

where ci is the concentration of particles per unit of area in the ith
computational cell, c̄ is the average concentration, and ñ is the
number of cells in the grid in the given cross-section.

At the entry of the inlet pipe section, two sets of 501,740 zero-
volume and zero-mass particles were distributed uniformly in
each of the half circular planes of the inlet surface. Again, this can
be viewed as a simplified model for the diametrical feeding of the
mixer with two component fluids. To compute the value of COV,
particle trajectories corresponding to both of the fluids are calcu-
lated.

G value. About 60 years ago, Camp and Stein �46� developed
the root-mean-squared G value to characterize mixing in floccu-
lation basins by analogy with the shear rate in a simple, one-
dimensional, laminar shear flow �Couette flow�. Although it has
been demonstrated that the original derivation of the G value was
flawed for three-dimensional flows and could not be universally
applied to different types of mixers or different size mixers, none-
theless, the G value remains entrenched in the engineering litera-
ture and continues to be used �29�. Because of that, it is not
entirely futile to use the obtained numerical results to calculate the
G value and explore it. For any in-line mixer, the G value is
calculated based on the energy losses that occur in the mixer as
follows:
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G value = �Q
p

�Vm
�1/2

�15�

Numerical Solution Accuracy. It is important that the accu-
racy of the numerical solutions be analyzed before confidence in
the predictive ability of the numerical techniques can be justified.
For the present study of mixing under noncreeping flow condi-
tions, there is unfortunately an absence of sufficiently detailed and
accurate experimental data to undertake a complete validation of
the numerical results. A detailed mesh convergence study has in-
dicated that the computational mesh employed in the present
study is sufficiently refined to provide good numerical resolution.
The length of each computational cell is about 5.8% of the small-
est edge of the geometry; and 1,691,199 computational cells were
used to numerically determine the flow-field. Moreover, a study
conducted using different numbers of particles for the mixing
analysis, has shown that the results are independent of the number
of particles. The use of an inadequate number of particles to ana-
lyze mixing gives the impression that a high level of mixing has
been achieved using less number of mixing elements. As the Np is
increasing, the presence of the striations associated with the mix-
ing process is more and more evident �29�.

For the Carreau model, comparison with certain experimental
values of the pressure drop across the mixer measured for the
standard element twist angle shows very good agreement over a
range of flow conditions 0.01�Re��1000.

Results and Discussion
Using the numerical method described above, the flow in a

six-element static mixer has been analyzed for a number of dif-
ferent flow conditions. In each case the initial conditions are set so
that the axial velocity �u1� is equal to bulk velocity and u2=u3
=0. The number of iterations required to obtain a converged so-
lution was found to be a function of the flow regime. For a mesh
containing 1,691,199 cells, from 830 iterations �for creeping flow�
to 2320 iterations �for laminar flow� were necessary �with conver-
gence defined as achieving a residual less than 10−5, defined as the
L2 norm� for the power law model. The number of iterations
needed for the Carreau model ranged from 830 to 2280. The effect
of the model, used for the viscosity non-Newtonian fluid, on the
number of iterations needed to obtain a converged solution is not
significant. For flows with the same Reynolds number and differ-
ent levels of CMC concentration, the number of iterations needed
to obtain a converged solution is almost the same as above.

Figure 4 shows the pressure drop through a six-element static
mixer predicted by the Carreau model and the existing experimen-
tal data for a CMC concentration of 50 ppm, 500 ppm, and
5000 ppm, respectively, from top to bottom. The pressure drop
values across the mixer for different Reynolds numbers predicted
by the Carreau model are in excellent agreement with existing
experimental data �5�. It should be mentioned that the CMC con-
centration level has a significant impact on the pressure drop val-
ues across the static mixer. For the same Reynolds number, the
pressure drop for the case of a CMC concentration level of
500 ppm is of the order of 10−2 of the pressure drop for the case
of a concentration level of 5000 ppm, and for the case of a con-
centration level of 50 ppm, it is of the order of 10−1 of the pres-
sure drop, as that of a concentration level of 500 ppm. Therefore,
the concentration level of a CMC solution has a major impact on
the required energy to maintain the flow through the helical static
mixer.

The power law model’s results do not agree well with the ex-
perimental data, especially when the Reynolds number is small.
Also, it was found that for a prescribed Reynolds number, the
pressure drop predicted by the power law model is less accurate
when the CMC concentration is higher, as it can be seen in Table

3. The values shown by the 
P* symbol are the predicted pressure
drop by the power law model, divided by the pressure drop pre-
dicted by the Carreau model.

When the shear rates encountered in a static mixer are fairly
low, variation of the viscosity value from its zero shear viscosity

Fig. 4 Pressure drop through the six-element mixer
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is small. In such cases the working fluid exhibits a behavior very
close to that of a Newtonian fluid; and the power law model
predicts much higher values for viscosity leading to significantly
higher skin friction and pressure drop across the flow-field. For
the case of Re�=1 and a CMC concentration of 50 ppm
�5000 ppm�, the ratio of predicted viscosity to zero shear viscosity
�� /�0� ranges from 0.56 to 1.00 �0.20 to 0.92�; the shear rate is
about zero for a large portion of the flow field and therefore the
power law model is inaccurate. On the other hand for the case of
a Reynolds number of 1000 and a CMC concentration of
5000 ppm, � /�0 ranges from 0.05 to 0.46 and fluid behavior can
be modeled with acceptable accuracy by the power law model.

The trajectories of particles injected into the mixer from the top
half of the flow inlet have been calculated. Figure 5 illustrates the
redistribution of particles at the end of even numbered mixing
element for Re�=0.01 and different concentration levels of CMC.
The results obtained are in very good agreement with experimen-
tal data of �19�. For the case of CMC concentration of 5000 ppm,
using the Carreau model, the plots of the particle positions at the
end of the second, fourth, and sixth elements, respectively, from
left to right �shown in Fig. 6� illustrate the redistribution of the
released particles via the combined effects of flow division and
reversal, resulting in stretching and folding of the observed struc-
tures. Islands of separated flow �large areas of the flow cross sec-
tion which are completely occupied by only one fluid component�
are distinguishable after the flow passes the second mixing ele-

ment. Increasing the Reynolds number results in these few large
islands breaking into several smaller islands. The islands, ob-
served after the second elements in low Reynolds number flows,
divide to narrow line shaped regions when flow passes the fourth
element, and can still be recognized after the sixth element for
lower Reynolds number. Again, increasing the Reynolds number
results in the separated areas breaking and therefore increases the
mixing of fluid particles in the same cross-section.

Comparing the obtained particle distributions for the cases of
Re�=0.01 �Fig. 5�, Re�=0.1, and Re�=1 shows no difference be-
tween the patterns, leading to the conclusion that for very low
Reynolds numbers, fluid mixing is virtually the same. The par-
ticles distribution pattern is still similar to those patterns when the
Reynolds number increases to 10; however, the patterns observed
for Re�=100 and Re�=1000 are different. Spiral motion and areas
of swirling flow are distinguishable for higher Reynolds numbers.
For low Reynolds numbers the particle distribution pattern is an-
tisymmetric. This pattern can be observed after the second mixing
element for higher Reynolds numbers; however, as the flow passes
through the mixer the particle distribution changes into a more
symmetric pattern for higher Reynolds numbers.

By observing particle distributions at different flow cross sec-
tion and for different flow Reynolds numbers, it can be easily
recognized that the concentration level of the non-Newtonian fluid
has no impact on the fluid elements redistribution in the flow field;
and therefore, structure radius in a given flow cross section is not
a function of the fluid concentration �47�. Figure 7 presents struc-
ture radii at different flow cross sections for a CMC solution with
a concentration level of 5000 ppm for Re�=1. At the flow inlet
rs=0.5, and at the end of the first mixing element rs
0.2. At the
end of the second element rs
0.1. As the flow passes through the
mixer, the structure radius decreases, and the rate of decrease of
the structure radius also decreases. Structure radius has virtually

Table 3 Pressure drop prediction for different Reynolds num-
ber and different CMC concentrations

Re�
CMC Conc.

�ppm� 
P*

0.1 50 1.034
0.1 500 1.203
0.1 5000 2.369
1 50 1.309
1 500 1.745
1 5000 3.299
10 50 1.741
10 500 2.360
10 5000 3.010
100 50 1.229
100 500 1.280
100 5000 1.282
1000 50 1.105
1000 500 1.106
1000 5000 1.106

Fig. 5 Particles locations at second, fourth, and sixth element,
respectively, from left to right. „CMC concentration level from
top to bottom: 50 ppm, 500 ppm, and 5000 ppm…

Fig. 6 Particles locations at second, fourth, and sixth element.
From top to bottom Re�=0.1, 1, 10, 100, and 1000
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the same pattern and virtually the same magnitudes for both New-
tonian �Fig. 8� and non-Newtonian working fluids, when the flow
Reynolds number is one. Figure 9 presents structure radii at the
end of the last mixing element for Re�=0.1, 1, 10, 100, and 1000.
The general pattern is that by increasing the Reynolds number, the
structure radius should decrease. However, for Re�=10, the radius
structure at the last mixing element is higher compared to the
radius structure at the same flow cross-section, when Re�=1 or
less. It suggests that working fluids are less mixed at this Rey-
nolds number, compare to the case of Re�=1. Comparing the

results obtained for Newtonian working fluid �Fig. 10�, it is ob-
served that the structure radius follows the same pattern. How-
ever, for Reynolds numbers equal to or greater than 10, the struc-
ture radius values are slightly different. For a flow Reynolds
number of 10, rs is about 20% larger for the non-Newtonian fluid,
which suggests that the helical static mixer has a better perfor-
mance when the working fluid is Newtonian; although, the overall
performance of a helical static mixer is low at a Reynolds number
of 10 for both Newtonian and non-Newtonian fluids.

The PDU values after the second, fourth, and sixth mixing el-

Fig. 7 Structure radii for Re�=1 „CMC concentration level: 5000 ppm…

Fig. 8 Structure radii at the end of each mixing element when Re=1 „New-
tonian fluid…
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ements are shown in Fig. 11, for a CMC concentration level of
5000 ppm. These values are calculated based on the velocity
fields predicted by the Carreau model. The PDU values for Re�
=0.01 and Re�=0.1 are very close and almost the same as those
shown in the figures for the case of Reynolds number equal to
one. Increasing the Reynolds number increases the PDU values. A
significant increase in the PDU values can be seen when the Rey-
nolds number increases to 100; by increasing the Reynolds num-
ber from 100 to 1000, again the PDU values increase at the sec-
ond mixing element, and also at the other mixing elements. For
low Reynolds number flows, the PDU increases at the last mixing
element, however, for higher Reynolds number flows, the PDU
drops at the end of the helical static mixer. It can be explained by
the fact that the flow enters the pipe with no mixer after this point

and laminar flow in an empty pipe boundary conditions are ap-
plied to the flow, tending to the reduction of mixing process.

The PDU values, for different levels of a CMC solution, are
presented in Table 4. As might be expected, the PDU values for
different CMC concentrations �50 ppm, 500 ppm, and 5000 ppm�
are very close. The largest difference between the PDU values
occurs when Reynolds number is 1000, between CMC solutions
with concentration levels of 50 ppm and 5000 ppm, which is
about 4%.

To quantify the performance of the helical static mixer, studied
here, the obtained PDU values at the sixth mixing element for a
Newtonian fluid and for a CMC solution are compared in Table 4.
It is observed that, for the low Reynolds numbers flow condition,
the PDU values are nearly the same for both Newtonian and shear
thinning, non-Newtonian, fluids. The PDU value increases more
for a CMC solution by increasing the Reynolds number to 100.
For a Reynolds number of 1000, the helical static mixer manifests
slightly higher performance when the working fluid is Newtonian.
It should be mentioned that the difference between PDU values
for a Newtonian fluid and for the non-Newtonian fluid flows stud-
ied in this particular mixer is not more than 7%. Also, as can be
seen, the static mixer performance is low at a Reynolds number of
10 for both Newtonian and shear thinning, non-Newtonian, fluids.

Table 4 PDU values at the sixth mixing element

Reynolds
number

PDU
Newtonian

PDU
CMC solution

50 ppm

PDU
CMC solution

500 ppm

PDU
CMC solution

5000 ppm

0.1 0.721 0.725 0.722 0.730
1 0.716 0.721 0.722 0.723

10 0.665 0.660 0.666 0.666
100 0.736 0.793 0.774 0.775

1000 0.776 0.800 0.770 0.767

Fig. 9 Structure radii at the end of the last mixing element „CMC concen-
tration level: 5000 ppm…

Fig. 10 Structure radii at the end of the last mixing element
„Newtonian fluid…
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Figure 12 shows the computed values of the intensity of segre-
gation at the end of the last mixing element for different flow
Reynolds numbers �for CMC concentrations of 5000 ppm�. It fol-
lows the same pattern as PDU values; for Reynolds numbers 0.1
and 1 it has the same value, it increases at Reynolds number of 10
�indicating less mixing�, it decreases significantly at Reynolds
number of 100, and for Re�=1000, it slightly reduces. Similarly,
for laminar flow of a Newtonian fluid, it has been observed that a
helical static mixer creates a better mixture around Reynolds num-

ber 100 and a poorer mixture around Reynolds number 10 �36�.
Considering the methodology of determination of values of PDU
and COV, it is evident that the computational time needed to de-
termine the intensity of segregation is about two times the com-
putational time which is needed to calculate the value of PDU for
each case.

To study the RTD for different CMC concentrations in the static
mixer, the distribution function for CMC concentration levels of
50 ppm, 500 ppm, and 5000 ppm were calculated and are shown

Fig. 11 PDU values for a CMC solution

Fig. 12 Intensity of segregation at the sixth element
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in Fig. 13. As can be seen, f�t*� is almost the same for t* values
less than one.

Figure 14 shows the distribution function for a CMC concen-
tration level of 5000 ppm, calculated for Re�=1, 10, and 100. For
the case of Re�=100, the distribution function is more symmetric
and for this case the maximum t* is 2.4, while for Re�=1, 10 the
maximum t* is about 3.2. However, for Re�=1, 10 the distribution
function has a higher peak value.

The standard deviations of the distribution function for differ-
ent flow conditions are shown in Table 5. For the case of Re�=1,
the difference between values of the standard deviations for flows
with different levels of CMC concentration are very close, indi-
cating that the distribution function is not influenced by the rheo-
logical properties of the fluid. For the case of a CMC concentra-
tion level of 5000 ppm, as can be seen, the values of the standard
deviation of the distribution function for various Reynolds num-
bers are significantly different. The standard deviation of the dis-
tribution function for the case of Re�=100 is 22% smaller than the
standard deviation of the distribution function for the case of

Re�=1 and it is 27% smaller than the standard deviation of the
distribution function for the case of Re�=10. For the case of
Re�=1000, the standard deviation of the distribution function is
about 70% of the standard deviation of the distribution function
for the case of Re�=100. This indicates that the static mixer has a
better residence time distribution for the flows with a higher Rey-
nolds number.

It is important to compare the performance of the static mixer
with Newtonian fluids against that with shear thinning non-
Newtonian fluids. Comparison of the pressure drops across the
helical static mixer using Newtonian and non-Newtonian fluids
shows a significant increase in pressure drop for the case of non-
Newtonian fluid, as shown in Table 6. The values denoted by the

P* symbol represent the pressure drop for a Newtonian fluid
�water�, divided by the pressure drop for a CMC solution in water
�with a concentration of 50 ppm�. Adding CMC to water leads to
more energy required to maintain the flow through a static mixer
inside of a pipe or channel; also increasing the concentration level
of CMC increases the required energy significantly.

Figure 15 shows plots of the particle positions at the end of the
second, fourth, and sixth mixing elements, respectively, from left
to right for a Newtonian fluid, for Re=0.1, 10, 100, and 1000. The
distribution of particles for the case of Re=1, is the same as the
distribution of particles for the case of Re=0.1 and therefore are
not shown here. As can be seen, the locations of particles for the
case of Re=10 is similar to that for the case of Re=0.1 for a
Newtonian fluid. Comparing Fig. 6 to Fig. 15 shows that in the
low Reynolds number flow regime, the mixing patterns are almost
the same for both Newtonian and non-Newtonian fluids. Fluid
mixing increases more for non-Newtonian fluids by increasing the
Reynolds number to 100. For a Reynolds number of 1000, the
distributions of particles for a Newtonian fluid and for a, shear
thinning, non-Newtonian fluid appear almost the same.

The vorticity magnitudes at the end of the second, fourth, and
sixth mixing elements are presented in Table 7 for a CMC solution
�with a concentration of 5000 ppm� and in Table 8 for a Newton-
ian fluid �water�. As may be expected, the mean and the maximum
vorticity magnitudes are increased by increasing the Reynolds
number. Also, it is observed that the vorticity magnitude is overall
smaller at the end of the last mixing element compared to the
vorticity magnitude at the other elements; the flow after the last
mixing element gradually merges to that of the flow in a pipe with
no mixer. For the last mixing element, the mean vorticity magni-
tude is much smaller than the maximum vorticity magnitude; al-
though by increasing the Reynolds number the contrast between
the mean and maximum values of vorticity at the last mixing
element and the other mixing elements is less pronounced. As can

Fig. 13 Distribution function for CMC solutions flow in the six-
element static mixer „Re�=1,dt*=0.01…

Fig. 14 Distribution function for flow in a six-element static
mixer „dt*=0.01…

Table 5 Standard deviation of the distribution function

Re�
CMC Conc.

ppm
Standard
deviation

1 50 2.453E-002
1 500 2.373E-002
1 5000 2.460E-002

10 5000 2.622E-002
100 5000 1.919E-002

1000 5000 1.310E-002

Table 6 Pressure drop comparison

Reynolds
number 
P*

1 0.060
10 0.116

100 0.170
1000 0.349
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be seen, the order of magnitude of the vorticity for a Newtonian
fluid is 10−2 times the order of magnitude of the vorticity for a
CMC solution; however both follow nearly the same pattern. Con-
sidering the given PDU values in Table 4, it is seen that the order
of magnitude of vorticity has no direct bearing on mixing.

Figure 16 shows the distribution function for water. The distri-
bution function is more similar for different Reynolds numbers for
cases involving Newtonian fluids. Also, at a certain Reynolds
number it has a smaller value for higher t*, for Newtonian fluid;
however, the non-Newtonian fluid manifests a more uniform pat-
tern of distribution function.

Figures 17–19 show the calculated G values for different CMC
concentration levels. All three logarithmic diagrams are slightly
nonlinear, suggesting that for a given material, the G value in the
static mixer studied here is proportional to the flow Reynolds
number. G value increases significantly when the concentration
level of CMC solution is increased, indicating that more energy is
required to maintain the flow in the pipe.

To determine the mixer efficiency, a combination of pressure
drop across the static mixer and the resulted mixing can be used.
The mixer efficiency can be defined by using PDU value as �46�

eff =
PDU


P̂
�16�

The PDU value at the end of the last mixing element is used in

Eq. �16�. 
P̂ is nondimensional pressure and is defined as


P̂ =
Pressure drop in a pipe with static mixer

Pressure drop in a pipe without static mixer
�17�

Table 9 presents the six-element static mixer efficiency for dif-
ferent CMC solutions and water as a Newtonian fluid. The CMC
solution concentration level has almost no impact on the mixer
efficiency. Mixer efficiency is almost the same for different con-
centration levels, when the flow Reynolds number is the same.
Helical static mixer has a higher efficiency for non-Newtonian
fluids. For low Reynolds number flows, when the working fluid is
non-Newtonian, static mixer efficiency is more than two times of
the mixer efficiency, when the working fluid is Newtonian. For
higher Reynolds numbers, the superiority of the static mixer with
non-Newtonian fluids to the mixer with Newtonian fluids is less
pronounced; for a Reynolds number of 1000, the helical static
mixer efficiency with a non-Newtonian fluid is about 15% more
than the static mixer efficiency with a Newtonian fluid.

CMC solution is a pseudoplastic or shear thinning fluid. Other
kinds of non-Newtonian fluids �such as dilatant or Bingham flu-
ids� have different rheological properties, which might lead to
different static mixer performance. Also a much thicker CMC so-
lution might lead to different static mixer performance, when the
variation of the real viscosity from the apparent viscosity �zero
shear viscosity� is significantly high.

Table 7 Vorticity magnitude at second, fourth, and sixth mix-
ing element „CMC solution…

Mean vorticity
1/s

Maximum vorticity
1/s

Re 2nd 4th 6th 2nd 4th 6th

1 3.74E2 3.67E2 1.51E2 1.83E3 1.77E3 2.70E3
10 2.34E3 2.30E3 9.76E2 1.21E4 1.21E4 1.36E4
100 3.15E4 2.94E4 1.01E4 1.35E5 1.13E5 6.91E4

1000 2.72E5 2.52E5 1.18E5 1.30E6 1.23E6 9.31E5

Table 8 Vorticity magnitude at second, fourth, and sixth mix-
ing element „Newtonian fluid…

Mean vorticity
1/s

Maximum vorticity
1/s

Re 2nd 4th 6th 2nd 4th 6th

1 2.42E0 2.40E0 9.30E-1 1.18E1 1.18E1 1.13E1
10 2.29E1 2.28E1 9.07E0 1.19E2 1.18E2 9.07E1

100 3.09E2 3.03E2 1.16E2 1.33E3 1.29E3 6.94E2
1000 5.19E3 4.78E3 2.19E3 2.20E4 2.05E4 1.16E4

Fig. 15 Particle distributions for a Newtonian fluid at the end
of the second, fourth, and sixth mixing elements „from top to
bottom Re=0.1, 10, 100, and 1000…

Fig. 16 Distribution function for Newtonian fluid in a six-
element static mixer „dt*=0.01…
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Conclusions
Performance of an industrial helical static mixer using pseudo-

plastic fluids was efficiently studied on a personal computer �PC�.
It was observed that the power law model can lead to unrealistic
results in the study of static mixer performance.

The Reynolds number has a major impact on the performance
of a static mixer. For low Reynolds number flows most of the fluid
particles are separated; however, in the creeping flow regime
�Reynolds numbers up to one� the mixing pattern does not vary

much with the flow Reynolds number. There is a transition in the
flow at higher Reynolds numbers. By increasing the Reynolds
number, mixing of fluid particles is increased; however, when the
Reynolds number is ten the obtained mixing is relatively poor.
The rheological properties of the shear thinning material, studied
here, do not affect mixing in the static mixer. It also was shown
that for the same flow Reynolds number, the helical static mixer
has different efficiencies for Newtonian and pseudoplastic fluids.
The pressure drop across the static mixer is affected by the con-

Fig. 17 G values for a six-element mixer „1/s…. CMC concentration level:
50 ppm.

Fig. 18 G values for a six-element mixer „1/s…. CMC concentration level:
500 ppm.

478 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



centration level. Dilute CMC solutions leads to very low pressure
drops. The pressure drop increases significantly with increasing
concentration level. The mixed fluid pattern, however, is not af-
fected by the concentration level of the CMC solution.
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Nomenclature
c̄ � average concentration
ci � concentration of particles per unit of area in a

cell
d � pipe diameter
E � total energy
Fi � external force vector �i=1,2 ,3�
g � acceleration due to gravity
I � intensity of segregation

K � thermal conductivity
n � power law index
p � pressure
Q � volumetric flow rate

Np � particles released at the flowfield inlet
pd1�i� � particle distribution function of the first kind

�i=1, . . . ,Ns�
pd2�i� � particle distribution function of the second

kind �i=1, . . . ,Nl�

Re� � Reynolds number of non-Newtonian fluid
rs � structure radius
t* � nondimensionalized residence time
T � temperature

T0 � reference temperature
U � bulk velocity
ui � velocity vector �i=1,2 ,3�

Vm � mixer volume
xi � Position vector �i=1,2 ,3�
�̇ � shear rate

�ij � Kronecker delta �=1 if i= j , =0 if i� j�
� � consistency index
� � time constant in the Carreau law
� � molecular viscosity
� � density

�ij � stress tensor �i , j=1,2 ,3�
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�21� Matijašić, G., and Glasnović, A., 2001, “Measurement and Evaluation of Drag
Coefficient for Settling of Spherical Particles in Pseudoplastic Fluid,” Chem.
Biochem. Eng. Q., 15�1�, pp. 21–24.

�22� Femin, R. J., Kumaresan, G., and Velan, M., 1998, “Bed Expansion and Pres-
sure Drop Studies in a Liquid-Solid Inverse Fluidized Bed Reactor,” Biopro-
cess Eng., 19, pp. 137–142.

�23� Lin, C. X., and Ko, S. Y., 1995, “Effects of Temperature and Concentration on
the Steady Shear Properties of Aqueous Solutions of Carbopol and CMC,” Int.
Commun. Heat Mass Transfer, 22�2�, pp. 157–166.

�24� Hobbs, D. M., and Muzzio, F. J., 1997, “The Kenics Static Mixer: A Three-
Dimensional Chaotic Flow,” Chem. Eng. J., 67, pp. 153–166.

�25� Tanner, R. I., 2000, Engineering Rheology, Oxford University Press.
�26� Wilkinson, W. L., 1960, Non-Newtonian Fluids: Fluid Mechanics, Mixing and

Heat Transfer, Pergamon Press, London, UK.
�27� Owens, R. G., and Phillips, T. N., 2002, Computational Rheology, Imperial

College Press, London, UK.
�28� Abdelrahim, K. A., and Ramaswamy, H. S., 1995, “High Temperature/

Pressure Rheology of Carboxymethyl Cellulose �CMC�,” Food Res. Int.,
28�3�, pp. 285–290.

�29� Rahmani, R. K., Keith, T. G., and Ayasoufi, A., 2005, “Three-Dimensional
Numerical Simulation and Performance Study of an Industrial Helical Static
Mixer,” ASME J. Fluids Eng., 127�3�, pp. 467–483.

�30� Warming, R. F., and Beam, R. M., 1976, “Upwind Second-Order Difference
Schemes and Applications in Unsteady Aerodynamic Flows,” AIAA J., 14�9�,
pp. 1241–1249.

�31� Barth, T. J., and Jespersen, D., 1989, “The Design and Application of Upwind
Schemes on Unstructured Meshes,” Technical Report AIAA-89-0366, AIAA
27th Aerospace Sciences Meeting, Reno, Nevada.

�32� Vandoormaal, J. P., and Raithby, G. D., 1984, “Enhancements of the SIMPLE
Method for Predicting Incompressible Fluid Flows,” Numer. Heat Transfer, 7,
pp. 147–163.

�33� Tung, T. T., 1976, “Low Reynolds Number Entrance Flows: A Study of a
Motionless Mixer,” Ph.D. thesis, University of Massachusetts, MA.

�34� Kemblowski, Z., and Pustelnik, P., 1988, “Residence Time Distribution of a
Power-law Fluid in Kenics Static Mixers,” Chem. Eng. Sci., 43�3�, pp. 473–
478.

�35� Nauman, E. B., 1991, “On Residence Time and Trajectory Calculations in
Motionless Mixers,” Chem. Eng. J., 47, pp. 141–148.

�36� Byrde, O., 1997, “Massively Parallel Flow Computation With Application to
Fluid Mixing,” PhD thesis, Ecole Polytechnique Federale de Lausanne.

�37� Danckwerts, P. V., 1952, “The Definition and Measurement of Some Charac-
teristics of Mixtures,” Appl. Sci. Res., Sect. A, 3, pp. 279–296.

�38� Toor, H. L., 1997, “Intensity of Segregation Revisited,” AIChE J., 43�1�, pp.
263–264.

�39� Mickaily-Huber, E. S., Bertrand, F., Tanguy, P., Meyer, T., Renken, A., Rys, F.
S., and Wehrli, M., 1996, “Numerical Simulations of Mixing in an SMRX
Static Mixer,” Chem. Eng. J., 63, pp. 117–126.

�40� Lawal, A., and Kalyon, D. M., 1995, “Simulation of Intensity of Segregation
Distributions Using Three-Dimensional FEM Analysis: Application to Coro-
tating Twin Screw Extrusion Processing,” J. Appl. Polym. Sci., 58, pp. 1501–
1507.

�41� Middleman, S., 1977, Fundamentals of Polymer Processings, McGraw-Hill,
New York.

�42� Baird, D. G., and Collias, D. I., 1998, Polymer Processing Principles and
Design, Wiley, New York.

�43� Heniche, M., Tanguy, P. A., Reeder, M. F., and Fasano, J. B., 2005, “Numeri-
cal Investigation of Blade Shape in Static Mixing,” AIChE J., 51�1�, pp.
44–58.

�44� Onwulata, C., 2005, Encapsulated and Powdered Foods, Taylor & Francis,
CRC Press, Boca Raton, FL.

�45� Rauline, D., Le Blevec, J. M., Bousquet, J., and Tanguy, P. A., 2000, “A
Comparative Assessment of the Performance of the Kenics and SMX Static
Mixers,” Trans. Inst. Chem. Eng., Part A, 78, pp. 389–395.

�46� Camp, T. R., and Stein, P. C., 1943, “Velocity Gradients and Internal Work in
Fluid Friction,” J. Boston Soc. Civ. Eng., 30�4�, pp. 219–237.

�47� Rahmani, R. K., 2004, “Three-Dimensional Numerical Simulation and Perfor-
mance Study of an Industrial Helical Static Mixer,” PhD thesis, The University
of Toledo, Toledo, OH.

480 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Kideok Ro1

School of Mechanical and Aerospace
Institute of Marine Industry,

Gyeongsang National University,
Korea

e-mail: rokid@gaechuk.gsnu.ac.kr

Baoshan Zhu
Department of Thermal Engineering,

Tsinghua University,
China

Hokeun Kang
School of Mechanical and Aerospace

Institute of Marine Industry,
Gyeongsang National University,

Korea

Numerical Analysis of Unsteady
Viscous Flow Through a
Weis-Fogh-Type Ship Propulsion
Mechanism Using the Advanced
Vortex Method
The velocity and pressure field of a ship’s Weis-Fogh-type propulsion mechanism are
studied in this paper using an advanced vortex method. The wing (NACA0010 airfoil)
and channel are approximated by source and vortex panels, and free vortices are intro-
duced away from the body surfaces. The viscous diffusion of fluid is represented using the
core-spreading model to the discrete vortices. The velocity is calculated on the basis of
the generalized Biot-Savart law and the pressure field is calculated from an integral,
based on the instantaneous velocity and vorticity distributions in the flow field. Two-
dimensional unsteady viscous flow calculations of this propulsion mechanism are shown,
and the calculated results agree qualitatively with the measured thrust and drag due to
unmodeled large fluctuations in the measured data. �DOI: 10.1115/1.2174059�

Keywords: computational fluid dynamics, vortex method, propulsion mechanism, un-
steady flow

Introduction

The Weis-Fogh mechanism, discovered through the analysis of
wing motion in the hovering flight of a small bee called Encarsia
Formosa, is a novel and very efficient mechanism for lift genera-
tion �1,2�. In the flight of this tiny bee, the beating rate of the
wings is about 400 Hz, and the Reynolds number Re, defined by
the wing chord and mean velocity of the leading edge, is approxi-
mately 30. The lift coefficient �CL� is approximately 3–4 for the
bee’s wing, which is much higher than the lift coefficient that
would be calculated for this wing in steady flow. This means that
the insect efficiently generates lift using unsteady wing motion.

Tsutahara and Kimura �3� and Tsutahara et al. �4� tested a
model propulsion unit, which used a two-dimensional representa-
tion of the Weis-Fogh mechanism. The model was installed in a
water channel, and the tests showed that this propulsive device
operates very effectively. Ro �5� simulated the unsteady flow
fields around the wing by applying the conventional discrete vor-
tex method while the propulsive mechanism was being operated,
and also verified the time variation of the thrust and the drag on
the wing. Because the simulation was modeled as a potential flow
�no viscosity�, and the wing was approximated as a plate without
thickness, these numerical predictions have limitations compared
with the experimental results.

This paper clearly verifies the velocity and pressure fields in the
Weis-Fogh-type ship propulsion mechanism using the advanced
vortex method �6�, and contributes to its practical application as a
propulsion system. The vortex methods �6,7� consist of a simple
algorithm based on the physics of flow, and provide easy-to-
handle and completely grid-free Lagrangian calculations of un-
steady and vortical flows without the use of any Reynold’s aver-
aged Navier-Stokes �RANS� type turbulence models. The

methods are also utilized to devise an advanced scheme of simu-
lating the unsteady viscous flow through a Weis-Fogh-type ship
propulsion mechanism.

Numerical Method

A Model of a Propulsion Device. Figure 1 shows the analytical
model of a Weis-Fogh-type ship propulsion mechanism. The fig-
ure shows the upper part of the model; the wing in the water
channel oscillates up and down, and the hydrodynamic forces on
the wing pull it to the left �the direction toward which the ship is
progressing�. This model is identical to the Tsutahara and Kimura
model �3�, and so a brief synopsis of it will be sufficient.

A wing is installed in a square channel. When the point p cor-
responding to the center axis of the wing is oscillated back and
forth along the y axis, the wing first opens at point p from the
lower surface �opening stage�. Then, maintaining an open angle �,
the wing moves upward �translating stage�, and finally rotates and
closes on the upper surface �closing stage� through the reciprocal
motion of point p. It then executes an opening stage at the upper
surface once more, moves downward, and repeats the closing
stage at the lower surface.

Originally, in the Weis-Fogh mechanism, circulation in the op-
posite direction is formed at each wing, as a pair of flat-plate
wings open while their trailing edges touch. Through the principle
of mirror images, the combination of channel walls and a single
wing represents the same flow.

Introduction of a Nascent Vortex Elements. The model of the
Weis-Fogh-type propulsion mechanism utilizes the driving system
shown in Fig. 1. Comparing it with the results of Ro’s experiment
�5�, the numerical model is set up to duplicate the experimental
conditions, and the shape of the wing is also set at NACA0010, as
given in the reference. By calculating the velocity and the pres-
sure fields of this propulsion unit during the movement of the
wing shown in Figs. 1�a� and 1�b� for every time step, we can
predict the thrust and drag of the unit. The movement of the wing
at the opening and closing stages is easily represented by combin-
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ing the translating and rotating motions. Two kinds of panels,
source panels and vortex panels, are distributed on the surfaces of
each object. A vortex panel resembles a vortex sheet with the
vorticity distributed along the solid boundary of the object. At this
time, the unknowns that should be determined at each time step
are the source strength on the panel for M pieces and the circula-
tion around the wing and two walls of the water channel. These
unknowns are obtained using the Neumann condition in Eq. �1� at
the center of the source panel for M pieces �i=1,2 ,3 , . . . ,M�, and
the theorem of Kelvin in Eq. �2� for the circulation of each object
perimeter, �b=�bs ·Sb.

��
j=1

M

�usp + uvp�ij + �
k=1

N

uik
vo + U�ni = ui · ni �1�

�b + �
k=1

Nb

�bk
vo = 0 �2�

Here usp, uvp, and uvo are the induced velocities deduced from the
source panels, the vortex panels, and the vortex elements intro-
duced into the flow field; U and ui are the uniform flow and the
velocity of the i-th control point; ni is the unit normal vector at the
i-th point; �bs represents the circulation per unit length for each
object along the perimeter Sb and �bk

vo is the circulation of the
vortex element that is emitted by each object. Here, assuming that
�bs is uniformly distributed around the object, it can be obtained
from �bs=�b /Sb, then uvp is calculated by �bs. In the case of the
conventional vortex method, this situation was found to be nu-
merically unstable. In this paper, however, by considering a
double fold of the source and vortex panels, the above unstable
numreical problem could be eliminated.

Figure 2 illustrates the schematic of the thin vorticity layer and
the introduction of the nascent vortex elements. The vorticity field
near the solid surface is represented by the proper distribution of
the vorticity layers and the discrete vortex elements to satisfy the
nonslip condition on the body surface. A thin vorticity layer with
thickness hi is considered along the body surface, and the solid
body is discretized using source panels, as shown in Fig. 2. As-

suming that the flow is two dimensional and that there is a linear
distribution of the velocity in the thin vorticity layer, and for the
simplicity of illustration, suppose the body is stationary, the nor-
mal convective velocity Vc on the outer boundary of the vorticity
layer can be expressed using the relation of continuity of flow and
the no-slip condition on the body surface for the element of the
vorticity layer �abcd� as

Vc =
1

si
�hiui

2
−

hi+1ui+1

2
� �3�

in which si, hi, and ui represent the panel length, the thickness of
the vorticity layer, and the tangential velocity at the panel edge.
As the body is movable, Eq. �3� is still valid when ui, is a velocity
relative to the moving body.

On the other hand, the vorticity of the thin shear layer diffuses
through the panel into the flow field. In order to account for this
vorticity diffusion, a diffusion velocity was employed in the same
manner as the vorticity layer spreading method proposed by Ka-
memoto �6�. The vorticity layer spreading method is based on the
viscous diffusion of the vorticity in the shear layer developing
over a suddenly accelerated plate wall. In this case, the displace-
ment thickness of the vorticity layer ��� diffuses over time as �
=1.136��t�0.5 from the solid surface at time t. Differentiating � by
t and substituting the thickness of the vorticity layer hi into �, we
obtain the diffusion velocity Vd at the outer boundary of the vor-
ticity layer as

Vd =
1 . 1362�

hi + hi+1
�4�

Here, � is the kinematic viscosity of the fluid. If the value of
�Vc+Vd� becomes positive, a nascent vortex element is introduced
in the flow field, where the thickness hvor and the vorticity �vor of
the vortex element are obtained as follows:

hvor = �Vc + Vd�dt �5�

and

�vor =
�

A + Avor
�6�

Here, � is the circulation originally involved in the element of the
vorticity layer �abcd� calculated according to Eqs. �1� and �2�, and
A and Avor are the areas of the vorticity layer element and the
nascent vortex element. A vortex blob at fixed height is substituted
for the square-type vortex element generated during each time
step. Moreover, as a linear distribution of velocity is assumed in
the thin vorticity layer, the shearing stress on the wall surface �w is
approximated from the following equation, as long as the thick-
ness of the vorticity layer is sufficiently thin:

�w = �
�u

�y
= − �� �7�

Calculation of the Velocity Field. A trajectory of the vortex
shedding element over the time step dt is approximated by apply-
ing the Adams-Bashforth method as

r�t + dt� = r�t� + �1.5u�t� − 0.5u�t − dt�	dt �8�

in which the motion u of the vortex element can be derived from
the following Biot-Savart law Eq. �9� that includes source panels,
vortex sheet panels, and all vortex elements existing in the flow
field.

Fig. 1 A model of propulsion mechanism

Fig. 2 Thin vorticity layer and nascent vortex element
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u�r� =
1

2	

 � 
 R

R2 dV −
1

2	




S0

� �n0 · u0� · R0

R0
2 −

�n0 
 u0� 
 R0

R0
2 �dS0 �9�

R0 of the second term on the RHS of Eq. �9� represents R0=r
−r0 and R0= 
R0
. Moreover, the dot product n0
u0 and the cross
product n0 ·u0 show the velocity components of the normal and
tangential directions on the boundary surface, respectively, and
they coincide with the source and the vortex distributions on the
surface. Accordingly, as shown in Eq. �9� and Fig. 3, a velocity
field of the viscous and incompressible flows corresponds to the
field integration relating to the vorticity distributions in the flow
field, the surface integration concerning the source, and the vortex
distribution around the boundary surface.

The Lagrangian expression for the vorticity transport equation
is expressed as

d�

dt
= �� · grad�u + ��2� �10�

The first term of the RHS disappears for a two-dimensional case.
The second term or the viscous diffusion term is approximated
using the core spreading method.

�k�t + dt� = �k�t� +
2 . 2422�

2�k�t�
dt �11�

Greengard �8� objected to the core spreading method based on a
lack of convergence in the limit of infinitesimal parameters, but
Rossi �9� showed that the core expansion with splitting was con-
vergent. However splitting leads to an excessive number of com-
putational particles. According to the work of Nakajima and Kida
�10�, although the error order for the convection term is �dt�2

when the core spreading model is used, the dissipation rate of the
vorticity is e= �4dt /Re�0.5. If e�1, the error order is e2 for the
vorticity. Therefore, if dt is small enough, after the introduction of
discrete vortices, the core spreading model is valid at an initial
stage. In this study, we use Eq. �11� to account for the viscous
effects to reduce the computing time.

For the flow fields of the current propulsion system, the vortex
distribution, time lines, streak lines, and velocity field are pre-
dicted at each time step using Eq. �9�, and the streamline and
equivorticity contours are plotted from the vector field.

Calculation of the Pressure Field. If the divergence is applied
to the Navier-Stokes equation, the pressure Poisson equation
becomes

�2p = − 
 div�u · grad u� �12�
In general, the pressure field is obtained by calculating the Pois-

son equation using the finite difference method. However, in the
process some lattices must be generated in the flow field which
negates the advantages of the vortex method, i.e., no need for grid.
Therefore, in this research, instead of using the finite difference

method of the Poisson equation, the pressure in the flow field is
obtained from the integration equation formulated by Uhlman �11�
as follows,

�H +

S0

H
�G

�n
dS0

= −
 ��u 
 ��dV

−

S0

�G · n ·
�u

�t
+ � · n · ��G 
 ���dS0 �13�

Here, �=1 inside the flow volume V and �=1/2 on the boundary
surface S0. G is the fundamental solution of the scalar Laplace
equation with the delta function expressed as

G =
1

2	
log� 1

R
� �14�

and H is the Bernoulli-type variable, defined as follows:

Hi =
pi



+

ui
2

2
�15�

The pressure field of the propulsion mechanism is calculated
from the pressure distribution on the body surfaces using Eqs.
�13� and �15� during each time step, and with this information,
isobaric lines of the entire flow field are computed. By integrating
the normal component of the pressure and the tangential compo-
nent of the shear stress around the wing surface, the hydrody-
namic force F acting on the wing is obtained using

F = iFx + jFy =�
S0

��− p · n� + �w · t	dS0 �16�

in which Fx and Fy represent the components of force in the x and
y directions, taken as the negative thrust −T, and the negative drag
force −D, respectively.

The Calculation Conditions. The experimental conditions of
Ro �5� is used for the simulation, i.e., the wing chord is set as
C=1, uniform flow is U=1, velocity of the wing axis is V=1, the
attack angle of the wing is �=30 deg, the distance from the trail-
ing edge to the wing axis rp is rp=0.75C, and the length, width,
and thickness of the water channel are l=5.75C, h=2.5C, and
0.02C, respectively. Tsutahara and Kimura �3� showed experimen-
tally a high thrust efficiency at the velocity ratio V /U=1.0 with
the angle of attack �=30 deg. As expressed in the previous sec-
tion, it is assumed that two flat plates and a wing in the flow field
are installed, the surfaces of each object are represented with
double panels, i.e., with a finite number �Mb pieces� of source and
vortex panels, where the panels of each object are Mb=80. In the
present calculation, the time step size dt is set at dt=0.015 during
the translating stage and as dto=dt
rp /C and dtc=dt
 �1
−rp /C� during the opening and closing stages. The results of the
above procedure reveal the values for the time steps where the
distances moved by the leading or trailing edges are all equal
during the entire stroke.

Numerical Tests of the Present Method. In order to show the
accuracy and discuss the influence of the panel number and time
step size, we consider the case of flow past a circular cylinder. A
panel number M =80 and 160 for time step size dt=0.02 and 0.01
were considered for flow at a Reynolds number of 3000. A com-
parison of the streamline patterns at nondimensional time t=5 was
made between the present results and the flow visualization results
of Bouard and Coutanceau �12� as shown in Fig. 4. It should be
noted from the results shown in Fig. 4 that when the number M of
panels increases from 80 to 160, and the time step size dt de-
creases from 0.02 to 0.01, the calculated streamline pattern agrees

Fig. 3 Flow field involving vorticity region
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better with the experimental results �9�. Panel number M =80 and
time step size dt=0.02 is satisfactory in the comparison of global
streamline patterns, though the secondary vortices are slightly
larger for the bigger panel number M =160 and smaller time step
size dt=0.01.

Figure 5 shows the vorticity distribution at the surface of the
circular cylinder with the time corresponding to Fig. 4. When the
number of the panels increases from M =80 to 160 and the time
step size decreases from dt=0.02 to 0.01, the improvement in
peak values of the boundary surface is obvious. Figure 6 shows
the pressure distribution on the boundary surface corresponding to
Fig. 5. The improvement in pressure distribution is less than that

in the vorticity distribution, which is expected. If the vorticity is
known to be of acceptable accuracy, the pressure will be very
accurate because it is one order higher in accuracy than that of the
vorticity.

The longer time evolution of the flow at a Reynolds number of
1000 is presented. The panel number used for the simulation is
M =80 and the time step size is dt=0.02. The time histories of the
drag and lift coefficients are given in Fig. 7. In the present study,
no artificial perturbation was applied to the flow to initiate the
alternate vortex shedding; rather, it is triggered solely by the nu-
merical diffusion during the calculation. After an extended time
evolution, i.e., t�90, the vortex shedding process finally settles
down, forming the regular vortex pattern in its wake. From Fig. 7,
it can be calculated that the average CD value after t�90 is about
1.37, and the Strouhal number St, is about 0.24. At Re=1000, the
values of an average of CD and St obtained by Roshko �13� in his
experiment, are about 1.20 and 0.21, respectively. Both results are
a little higher than the results obtained from the experiment due to
the effects of a two-dimensional calculation.

Results and Discussion
Figure 8 shows the continuous flow pattern around the wing

�NACA0010� during one stroke for Re=5900, which is defined
based on the wing chord and uniform flow speed. Figure 8�a�
refers to the numerical results of the streak lines and Fig. 8�b�
represents the visualization photograph observed in the hydrogen
bubble technique by Ro �5� under the same conditions as in Fig.
8�a�. In Fig. �8�, 1 represents the opening stage; 2 to 4, the trans-
lating stage; and 5, the closing stage. The discontinuity of the
streak lines seen in the vicinity of the trailing edge is due to the
effects of the vortices generated at the trailing edge. Overall, the
simulation results of the entire stroke agree with the visualiza-
tions.

Figure 9 shows the streamlines �a� and the velocity vectors �b�
around the wing during one stroke, under the same conditions as
in Fig. 8. Here, considering the streamlines that pass the wing, we

Fig. 4 Comparison of streamlines for Re=3000 at t=5.0, „a…
present method, panel number 80, dt=0.02; „b… present
method, panel number 160, dt=0.01; „c… flow visualization by
Bouard and Coutanceau †9‡

Fig. 5 Surface vorticity distribution for different number of
panels and time step size: Re=3000, t=5.0

Fig. 6 Surface pressure distribution for different number of
panels and time step size: Re=3000, t=5.0

Fig. 7 Time variations in lift and drag coefficients: Re=1000
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know that the flow goes around the wing, because streamlines
bend to the moving direction of the wing at all stages and move
together with the wing. The streamlines on the closed curve near
both sides of the water channel are the effect of the vortex due to
the occurrence of the reciprocating motion in the wing. As shown
in the velocity vectors �b�, the clockwise vortex exists at around
the lower part of the wall, while the counterclockwise vortex ap-
pears near the upper part of the wall.

Figure 10 shows the results of the vortex distributions, the equi-
vorticity contours and the isobaric lines when the wing reaches the
center of the water channel from its start at the bottom wall. In
Fig. 10�a�, the vortices shed from the wall surfaces of the water
channel flow downstream along the wall surface due to the effect
of the uniform flow. Furthermore, in the vortex distribution
around the wing, the vortex shedding on the wing surface was

separated at the trailing edge of the wing after it flows along the
surface of the wing. The separated vortex is mixed with the vortex
shedding at the wall surface creating a complicated flow field as is
also shown in Fig. 10�b�.

Figure 11 shows the distribution of the pressure coefficient Cp
on the surface of the wing. In Fig. 11�a�–11�c� represent the open-
ing, translating, and closing stages, respectively. These correspond
to positions 1, 3, and 5 in Figs. 8 and 9. Moreover, the 0.0 point
on the horizontal axis for each figure corresponds to the p point in
Fig. 1 and to the distance rp=0.75C from the trailing edge to the
p point. The arrows correspond to the locations of the wing sur-
face, which show in a counterclockwise direction starting from the
trailing edge of the wing. Looking at the pressure distribution at
the opening stage in Fig. 11�a�, the pressure coefficient in the
leeward side has a negative value from the trailing edge to the p
point �the 0.0 point�, while the pressure on the windward side
indicates almost a positive value except in the vicinity of the
trailing edge. Contrarily, the pressure on the leeward side has an
almost negative value from the p point to the leading edge but
shows a positive value on the windward side. Considering the
pressure distribution around the wing at the translating stage in
Fig. 11�b�, the pressure coefficient in the leeward side was almost
positive, while the pressure on the windward side shows a nega-
tive value. More significantly, it is also proven that the pressure
has a large difference between the windward side and the leeward
side in the vicinity of the leading edge. Considering the pressure
distribution at the closing stage in Fig. 11�c�, the pressure coeffi-
cient in the leeward side has a positive value similar to that in the
translating stage, while the pressure on the windward side had a
negative value even as the pressure difference between the wind-
ward side and the leeward side is not significant at the vicinity of
the leading edge.

Figure 12 shows the time history of the thrust coefficient CT at
�=30 deg and V /U=1.0. The horizontal axis represents the ver-
tical traveling distance of the wing axis normalized by the channel
width. This value means the number of strokes. In Fig. 12, the

Fig. 8 Streak lines for one stroke of the wing „C=1, h=2.5C,
V /U=1.0, rp=0.75C, and �=30 deg…

Fig. 9 Flow pattern for one stroke of the wing

Fig. 10 Various flowfields at the point 3 of Fig. 8
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solid lines represent the numerical results using the present calcu-
lating method while the dashed line is from the experimental re-
sults measured by Ro �5� using the same conditions. The experi-
mental large fluctuations are due to the surface wave generated by
the wing movement. The particularly large fluctuations occurred
in the early stage of each stroke is due to the inertial force of the
wing and the flow around the wing. In the opening stage, the
thrust coefficient CT shows negative values from both numerical
and experimental results. In the translating stage, the numerical
results show an increase in thrust, but the trend of the experimen-
tal data is not clear due to severe fluctuations.

Figure 13 shows the numerical and experimental results of the
drag coefficient CD taken at the same conditions as in Fig. 12. The
drag coefficient CD also shows a fairly good match in the quali-
tative trend between the calculated and measured results. The drag
coefficient CD also gradually increases as the wing approaches the
opposite wall from which it started. However, the experimental

trend is unclear due to the large fluctuations. The mean values of
thrust coefficient and the drag coefficient were approximately 1.0
and 2.0, respectively, at both solid and dashed lines of Figs. 12
and 13, and the numerical results are also quantitatively compa-
rable with the experimental results.

In Figs. 12 and 13, the discrepancy between the numerical re-
sults �solid lines� and the experimental results �dashed lines� is
also due to the use of the analytical model shown in Fig. 1, which
the flow surrounding the wing is assumed to be two dimensional.
In the experiment, however, the free surface exists above the wing
and affects the flow around the wing.

Conclusions
This research simulates the velocity and pressure fields of a

Weis-Fogh-type ship propulsion mechanism using an advanced
vortex method. The wing and water channel are represented by a
finite number of source and vortex panels, and the vortex shed-
ding is taken from the entire surface of each object. Both the
velocity and the pressure fields are predicted with integral equa-
tions. The results are summarized as follows:

�1� The vortices which rotated in opposite directions near
the two walls of the water channel are generated by the
reciprocating motion of the wing.

�2� The pressure distribution on the wing surface is shown
to have entirely different characteristics during the
opening stage, the translating stage, and the closing
stage.

�3� The coefficients of thrust �CT� and drag �CD� gradually
increased as the wing approaches the opposite wall from
which it started.

This research simulates only the velocity ratio V /U=1.0 with an
angle of attack of �=30 deg, which shows a high thrust effi-
ciency. To precisely evaluate the characteristics of this propulsion
mechanism, however, a more detailed calculation of the various
parameters such as the width of the water channel, the velocity
ratio V /U, the distance rp from the trailing edge to the p point,
and the angle of attack � should be studied.

Nomenclature
A � area of vorticity layer element

Avor � area of nascent vortex element
C � chord length of wing

CD � drag coefficient
CL � lift coefficient
CT � thrust coefficient
D � drag acting on wing
dt � time step size
Fx � x component of force acting on wing
Fy � y component of force acting on wing
G � fundamental solution of scalar Laplace

equation
H � Bernoulli-type variable

Fig. 11 Pressure distribution around the wing „„a…, „b…, and „c…
in the figure correspond to 1, 3, and 5 points in Fig. 8…

Fig. 12 Time variations for thrust coefficients

Fig. 13 Time variations for drag coefficients
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h � width of water channel
hi � thickness of vorticity layer at i node of panel

hvor � thickness of nascent vortex element
l � length of water channel

M � number of panels
Mb � number of panels for each object

N � number of vortex elements
Nb � number of vortex elements from each object
n0 � unit normal vector of a point on boundary

surface
ni � unit normal vector of i-th control point
p � center axis of the wing or pressure

Re � Reynolds number
r � position vector of vortex elements

r0 � position vector of a point on boundary surface
rp � distance from trailing edge of wing to wing

axis
S0 � boundary surface
Sb � length of each object perimeter
si � panel length at i-node panel
St � Strouhal number
T � thrust acting on wing
t � time or nondimensional time
t � unit tangential vector

U � uniform flow
u � 
u

ui � tangential velocity at i node of a panel
ui � induced velocity at i-th control point

usp � induced velocities by source panels
uvo � induced velocities by vortex elements
uvp � induced velocities by vortex panels

V � movement velocity of wing axis or region in-
side flow

Vc � normal convective velocity
Vd � diffusion velocity at out boundary of vorticity

layer

Greek Letters
� � maximum opening angle
� � circulation involved in vorticity layer element

�b � circulation of each object circumference
�b

vo � circulation of the vortex element from each
object

�bs � circulation of unit length for each object
circumference

� � displacement thickness of vorticity layer
�k � core radio for k-th vortex element
� � viscosity coefficient of fluid
v � kinematic viscosity of fluid

 � density of fluid

�w � shearing stress on wall surface
� � vorticity

�vor � vorticity of nascent vortex element

Subscripts
0 � boundary surface
b � object

bs � object surface
c � convective

D � drag
d � diffusion
L � lift
p � point
T � thrust

vor � nascent vortex
w � wall surface
x � x component
y � y component

Superscripts
sp � source panels
vo � vortex elements
vp � vortex panels
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Experimental Investigation of
Unstably Stratified Buoyant
Wakes
A water channel has been used as a statistically steady experiment to investigate the
development of a buoyant plane wake. Parallel streams of hot and cold water are initially
separated by a splitter plate and are oriented to create an unstable stratification. At the
end of the splitter plate, the two streams are allowed to mix and a buoyancy-driven
mixing layer develops. The continuous, unstable stratification inside the developing mix-
ing layer provides the necessary environment to study the buoyant wake. Downstream a
cylinder was placed at the center of the mixing layer. As a result the dynamic flows of the
plane wake and buoyancy-driven mixing layer interact. Particle image velocimetry and a
high-resolution thermocouple system have been used to measure the response of the plane
wake to buoyancy driven turbulence. Velocity and density measurements are used as a
basis from which we describe the transition, and return to equilibrium, of the buoyancy-
driven mixing layer. Visual observation of the wake does not show the usual vortex street
associated with a cylinder wake, but the effect of the wake is apparent in the measured
vertical velocity fluctuations. An expected peak in velocity fluctuations in the wake is
found, however the decay of vertical velocity fluctuations occurs at a reduced rate due to
vertical momentum transport into the wake region from buoyancy-driven turbulence.
Therefore for wakes where buoyancy is driving the motion, a remarkably fast recovery of
a buoyancy-driven Rayleigh-Taylor mixing in the wake region is found.
�DOI: 10.1115/1.2174060�

Introduction
Exploration of turbulent wakes in a stratified flow offers a

unique opportunity to study the chaotic nature of turbulence.
Rather than selectively studying the mechanisms of shear or buoy-
ancy, the investigation of a buoyant wake allows study of the
complex dynamics associated with their interaction. In the present
work the wake is generated by turbulent, unstably stratified flow
moving past a cylindrical obstruction as shown in Fig. 1. A
buoyancy-driven mixing layer flows past the cylindrical obstruc-
tion forming a buoyant plane wake. We have examined the devel-
opment of the wake and the subsequent recovery to buoyancy-
dominated turbulence.

Our motivation for this research was to provide insight into the
nonequilibrium development of turbulent mixing which occurs
when momentum �the wake� is injected into a buoyancy-driven
mixing layer. Indeed, such a situation is closely related to the
interaction between shock waves and Rayleigh-Taylor-driven
mixing that occurs during the implosion phase of inertial confine-
ment fusion, as buoyancy-driven mixing limits the energy yield of
the overall thermonuclear process �1�. In particular, during ICF
shockwaves pass through the turbulent mix, depositing momen-
tum in the direction of the density gradients and disturbing the
equilibrium growth of buoyancy-driven mixing. Interaction of the
Rayleigh-Taylor instability and the passing shockwave is not well
understood. Although the detailed dynamics that occur in the ICF
process cannot be replicated in the current experiment, a similar
interaction of the Rayleigh-Taylor instability with a disturbance
which redistributes momentum has been examined. By locating a
cylinder inside the developing mixing layer, the equilibrium of the
turbulent mix is disturbed. Like a shockwave, the cylinder wake

redistributes momentum in the vertical direction �i.e., the direction
of the density gradient� �2�. Although the mechanism for deposit-
ing momentum in the current experiment is different than a shock-
wave, the result on the buoyancy-driven turbulence once the
shockwave has passed is similar. Therefore the current experiment
allows observation of relaxation back to an equilibrium state
dominated by the Rayleigh-Taylor instability. A consequence of
this experimental arrangement is the ability to study nonequilib-
rium turbulence and also to investigate the buoyant wake.

Background
The Rayleigh-Taylor fluid instability arises when a pressure

gradient is imposed on a density gradient along the interface of
two fluids with �p ·���0 �3�. Just such conditions arise when a
heavy fluid is situated above a light fluid under gravity. Subse-
quent growth of buoyancy-driven Rayleigh-Taylor instability pro-
ceeds through linear instability, nonlinear instability, and finally to
a self-similar equilibrium �4�. The governing parameter for buoy-
ancy driven instability is the Atwood number, A= ��1−�2� / ��1
+�2�, where �1 and �2 are the heavy and light fluid densities,
respectively �4�. For the present experiment the Atwood number
range is 5�10−4�A�7.5�10−4.

When a wake is introduced to the buoyancy driven mix, it
disturbs the equilibrium of the Rayleigh-Taylor mixing region.
This can be seen in Fig. 1. Shear layers shed from the cylinder
surface roll-up into vortices in a periodic manner behind the cyl-
inder, and viscous effects dissipate the subsequent turbulent mo-
tion. Buoyancy, however, serves as a source of turbulent kinetic
energy inside the wake. In particular, potential energy, stored in
the mean flow through unstable density gradients, is converted to
turbulent kinetic energy as the fluids overturn. At a downstream
point a balance occurs between the wake dissipation and turbulent
energy production from buoyancy, thereafter buoyancy-driven tur-
bulence recovers to dominate the flow dynamics.

A Reynolds number for the wake is conventionally defined as
Re=UD /�. Above the critical Reynolds number range, 140�Re
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�190, the wake becomes turbulent �5�. The results presented here
are at a Re range of 640�Re�720 and are expected to be turbu-
lent. Effects of stratification in the wake are usually included in
the characteristic buoyancy frequency, N, where N2=
−g /�0��� /�z� �2,6–8�. To evaluate N the density gradient, �� /�z,
is approximated as ��1−�2� /D for the turbulent mixing layer
around the cylinder. It is also useful to determine the ratio of
inertial forces to buoyancy forces, as given by the internal Froude
number, Fi=U /ND. This nondimensional parameter is a function
of the free stream velocity, the diameter of the cylinder, and the
characteristic buoyancy frequency. As Fi→0 the effects of strati-
fication become dominant. The internal Froude number has been
utilized extensively when describing the stably stratified wake
�2,6–8�, however, as we describe next, it cannot accurately de-
scribe the physical nature of the current work. The characteristic
buoyancy frequency utilized in Fi is associated with internal
waves generated by the restoring force of stabilizing buoyancy.
For unstable stratification, and buoyancy-driven turbulence spe-
cifically, such restoring forces do not occur. However, it is useful
to calculate Fi to illustrate the difference in flow regimes between
the current work and previous research in stratified wakes. Since
the magnitude of Fi provides a direct comparison between the
ratio of inertial forces to buoyancy forces in stably stratified
wakes, the negative value of �� /�z that occurs for unstably strati-
fied flow suggests the use of Fi2 for a meaningful comparison to
be made. So, we assign flows with unstable density gradients as a
�−�Fi2, and those with stable density gradients as a �+�Fi2. The
internal Froude number examined in the present work is approxi-
mately Fi2= ±7.

Early investigations of wakes focused primarily on the near
wake structure and excluded buoyancy effects as illustrated in the
comprehensive review by Williamson �5�. Recently researchers
have sought to understand the effects of buoyancy in the turbulent
wake, but this has been limited to the inclusion of stabilizing
buoyancy. The first investigations of stably stratified wakes were
performed by Pao �9�, where a stratified, turbulent wake was cre-
ated by towing a cylinder or grid through a tank with stably strati-
fied salt water. Pao reported spectra of turbulent velocity and den-
sity measurements in the wake region. Recent experiments in
stratified wakes were performed by Xu et al. �6�, Speeding �2,7�,
and Bonnier and Eiff �8�. Xu et al. investigated the turbulent wake
behind a cylinder in a stably stratified flow and compared strati-
fied measurements with results from turbulence models. Speeding
�2,7� and Bonnier and Eiff �8� described the structure and decay of
a turbulent axisymmetric wake subjected to stabilizing buoyancy,
and in particular identified and described regions of the wake
collapse. All these studies are for stabilizing buoyancy; we could
find none for the instance of destabilizing buoyancy, which is the
subject of the present paper.

Experimental Apparatus
The experimental apparatus is shown schematically in Fig. 2

and is comprised of a Plexiglas flow channel with an inlet and exit
plenum at either end. This unstably stratified water channel has
been extensively described previously �10–12�, so here we present
the key elements and modifications we made to incorporate a
cylinder that generates a wake. The flow channel is 241 cm in
length, 32 cm deep, and has a width of 20 cm. Water is supplied
to the flow channel via the inlet plenum from two 500 gal supply
tanks. Two parallel streams of water enter the inlet plenum and are
separated by a horizontal splitter plate. Prior to the test section, a
series of flow straighteners and wire meshes are utilized to mini-
mize the free stream turbulence �10�. The splitter plate is 0.32 cm
thick and the end has a knife-edge with an included angle of
2.5 deg. At the end of the splitter plate the two streams are al-
lowed to mix. To reduce the momentum deficit created by the
knife-edge, a fine wire mesh, 35�35 grids/ in.2, is placed at the
end of the splitter plate. The mean flow rate is adjusted using
calibrated rotameters and the desired stratification in the test sec-
tion is achieved by adjusting the temperatures of the two supply
tanks. Temperature differences between the two inlet streams
range from 5°C to 7°C. These temperature differences are re-
lated to density through an equation of state which is given in the
following section. For unstable stratification, cold �heavy� water
enters the test section above hot �light� water.

In the presence of a small perturbation and unstable stratifica-
tion, a buoyancy-driven mixing layer develops downstream from
the splitter plate. As shown in Fig. 3 a cylinder placed at the

Fig. 3 Flow channel test section with cylindrical obstruction

Fig. 1 Buoyant wake formed from a cylinder placed at the cen-
terline of a buoyancy-driven mixing layer

Fig. 2 Schematic of experimental apparatus
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centerline of the mixing layer disrupts the buoyancy-driven turbu-
lence downstream. The cylinder is located 30 cm downstream of
the splitter plate at the centerline of the mixing layer and is ori-
ented horizontally and perpendicular to the stream wise direction.
The cylinder was constructed from a section of hollow PVC pipe
that was suspended from the top of the flow channel. Table 1 lists
the parameter range for the experiments performed using this
apparatus.

Measurement Diagnostics
The dynamics of a buoyant wake are investigated through ve-

locity and density measurements at the centerline of the wake.
These measurements were taken using particle image velocimetry
�PIV� and a high-resolution thermocouple system �details are
given below�. In addition, qualitative observations were made
through visualization techniques using Nigrosene dye.

PIV was used to obtain velocity measurements in the wake of
the cylinder. The PIV system consisted of two 120 mJ Nd-Yag
pulse lasers that each fire at a rate of 15 Hz. By alternating the
pulse of each laser an effective sampling rate of 30 Hz was
achieved. Neutrally buoyant hollow, silvered glass spheres,
10 �m in diameter, were seeded in each stream at a concentration
of 5–7.5 ml per 500 gal of water. A series of cylindrical lenses
formed a laser sheet of approximately 1 mm thickness, which
projected through the water channel vertically. Images of seed
particles were captured using a KODAK Megaplus digital camera.
The physical window size captured by the digital camera was a
region 6 cm�4.5 cm. A data acquisition system records 1200
successive digital images at 640�480 pixels. MatPIV cross-
correlation software was used to obtain velocity measurements
�13�. Successive images were compared in sequence, resulting in
1199 measured velocity fields. Each set of images processed was
separated by a time interval of 0.033 s which with the physical
window size is more than adequate to resolve the low flow veloci-
ties ��5 cm/s�. Statistical convergence of velocity measurements
using these measurement parameters was verified by evaluating
the uncertainty in rms vertical velocities. Statistical convergence
was evaluated at a point 15D downstream of the cylinder where

the vertical velocity fluctuations exhibited a large variance. An
uncertainty for the rms vertical velocity fluctuations is determined
via an estimate for its variance as described by Benedict and
Gould �14� in Eq. �1�,

var�vrms� � = �v�4 − �v�2�2�/4Nv�2, �1�

where N is the number of measurements. The percent uncertainty
in the rms of vertical velocity fluctuations found from this analysis
is shown in Fig. 4. As can be seen in Fig. 4, the measurement
method and quantity of measurements does show statistical con-
vergence for a typical rms vertical velocity fluctuation with an
uncertainty of ±3.6%. A more detailed description of the PIV
techniques employed can be found in �12�, and the issue of light
refraction has been previously addressed and found negligible at
the small density differences being used �15�.

Density measurements were acquired through a high-resolution
thermocouple system. An E-type thermocouple was suspended in
the flow using a vertical rake. The thermocouple was sampled at
50,000 Hz using a 16-bit data acquisition board for a total sample
time of �120 s. To reduce noise, a local average of 100 samples
was used to obtain an effective sampling rate of 500 Hz. The
diameter of the thermocouple is 0.16 mm with a thermal response
time of 0.016 s. Limited by the thermal response time, the ther-
mocouple resolves frequencies up to �60 Hz, insufficient to fully
resolve the expected Bachelor scales for this flow �11�. However,
the majority of energy contained in the density fluctuations is in
structures significantly larger than this lower limit �11�. Tempera-
ture measurements at the centerline of the mixing layer were con-
verted to densities using an equation of state found in �16�,

� =
999.8396 + 18.2249T − 0.007922T2 − 55.448 � 10−6T3 + 149.756 � 10−9T4 − 393.295 � 10−12T5

1 + 18.159 � 10−3T
�2�

The centerline of the mixing layer was determined by traversing
the thermocouple through the mixing layer. A displacement coef-
ficient, �, is used to determine the location of the centerline of the
mixing layer, where �=0.5 at the centerline. The displacement
coefficient, �= �T2−Tavg� / �T2−T1�, is defined in terms of the cold
water stream temperature, T1, and hot water stream temperature,
T2.

Visualization of the interaction between the plane wake and the

buoyancy-driven mixing layer was performed by marking the cold
fluid with blue Nigrosene dye, 15 ml/500 gal. This allows the
mixing of the hot and cold fluids to be visualized as light and dark
regions. Photographs of the experiment using Nigrosene dye were
taken using a Sony Mavica 1.2 megapixel digital camera.

Qualitative Observations
Figure 5 shows photographs taken from three separate experi-

ments with Nigrosene dye added to the cold �top� water stream.

Table 1 Experimental parameters

Fig. 4 Percent uncertainty in the rms of vertical velocity
fluctuations
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Figure 5�a� shows a pure Rayleigh-Taylor-driven mix; Fig. 5�b�
shows the development of the same Rayleigh-Taylor-driven mix-
ing layer as Fig. 5�a� but with a 1.6 cm diameter cylinder that
introduces a wake; and Fig. 5�c� is similar to Fig. 5�b� but uses a
3.25 cm diameter cylinder. In addition to visualizing the buoyant
wake, comparison of the three experiments illustrates the effect
the cylinder has on the developing buoyancy-driven mixing layer.
Comparison of Fig. 5�c� with Fig. 5�a� reveals that the cylinder
has introduced a dominant wake wavelength into the turbulent
mixing layer behind the cylinder. The same effect is also present
in Fig. 5�b� but is not as clearly defined. This dominant wave-
length disturbance corresponds to the shedding frequency associ-
ated with the cylinder wake. Inspection of Figs. 5�b� and 5�c� and
comparison with Fig. 5�a�, just upstream of the cylinder, reveal
that that the cylinder is redirecting the flow approximately one
cylinder diameter upstream. In particular, Fig. 5�c� shows a large
structure flowing around and off the bottom of the cylinder, asso-
ciated with an induced wake flow. Furthermore, comparison of
Figs. 5�a� and 5�b� shows that the wake from the small diameter
cylinder has added little effect on the overall mix width, as judged
by the depth of penetration by the dye. However, comparison of
Fig. 5�a� with Fig. 5�c� shows that large wake disturbances have
considerably enhanced the overall width, and thus the growth rate
of the mix region. Turning now to the flow structures behind the
cylinder, it is striking in Figs. 5�b� and 5�c� that the usual wake
structures of alternating regions of opposite sign vortices associ-
ated with a vortex street are not readily apparent. A well-defined
vortex sheet is usually expected for the present cylinder Reynolds
numbers from 640 to 720 �4�. A visualization of the wake without
buoyancy taken from the present apparatus is shown in Fig. 6,
clearly demonstrating the vortex street �again Nigrosene dye is
used to mark the top water stream�. The periodic nature of the
wake in Fig. 6 is clearly visible as stems of the vortex pairs are

present at regular intervals. The turbulent nature of the shedding
vortices of Fig. 6 results in a three-dimensional behavior, most
noticeably as the wake develops further downstream. In contrast
the periodic shedding of vortices for the wake with unstable buoy-
ancy in Figs. 5�b� and 5�c� is not seen, due to buoyancy-driven
turbulence in the mixing layer that quickly dominates the flow.

The similarity of Figs. 5�b� and 5�c� with the pure buoyancy
case of Fig. 5�a� suggests that the small scale structures are either
being driven by buoyancy or retained from the buoyancy-driven
mix upstream of the cylinder or perhaps both. It is evident in Figs.
5�b� and 5�c� that downstream, on the right side of the photo-
graphs �x /D�15�, the structures appear very similar to the
Rayleigh-Taylor plumes seen on the right of Fig. 5�a�. These ob-
servations indicate that buoyancy has quickly resumed a dominate
role downstream of the cylinder.

Results
Quantitative measurements of the rms vertical velocity fluctua-

tions have been taken using the PIV technique described previ-
ously. Figure 7 shows the measured vertical velocity fluctuations,
taken at the centerline for a wake induced by a 1.6 cm diameter
cylinder, for the cases of no buoyancy �circles�, stable buoyancy
�triangles�, and, unstable buoyancy �squares�. The flow conditions
for each case are given in Table 2. Inspection of Fig. 7 reveals
several interesting and immediate observations for x /D�6. In
particular, comparison of the unstable buoyancy case �squares�
with the no-buoyancy case �circles� shows a smaller rate of dissi-

Fig. 5 Visualization of wake- and buoyancy-dominated turbu-
lence using Nigrosene dye. „a… Rayleigh-Taylor-driven mixing
layer, „b… Rayleigh-Taylor-driven mixing layer with a cylinder
wake, D=1.6 cm, and „c… Rayleigh-Taylor-driven mixing layer
with a cylinder wake, D=3.25 cm.

Fig. 6 Visualization of the wake behind a cylinder with no
buoyancy for a cylinder diameter of 1.6 cm and free steam ve-
locity of 4 cm/s

Fig. 7 Centerline rms vertical velocity fluctuations in the cyl-
inder wake with D=1.6 cm
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pation of v� for x /D�3, associated with a buoyancy feed of po-
tential energy into the vertical velocity fluctuations that competes
with dissipation associated with the wake. In contrast, velocity
fluctuations �triangles� in the stabilizing buoyancy case are sup-
pressed by buoyancy and as a result decay faster in the region
behind the cylinder. Figure 7 also shows the growth of vertical
velocity fluctuations for a plain Rayleigh-Taylor mix �dashed
line�. Experimental results showing the linear increase of vertical
velocity fluctuations for the plain Rayleigh-Taylor mixing layer
are obtained from �12�. A linear fit has been applied to these
results and is shown in Fig. 7 as the dashed line. Comparison of
the vertical velocity fluctuations of the plain Rayleigh-Taylor mix-
ing layer �dashed line� with the unstably buoyant wake �squares�
reveals that the buoyant wake results are converging towards the
behavior of the Rayleigh-Taylor mix very rapidly downstream of
the cylinder, x /D�12. This would seem to indicate a return to
dominance of the buoyancy-driven turbulence and the Rayleigh-
Taylor instability. The dynamical implications of these results are
still being considered, but it is apparent that strong wake dissipa-
tion, evident in Fig. 7 for the no-buoyancy case, is quickly over-
come in the unstable buoyancy case. Indeed, inspection of Fig. 7
suggests the wake length scales increase, which in turn provides
an accelerating release of potential energy. This competition be-
tween dissipation and potential energy release is seemingly bal-
anced at about 6 cylinder diameters downstream where v� is ap-
proximately equal for all three wake flows. However, it is likely
that this fixed point is a result of the equal and opposite flow
parameters of Fi2= ±7 and corresponding A= ±5�10−4.

The near-field results for x /D�6 are shown in Fig. 8. The
vertical velocity fluctuation data seen in Fig. 8 are the same as that
of Fig. 7, but with an expanded view. The left side of the plot
shows that the unstable buoyancy case �squares� starts with an
initially higher level of vertical velocity fluctuation; we attribute

this to the Rayleigh-Taylor mix formed upstream of the cylinder.
The peak vertical velocity for the no-buoyancy and stable buoy-
ancy cases occur at approximately the same location, x /D�3.5,
as might be expected because the wake dominates in the near
cylinder region. However, for the unstably stratified buoyant case
the peak vertical velocity fluctuation, v�, occurs at x /D�2. This
apparent shift may be caused by high momentum transport near
the cylinder due to the upstream turbulence associated with the
Rayleigh-Taylor mix. Higher levels of turbulence prior to the cyl-
inder result in an increase in momentum transport behind the cyl-
inder, thereby increasing the entrainment of fluid into the recircu-
lation vortex, causing it to shed closer to the cylinder. Similar
peak values of v� for the three cases is a reflection of similar wake
dynamics, however the shift of the peak, which we associate with
upstream turbulence due to Rayleigh-Taylor mixing, implies
that small scale mixing can significantly affect the overall
development.

Figure 8 also shows a decay of v� in the vicinity immediately
after the peak velocity. An approximately linear decay for each
case is apparent but with different slopes. The steepest slope, and
hence the greatest decay, is for the stable buoyancy case and is
readily attributed to the stabilizing effect of the density statifica-
tion. The lowest slope is for the unstable buoyancy case and again
is attributed to the release of potential energy from the unstable
density stratification feeding into the kinetic energy of the flow,
and thus the vertical velocity fluctuations. For reference the slopes
have been measured and are reported in Table 2. The gradients in
Table 2 have been nondimensionalized with the wake shedding
frequency U /D.

In addition to the described velocity measurements, rms density
fluctuations were recorded at the centerline of the wake. The den-
sity fluctuations have been used to evaluate the extent of molecu-
lar mixing inside the wake. The following parameters are defined
to evaluate molecular mix �11�:

f1 = lim
T→	

1

T�
0

T
� − �2

�1 − �2
dt �3�

f2 = 1 − f1 �4�

B0 = lim
T→	

1

T�
0

T

�� − �̄�2dt/
�2 �5�

B2 = f1f2 �6�

� = 1 −
B0

B2
�7�

The volume fractions of the cold and hot fluids inside the wake
are given by f1 and f2. The volume fraction of f1, for example,
represents the ratio of fluid 1 at a desired location in the flow to
the total volume of fluid passing through that location over a
given time. B0 is the intensity of the turbulent density fluctuations
and B2 is the same measure but as if the two streams were com-
pletely immiscible. The level of molecular mixing �fluid segrega-
tion� is evaluated through the molecular mix parameter, �. For two
completely molecular mixed fluids � is equal to 1 and for two
immiscible fluids � is 0 �17�.

Figure 9 shows the molecular mix parameter, �, behind the
cylinder for the unstable �squares� and stable �circles� wakes with
stratifications of A=5�10−4, −5�10−4 respectively, together
with the levels of molecular mix found in a plain Rayleigh-Taylor
mix �diamonds� �12�. Directly behind the cylinder it is readily
seen that � is very close to 1 for both the stable and unstable
stratifications. This is due to the recirculation region immediately
behind the cylinder that provides long residence times and fine
scale mixing. The length of this region is the formation length for
the shedding vortices, shown as the vertical dashed lines in Fig. 9.

Table 2 Decay rates of vertical velocity fluctuations

Fig. 8 Decay of near wake centerline rms vertical velocity
fluctuations

492 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



The formation length is marked by the location of the peak cen-
terline velocity fluctuation �4�. In both instances the level of mo-
lecular mixing decreases rapidly outside the recirculation region.
However, the unstable case quickly approaches an approximately
constant value of �=0.8, a result close to the plain Rayleigh-
Taylor mixing layer �12�. In contrast, the stable case continues to
decrease to a minimum of �=0.54 at x /D=5, indicating a remark-
able amount of demixing �i.e., a tendency toward a segregated
two-fluid configuration�. However, far downstream of the cylinder
at x /D=15, both the stable and unstably stratified wakes approach
similar levels of molecular mixing. Thermal diffusion, enhanced
by the dynamics of the turbulent wake, results in an increase of
the mixing in the stably stratified wake. A comparison can also be
made between the plain Rayleigh-Taylor mixing layer �diamonds�
and the instance when a wake is introduced �squares�; similar
behavior and magnitudes of molecular mix are seen in Fig. 9,
further demonstrating the relaxation of the disturbed flow towards
a Rayleigh-Taylor mixing layer. The larger value of � for unstably
stratified wake is indicative that the cylinder and the subsequent
wake appear to improve the molecular mixing inside the
buoyancy-driven mixing layer.

Conclusions
Recent work to characterize a buoyant wake has been presented

and discussed. A cylinder was placed at the center of a developing
buoyancy-driven mix, and subsequent interaction between the
wake and buoyancy was studied. From visual observations of the
wake, the cylinder has a distinct effect on the buoyancy-driven
turbulence. In particular, a dominant wavelength associated with
the wake shedding frequency is apparent in the photographs of the
experiment. Also an increase in the growth rate of the mixing
layer can be seen for larger cylinder diameters. However, the char-
acteristic vortex street does not appear as would be expected for a
typical wake at the current range of Reynolds numbers, 640
�Re�720. The dynamics of the wake are also evident in the
measured vertical velocity fluctuations, with the peak of vertical
velocity fluctuation being associated with the wake dynamics.
Similar vertical velocity fluctuation peaks are found for the wake
with unstable stratification, stable stratification, and no stratifica-
tion. However, the effect of buoyancy can be seen in the initial
decay of the rms vertical velocity fluctuations. The steepest rms

vertical velocity fluctuation gradient is found for stabilizing buoy-
ancy and the shallowest for unstable buoyancy. For unstable buoy-
ancy, the shallow rms velocity collapse behind the cylinder is
caused by the transport of energy to the wake from potential en-
ergy stored via unstable density gradients, and ultimately results
in a remarkably rapid return to the characteristic behavior of the
Rayleigh-Taylor mix. Measurements of density fluctuations inside
the mixing layer yield insight into the molecular mixing that oc-
curs. At the centerline of the unstably stratified wake, the molecu-
lar mix parameter returns rapidly to an approximately constant
value, similar to the measured behavior for a Rayleigh-Taylor
mix. However, the recirculation zone of the wake results in an
increased molecular mix when compared with a plain Rayleigh-
Taylor case. Clearly the present results indicate the complexity
that arises when two competing equilibria resolve their individual
dynamics into a single observable flow.
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Nomenclature
A= ��1−�2� / ��1+�2� � Atwood number

Fi=U /ND � internal Froude number
D � cylinder diameter, cm
N � characteristic buoyancy frequency, l/s

Re=UD /� � Reynolds number
U � mean velocity, cm/s
� � kinematic viscosity cm2/s
� � density, g /cm3

� � molecular mix fraction
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Forced Oscillations in a
Mixed-Compression Inlet at Mach
3.5 for Pulse Detonation Engine
Systems
The effects of oscillatory backpressure on the air induction system for pulse detonation
engines were examined for a two-dimensional, mixed-compression configuration at a
freestream Mach number of 3.5. The pressure perturbations at the diffuser exit were
produced by injecting air through four ports located at the corners of the exit cross
section. The frequency, coupling of the ports and airflow rates through the ports were
varied, simulating the operation of detonation tubes. A terminal normal shock in the
diffuser oscillated in the excited inlet, causing large pressure fluctuation amplitudes at
some locations. Large injection mass flows resulted in inlet flow oscillations throughout
the inlet, increased the spillage, yet did not cause inlet unstart.
�DOI: 10.1115/1.2174061�

Introduction
The pulse detonation engine �PDE� will be an attractive alter-

native to gas-turbine and rocket engines if the predicted high ef-
ficiency, simple design, and low weight materialize. Based on
ideal-cycle analysis, up to 33% higher cycle efficiency can be
achieved compared to a Brayton cycle �1–4�. To achieve high
specific impulse, high operational frequencies in the 50–200 Hz
range, which appears feasible within current technology limits, are
required. With a suitable air intake system, a PDE is expected to
operate over a wide velocity range from zero to supersonic
speeds. The thrust may be controlled through changing the firing
frequency or the detonation tube filling �6�.

There are several challenges in the design of a viable PDE,
particularly in the area of detonation initiation. Deflagration-to-
detonation transition �DDT� in detonation tubes with practical
propellants would require significant tube length, whereas direct
initiation �DI� requires substantial initiation energies �5–8�. A re-
cent review of relevant PDE related theoretical and practical is-
sues was presented by Kailasanath �9�.

Efficient operation of the PDE also presents inlet design chal-
lenges: �i� the external air flow needs to be decelerated from su-
personic freestream conditions to a low Mach number, typically
about 0.2, at the detonation tube entrance, without large losses in
stagnation pressure; �ii� the opening and closing of the detonation
tube valves at the back of the inlet should not affect the sensitive
boundary layers in the inlet and cause an inlet unstart �10–12�.

PDE tubes combined into batteries with a common inlet have
two advantages compared to single-tube inlets: smoother thrust
and weaker excitations of the inlet’s flow as the blocked mass
flow in front of one tube may spill into the adjacent detonation
tube. An earlier theoretical study �6� indicated that during tran-
sient flow at the inlet exit produced by the valving system of a
stack of detonation tubes, the time available for the air transfer
between adjacent tubes is O�10 �s�, which is significantly shorter
than the time required to form a hammershock, O�10 ms�. Thus,
the concept of a plenum inlet supplying air to multiple tubes has
the potential to become a practical solution for the inlet of a PDE.

Studies on forcibly excited transonic and low supersonic inlets
�10–15� indicate that the shock displacement amplitudes decrease
with increasing backpressure excitation frequency in the subreso-
nance regime. Previous studies also indicate that large-amplitude
or low-frequency oscillations tend to move the mean shock posi-
tion upstream of the diffuser eventually leading to an inlet unstart.
At higher excitation frequencies, the shock train was predicted to
be stable. The strength of the terminal shock in the inlet also plays
an important role in deciding the inlet flow stability to externally
imposed pressure perturbations. The separation zone produced by
the shock-boundary layer interaction may act as an effective me-
dium for propagating shock-generated disturbances.

Previous experiments �15–17� of two-dimensional and axisym-
metric inlets, using mechanical blockage simulating PDE tubes
out of phase with respect to one another, indicated that the pres-
sure oscillations were moderate and within 3% of the freestream
stagnation pressure without flow instability noted near the inlet
capture. Higher amplitudes have been recorded with lower exci-
tation frequencies and higher cross flow blockage.

The present investigation is a continuation of these studies with
a two-dimensional inlet operating at a higher freestream Mach
number of 3.5 and having a mixed-compression configuration.
This inlet employed a fluidic rather than mechanical blockage,
which was used in previous studies. Several different injection
geometric patterns were tested and injection frequencies of 5 and
10 Hz were tested. While these frequencies are an order of mag-
nitude or more lower than those required to make a PDE produce
sufficient thrust to be a viable propulsion alternative, previous
studies have shown that in the low-frequency range, the induced
amplitude tends to fall with increasing frequency �10–15�. Bleed
regions on the cowl and ramp were incorporated to reduce the
effects of boundary layer separation. Separation zones and com-
plex wave patterns were observed due to substantial boundary
layer growth and shock-induced separation. The stagnation pres-
sure recovery at the exit was 0.3, similar to findings of previous
work with a similar configuration but a larger-scale, unblocked
inlet �18�. This study focused on the effects of �i� injection geom-
etry configurations, �ii� mass injected into the inlet, and �iii� fre-
quency of air injection on the inlet performance and flow stability.
Described below is the extent of these effects and the upstream
interactions in the inlet duct in terms of amplitude, rms, and spa-
tial extent of the flow perturbations.
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Experimental Setup

Geometric Configuration. The present inlet was derived from
a previous configuration �18� with the leading edge modified to
operate with shock-on-lip at Mach 3.5. Figure 1 shows the inlet
model with the four air injection ports at the exit, two of which
have had the injection tubes removed for clarity. The two-
dimensional compression system consisted of two 5 deg wedges
on the ramp, and the cowl. The cowl is inclined at a constant,
−4 deg relative to the horizontal and has a leading edge at X /L
=0.355 with a full angle of 16 deg. The geometric throat with a
height of 6.2 mm was located at X /L=0.567. The exit plane of the
inlet was a 9�50 mm2 rectangle. Figure 2 illustrates the inlet’s
shock system as calculated from the oblique shock relations, and
gives the total ramp length L=135 mm and exit height h=9 mm
used for normalizing the axial coordinate X and the vertical coor-
dinate y, respectively. Due to viscous effects, a separation region
was observed between X /L=0.226 and X /L=0.396, resulting in
increased spillage at the inlet entrance. To reduce the extent of this
separated region, 6% of the inlet capture was bled out equally
from two locations, at 0.264�X /L�0.287 and 0.418�X /L
�0.441, respectively, as shown in Fig. 3. The bleed plenums were
connected to a vacuum line outside the wind tunnel. Each of the
two shaded areas shown in Fig. 3�b� contained 60 evenly distrib-
uted 0.25-mm diameter holes, giving a total bleed surface area of
6 mm2. Wall static pressures were measured at 11 different
streamwise locations as shown in Fig. 3, along a common axis
offset by 10 mm in the spanwise direction from the inlet center-
line. Static pressures were measured at four locations aft of the
terminal shock both on the cowl and the ramp simultaneously in
selected experiments. Stagnation pressure measurements were
taken at the exit of the inlet with a vertical stagnation pressure
rake having three probes embedded in the exit injection block, as
shown in Fig. 4. The equidistantly spaced probes measured the
stagnation pressure at Y*=y /h=0.145, 0.500, and 0.855 at the exit
section.

Air Injection System. The injection block located at the inlet
exit housed the air injection ports, which were located at the four
corners of the exit cross section of the inlet as shown in Fig. 5�a�.
The 7.9 mm diameter circular jets were perpendicular to the

streamwise direction at X /L=1.045 and had an angle of 13.4 deg
to the horizontal plane. In a given run, all ports were operated at
the same frequency—either 5 Hz or 10 Hz depending on the test
conditions. Figure 5�b� shows a schematic of the external jet ex-

Fig. 1 PDE inlet with injection block mounted at the back.
Rear side view of the inlet showing its main components.

Fig. 2 Shock structure as calculated from oblique shock rela-
tions with terminal normal shock. Estimated regions of sepa-
rated flow are shaded. All dimensions are in mm.

Fig. 3 „a… Inlet schematic showing the location of wall static
pressure taps and bleed plenums along with the definitions of
L=135 mm and h=9 mm used for axial and vertical normaliza-
tion, respectively. „b… Top view schematic of the inlet ramp
showing static tap and boundary layer bleed locations. „c…
Static tap streamwise locations. All dimensions are in
millimeters.

Fig. 4 Front view of the exit injection block with the stagnation
pressure rake embedded in it with the probe designations.
Flow is into the page.
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citation system. Air was supplied through four 4.9 mm inner di-
ameter pipes passed through the wind tunnel wall downstream of
the model and connected to a bank of four solenoid valves. A
custom-built transistor-transistor logic �TTL� circuit controlled the
frequency and the coupling of the injection solenoid valves. The
circuit takes a 50% duty cycle square wave signal from a Leader
LFG-1300S function generator and produces four 25% duty cycle,
square wave output signals whose phase relation can be changed
allowing one, two, or four valves to be synchronized in different
configurations.

Pressure Data and Image Acquisition System. The static
pressures and stagnation pressures were measured using a PSI®

9010 scanner and three Omega® PX-303 transducers. Two
Omega® transducers measured the upstream and downstream
pressures across a solenoid valve. The Omega® transducers were
read along with the tunnel stagnation and static pressures at 1 kHz
sampling frequency using a 12-bit NI® AT-MIO-16E-2 DAQ
board on a personal computer �PC�, while the pressure scanner
was read at 25 Hz. The Omega® and PSI® 9010 transducers used
in this model had stable calibrations giving slope differences of
�0.5% between calibrations carried out at different times. Con-
stant offsets were corrected for through adjusting the transducer
calibrations at atmospheric conditions prior to each run. The un-
certainty at a representative tunnel stagnation pressure of 7.8 atm
was 0.3% of P01 for the pressure measurements. The dynamic
response of the transducer-tubing system was evaluated in a pre-
vious tests where it was found that 0.8 m tubing with 1.5 mm
inner diameter connected to between pressure taps and the PX-
303 transducers produced a response in the 5–100 Hz interval
that was well approximated by a first-order system with a time
constant of 22 ms. This suggested that the amplitude of a sinu-
soidal pressure signal at 5 Hz and 10 Hz will be underestimated
by 3.5% and 12%, respectively.

Using a 150 mm diameter schlieren system, the shock system
in the inlet model was observed throughout the test to ensure that
no unstart or major shift in the external flow field occurred during
the experiment. The schlieren images projected onto a screen were
captured using a camcorder.

Fig. 5 „a… Rear view of the exit injection block with the port
designations and the injection configurations below. Flow is
out of the page. 1. Cowl coupling: Ports „1,2… inject air. 2. Ramp
coupling: Ports „3,4… inject air. 3. Side coupling: Ports „1,3… in-
ject air. 4. Cowl-ramp coupling: Ports „1,2… and „3,4… inject air,
180 deg out of phase. 5. Side-side coupling: Ports „1,3… and
„2,4… inject air, 180 deg out of phase. 6. Ninety degree phase
coupling: Each port injects air at 90 deg out of phase with the
neighboring ports. „b… Air injection system schematic.

Fig. 6 Mean wall static pressures normalized by the wind tun-
nel stagnation pressure with no air injection

Fig. 7 Schlieren images. „a… Entire flow field in the inlet with-
out injection. The shocks generated by the two wedges are vis-
ible along with the separation bubble on the second wedge,
which produces the expansion associated with reattachment.
„b… Close-up view of the terminal shock structure and the sepa-
ration induced both on the cowl and the ramp.
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Test Conditions. The �MAE� department wind tunnel used for
the present investigation is a continuously variable Mach 1.5-4
blowdown tunnel with a 150�150 mm2 test section cross section.
The 14 atm storage tank pressure allowed runs in excess of 30 s
duration to be achieved at the Mach 3.5 test condition. Examina-
tion of the temporal flow quality in the wind tunnel using a cen-
trally mounted Pitot probe indicated a near-Gaussian pressure dis-
tribution with 1% P01 rms. Fourier transform analysis revealed no
significant peaks in the frequency spectrum. During the runs, dry
air at 300 K stagnation temperature was maintained while the tun-
nel stagnation pressure dropped from 13 atm to 7 atm. The high
initial stagnation pressure was necessary to start the tunnel and
was followed by a plateau during the latter half of the run where
the stagnation pressure dropped from 0.55 atm to 0.48 atm. Dur-
ing the 3 s time when the solenoid valves were operated and data
acquired during this phase, the tunnel stagnation pressure drop
was �0.25 atm. Despite the large drop in stagnation pressure dur-
ing the course of a run, the variation of all steady-state inlet stag-
nation and static pressures remained stable within ±1.5% of P01
throughout a run, when normalized by the tunnel stagnation pres-
sure. This also meant that the local Mach numbers were constant,
and hence there was no fluctuation in speed of sound, flow speeds,
or Reynolds number during the runs as long as heat conduction
effects near the model surface are neglected.

Experiments were carried out with

• Six different injection configurations: intermittent on a
side, cowl, ramp, alternating side-side, cowl-ramp, and

circulating around the injection block in 90 deg phase
coupling.

• Two different nominal injection mass flows: 20% and
40% of inlet capture.

• Two different frequencies: 5 Hz and 10 Hz.

The unexcited inlet capture mass flow was 195 g/s when the

Fig. 8 Comparison between the ramp and the cowl mean nor-
malized static pressures. „a… Noninjection case. „b… Injection
case.

Fig. 9 Plots for comparing the excited and the unexcited inlet,
for Minj=20% and f=5 Hz for the 90 deg phase coupling case.
„a… Mean normalized wall static pressure. The error bars show
the ±ÃRMS fluctuation amplitude. „b… Normalized exit stagna-
tion pressure. „c… Normalized wall static pressure fluctuation.
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tunnel stagnation pressure was 7.8 atm. The mass injected into the
inlet was estimated from the flow coefficient of the solenoid valve
using the measured upstream and downstream pressures at the
solenoid valve. The mass injected into the inlet is given as a
percentage of the unexcited inlet capture mass flow. The relative
uncertainty in the mass flow measurements is estimated at ±10%.

Results and Discussion

Flow Field in the Inlet. Static pressure distribution for the
unexcited inlet is shown in Fig. 6. The error bars in this figure
show ±2 standard deviations. The schlieren images as shown in
Figs. 7�a� and 7�b� confirm the existence of the normal shock at

Fig. 10 Configuration effects: side-side versus cowl-ramp „„a…, „b…, and „c……; cowl versus side „„d…, „e…, and „f……; cowl versus ramp
„„g…, „h…, and „i……; side-side versus side „„j…, „k…, and „l……; 90 deg phase versus cowl ramp „„m…, „n…, and „o……; 90 deg phase versus,
side „„p…, „q…, and „r……. • „a…, „d…, „g…, „j…, „m…, and „p…: Mean normalized wall static pressure. The error bars show the ±2ÃRMS
fluctuation amplitude. • „b…, „e…, „h…, „k…, „n…, and „q…: Normalized exit stagnation pressure. • „c…, „f…, „i…, „l…, „o…, and „r…: Normalized
wall static pressure fluctuation.
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the location X /L�0.73, which explains the sudden jump in the
static pressure at tap 7. Figure 7�a� shows the entire inlet flow
field with the complex wave system at the inlet capture. The
shocks generated by the two wedges are visible along with the
separation bubble on the second wedge, which produces a second-
ary shock associated with reattachment. The dark band seen in
Fig. 7�a� emerging from the ramp downstream of the separation
bubble and extending close to the cowl is not related to the flow
features. Rather, it is an optical effect caused by stresses in the
side Plexiglas® plate. Shocks reflect from the inlet’s wall upstream
of the terminal normal shock. Figure 7�b� shows the terminal

shock with the thick boundary layers on both cowl and ramp
along with its three dimensionality giving it a less sharply defined
schlieren image. The separated regions produced by the terminal
shock are also shown as shaded areas in Fig. 2. Therefore, the
pressure rise across the shock is 50% of the value calculated for a
normal shock that occupies the entire cross section. The overall
static pressure rise in the inlet is 13% of P01.

Comparison of Ramp and Cowl Static Pressures. Static pres-
sure measurements were taken on both the cowl and the ramp
surfaces at the locations immediately downstream of the shock to

Fig. 10 „Continued….
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check if there were any differences between the two static pres-
sure profiles due to the shock-induced separation region. Figures
8�a� and 8�b� compares the mean normalized static pressures mea-
sured on the ramp and the cowl for both the noninjection and the
injection case. In the injection case, a flow rate equal to 40% of
the inlet capture flow was injected at a pulse frequency of 5 Hz
and using 90 deg phase offset coupling. It can be seen that the
static pressure measurements on the cowl and the ramp agree, but
with variation at X /L=0.89.

Effects of Injection Configuration. The 20% mass injection
and 5 Hz backpressure excitation frequency case was considered
to evaluate the effects of injection configurations. The labeling of
exit injection block ports, injection configurations, and their ab-
breviations are given in Fig. 5. Ninety degree phase coupling is
considered for comparing the unexcited inlet with that of the ex-
cited inlet and the plots shown in Fig. 9. Figure 9�a�, indicates that
the mean levels of static pressures downstream of the throat in the
excited inlet are higher than the corresponding ones of the unex-

Fig. 10 „Continued….
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cited inlet. The same trend is observed with the pressure oscilla-
tions produced in the inlet. The stagnation pressure at the exit also
changed because of the terminal shock oscillations. The exit stag-
nation pressures follow the typical trend in that the pressure val-
ues are lower near both the cowl and ramp walls and increasing

from the walls to the center section, as observed in Fig. 9�b�. It is
also observed that the ramp side stagnation pressure is always
lower than the cowl side measured stagnation pressure because of
the greater degree of separation on the ramp side. All these phe-
nomena can be attributed to the large-scale terminal shock oscil-

Fig. 11 Mass injection effects: 90 deg phase configuration „„a…, „b…, and „c……; side-side configuration „„d…, „e…, and „f……; cowl-ramp
configuration „„g…, „h…, and „i……; side configuration „„j…, „k…, and „l……; cowl configuration „„m…, „n…, and „o……; ramp configuration, „„p…,
„q…, and „r……. • „a…, „d…, „g…, „j…, „m…, and „p…: Mean normalized wall static pressure. The error bars show the ±2Ãrms fluctuation
amplitude. • „b…, „e…, „h…, „k…, „n…, and „q…: Normalized exit stagnation pressure. • „c…, „f…, „i…, „l…, „o…, and „r…: Normalized wall static
pressure fluctuation.
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lations generated in the excited inlet. Figure 9�c� shows that the
largest pressure fluctuations were found near the location of the
terminal shock rather than at the injection ports. The average nor-
malized pressure fluctuation of the six most downstream ports was
0.17 at 5 Hz injection to be compared to 0.05 without injection,
illustrating that the fluctuations were primarily due to pulsating
injection rather than the inherent instability of the separated
region.

Figure 10 shows the effect of injection configuration on the
static and stagnation pressure measured at the inlet exit. From

Figs. 10�a�–10�c� it can be observed that the cowl-ramp and the
side-side injection configurations produce almost identical levels
of static pressure, stagnation pressure at the exit, and their asso-
ciated oscillations during injection. The same is true with the
cowl, ramp, and side injection configurations as can be deduced
from Figs. 10�d�–10�i�. The cowl-ramp and side-side configura-
tions generated slightly larger mean static and exit stagnation
pressures, while the corresponding fluctuations were smaller than
for the side, cowl, or ramp couplings, as shown in Fig. 10. It
should be noted, however, that the differences in the fluctuation

Fig. 11 „Continued….
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for the side-side coupling and side coupling, as shown in Fig.
10�l� can be attributed to the differences in the mean pressure
levels attained in the respective injection configuration. The cowl-
ramp and the side-side configurations produced shock oscillations
whose effects propagated farther upstream than those of the cowl,
ramp, or side couplings, as illustrated by Fig. 10�j�. The differ-
ences may be due to the fact that in the cowl-ramp and the side-
side coupling configurations, air is injected from all the ports in
the exit injection block, which may have caused a larger degree of
shock displacement, and thus the observed effects. From Fig.
10�m�, it can be inferred that among all injection configurations,

the 90 deg phase configuration produced the largest levels of
mean static pressure in the inlet. Also note that the 90 deg phase
coupling produced the lowest levels of shock oscillations and,
therefore pressure oscillations. For example, considering Fig.
10�p�, the rms intensities reached to a maximum of 7% of the
local mean static pressure in the case of 90 deg phase coupling
while a maximum of 25% was attained in the case of side-side and
ramp-cowl coupling. This maximum occurs at tap 7, about which
the shock is oscillating. As shown in the plots, static pressure taps
6, 7, and 8 at X /L=0.584, 0.660, and 0.735 are affected by the

Fig. 11 „Continued….

Journal of Fluids Engineering MAY 2006, Vol. 128 / 503

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



shock oscillations. The recorded rms variations in the wall pres-
sures were �12% of the corresponding mean static pressures.

Effect of Mass Injection. Effecfs of injection mass flows of
20% and 40% of the inlet capture flow were compared for all six
injection configurations at a backpressure excitation frequency of
5 Hz, with the results presented in Fig. 11. In Figs. 11�a�–11�c�

for the 90 deg phase coupling, increased mass injection led to an
increase in the mean static pressure downstream of the throat of
up to 0.02 P01. It is noteworthy that the oscillations produced in
the 40% case are either equal or smaller than those produced in
the 20% case. Interestingly, for the other injection configurations,
as in Figs. 11�d�–11�r�, the mean levels of the static pressure are

Fig. 12 Frequency effects: 90 deg phase configuration „„a…, „b…, and „c……; cowl-ramp configuration „„d…, „e…, and „f……; side-side
configuration „„g…, „h…, and „i……. • „a…, „d…, and „g…: Mean normalized wall static pressure. The error bars show the ±2Ãrms
fluctuation amplitude. • „b…, „e…, and „h…: Normalized exit stagnation pressure. • „d…, „f…, and „i…: Normalized wall static pressure
fluctuation.
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almost identical for both the injection flow cases. Nevertheless,
for the 40% case, large pressure oscillations are generated and the
effect is clearly felt in the static taps upstream of the throat for all
configurations, except 90 deg phase coupling. For example, in the
side-side configuration rms intensities for tap 3 �X /L=0.396� were
3% and 8% of the mean static pressure, for the 20% and 40%
injection cases, respectively. Thus, in general, the 20% injection
case produced pressure oscillations, which were confined to the
downstream of the throat, whereas the 40% injection case pro-
duced oscillations, affecting the static pressure all the way up to
the capture. This can be clearly seen by comparing the static pres-

sure fluctuation for the different cases as shown in Figs. 11�c�,
11�f�, 11�i�, and 11�l�. In the 40% case a small drop in pressure
could be observed in the first three static taps during injection.
This was due to the increased spillage in the 40% injection case
and the accompanied weakening of the leading edge wave system.

Frequency Effects. Tests were conducted with the same injec-
tion mass flow, i.e., 20% of the inlet capture, but with different
excitation frequency for three representative injection configura-
tions, namely, the 90 deg phase coupling, cowl-ramp, and side-
side coupling.

Figures 12�a�–12�i� compare the effects produced by the exci-
tation frequencies 5 Hz and 10 Hz the inlet flowfield. In all the
injection configurations considered here, the 5 Hz excitation case
produced larger pressure oscillations than the 10 Hz case as can
be seen in the fluctuation versus X /L plots of Fig. 12. The rms
intensities in the 5 Hz case were 1.05–1.5 times higher than those
of the 10 Hz case, to be compared to 10% damping expected due
to the response of the tubing/transducer system. The change in
frequency did not have any significant effect on the mean pressure
levels on the cowl-ramp and side-side configurations considered,
but the higher injection mass flow in the 5 Hz case produced
slightly higher mean static pressure levels for the 90 deg phase
coupling.

The mean exit stagnation pressures in the 10 Hz case were
0–0.03 P01 higher than in the 5 Hz case for all injection configu-
rations, as shown in Figs. 12�b�, 12�e�, and 12�h�.

Summary
A two-dimensional, mixed compression PDE inlet was tested in

Mach 3.5 air flow with oscillations produced by air injection at the
exit cross section simulating the operation of PDE detonation
tubes. The upstream effect of the backpressure oscillation on the
inlet flow and on the inlet pressure recovery were measured. The
results indicated the following:

• Shock-induced separations are found both on the second
external ramp and behind the terminal shock in the
diffuser.

• A separation bubble was noted on the second wedge,
which disrupts the flow and caused a complex shock and
expansion wave system.

• In general, mean upstream shock migration as well as
terminal shock oscillations were produced by the pulsed
air injection and the mean levels of static pressure down-
stream of the throat increased during injection.

• Large-amplitude pressure oscillations were observed
with rms intensities as high as 25% of the local mean
static pressure in all the injection configurations at 5 Hz
and 20% mass flow except the 90 deg phase coupling,
where it reached 7%.

• Even when a substantial amount of the inlet capture mass
was injected, i.e., 40% of capture, the inlet remained
started, though with increased spillage.

• For a given injection mass flow and excitation frequency,
the 90 deg phase coupling produced the lowest levels of
pressure oscillations, but also produced the highest mean
static pressure downstream of the throat compared to the
other coupling configurations.

• For a given injection mass flow and excitation frequency,
the side-side and cowl-ramp injection configurations pro-
duced similar mean levels of static pressure throughout
the inlet during injection. The same was true with the
cowl, ramp, and side couplings, but the mean static pres-
sure produced in these cases was slightly lower than
those produced by the cowl-ramp and the side-side
couplings.

• For a given injection mass flow and excitation frequency,
the cowl-ramp and side configurations produced shock

Fig. 12 „Continued….
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oscillations whose effects propagated farther upstream
than those of the cowl, ramp, and side couplings.

• While the 20% injection case resulted in pressure oscil-
lations confined to the downstream of the throat, the
higher mass flow case produced pressure oscillations
propagating all the way up to the inlet capture.

• The mean static pressure downstream of the throat was
not affected significantly by the injectant mass flow, ex-
cept for the 90 deg phase injection configuration, where
the higher mass flow case led to increases of up to
0.02 P01 downstream of the throat.

• The stagnation pressure at the exit was not affected sig-
nificantly by mass injection. Mean observed total pres-
sure recovery of 0.3 and 0.33 were produced in the un-
excited and the excited inlet, respectively. The low
pressure recovery was a result of both shock system
losses and presence of separated regions in the inlet

• The static pressure rise in the inlet was 13% of P01. The
backpressure ratio, defined as the ratio between the exit
static pressure to the freestream stagnation pressure, was
0.2.

• For a given injection mass flow and an injection configu-
ration, lower backpressure excitation frequency produced
larger pressure oscillations.
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Nomenclature

f � excitation frequency, Hz
h � inlet height at the exit cross section, mm
L � inlet length, leading edge of the ramp exit,

mm
Mlnj � mass injected, as a portion of the unexcited

inlet capture mass flow
Pv � lowest static pressure during valve opera-

tion at a particular tap, atm
Pp � peak static pressure during valve operation

at a particular tap, atm
Pav � mean static pressure during valve operation

at a particular tap, atm
�Pp− Pv� / Pav � normalized pressure fluctuation

p � static pressure, atm
Prms � rms of static pressure, atm

P0 � stagnation pressure at the exit, atm
P01 � tunnel free-stream stagnation pressure, atm

X � streamwise coordinate measured from the
leading edge of the ramp, mm

X /L � nondimensional streamwise coordinate
y � Ordinate measured from the ramp, at the

exit cross section, mm
Y*=y /h � nondimensional vertical coordinate
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Investigation of Microbubble
Boundary Layer Using Particle
Tracking Velocimetry
Particle tracking velocimetry has been used to measure the velocity fields of both con-
tinuous phase and dispersed microbubble phase, in a turbulent boundary layer, of a
channel flow. Hydrogen and oxygen microbubbles were generated by electrolysis. The
average size of the microbubbles was 15 �m in radius. Drag reductions up to 40% were
obtained, when the accumulation of microbubbles took place in a critical zone within the
buffer layer. It is confirmed that a combination of concentration and distribution of
microbubbles in the boundary layer can achieve high drag reduction values. Microbubble
distribution across the boundary layer and their influence on the profile of the compo-
nents of the liquid mean velocity vector are presented. The spanwise component of the
mean vorticity field was inferred from the measured velocity fields. A decrease in the
magnitude of the vorticity is found, leading to an increase of the viscous sublayer thick-
ness. This behavior is similar to the observation of drag reduction by polymer and
surfactant injection into liquid flows. The results obtained indicate that drag reduction by
microbubble injection is not a simple consequence of density effects, but is an active and
dynamic interaction between the turbulence structure in the buffer zone and the distri-
bution of the microbubbles. �DOI: 10.1115/1.2174062�

Keywords: drag reduction, microbubbles, PIV, PTV

1 Introduction
A renewed interest for drag reduction technologies and research

has been noticed during the last few years. Much research has
been performed with polymer and surfactants injection in duct and
boundary layer flows. Alternatively, drag reduction due to mi-
crobubble injection in turbulent boundary layers has also gained
attention, because of its environmental friendship. This type of
drag reduction is particularly important for maritime transporta-
tion applications, since 80% of the total drag in a large ship is due
to skin friction �1�. Minimizing the drag encountered by vehicles
moving in air or water and the fluid resistance in gas, water, or oil
pipelines leads to saving in fuel consumption. When higher rates
of mass, momentum, or heat transfer are desired, it is imperative
that the concomitant drag penalty be kept to a minimum. Reduc-
ing drag saves enormous resources spent to overcome it and is
clearly advantageous to the environment, the economy, and the
overall industrial competitiveness �2�.

McCormick and Bhattacharyya �3� showed a significant reduc-
tion of frictional resistance can be achieved using microbubbles,
at low void fractions. In their work, hydrogen microbubbles gen-
erated by electrolysis produced up to 30% drag reduction over a
body of revolution with less than 1% void fraction. They also
showed that as the Reynolds number of the liquid increased, the
effectiveness of microbubbles in reducing drag diminished with
the same gas injection rate. This is also obtained at high Reynolds
numbers of 108 that was reported in a recent experiment over a
flat plate �4�. Moreover, the drag reduction degree of persistence
was greater at lower speeds with a given gas injection rate, and
the drag reduction increased with the increase of gas injection
rate.

As in polymer drag reduction, microbubbles have been shown

the capability of achieving drag reductions as high as 80% on flat
plate boundary layers �5�. By combining polymers and mi-
crobubbles, Fontaine et al. �6� achieved drag reductions greater
than 80%. They suggested that polymer drag reduction was inde-
pendent of the mechanism responsible for the microbubble skin
friction reduction. Takahashi et al. �7� reported skin friction reduc-
tion up to 32% on a 50 m long ship model.

Despite many studies on microbubble drag reduction, there is
no complete agreement on the microbubble physical phenomena
leading to drag reduction. Issues such as microbubble size and
distribution in the boundary layer have been recognized as key
parameters in achieving important gains in drag reduction, but the
role of such parameters is not yet fully understood. Microbubble
generation is another important issue, since the net energy saving
in a system must account for the energy required to produce the
microbubbles. Generally, large amounts of gas are required to
reach high levels of drag reduction. Experimental studies have
shown, however, that microbubbles with size of the same order of
the length scale of the liquid phase turbulence perform better
in achieving drag reduction, and lower gas injection rates are
required �8�.

Among the main factors considered responsible for the mi-
crobubble drag reduction phenomena are the decrease of density,
the increase of effective viscosity, and the liquid turbulence-
microbubble interactions. Buoyancy effects in microbubble drag
reduction have been reported by Madavant et al. �5� and Sanders
et al. �4�. In a flat plate boundary layer, Madavan et al. achieved
higher drag reduction in their plate-on-top experiment than in the
plate-on-bottom case. Sanders et al. reached almost 100% drag
reduction when the injected gas formed a layer underneath the flat
plate. The increase of the void fraction increases the local effec-
tive viscosity and reduces the turbulent momentum transfer �9,10�.
Turbulence modification of the liquid boundary layer has been
measured by Kitagawa et al. �11�. They measured an increase of
both nondimensional streamwise and normal turbulence intensi-
ties, and a decrease of the Reynolds stress, with void fraction
increase.

Numerical simulations have been used also as a means to in-
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vestigate the underlying mechanism of microbubble drag reduc-
tion. Madavan et al. �12� determined that microbubble size and
distribution in the boundary layer were major issues in the mi-
crobubble drag reduction phenomena. Similar results were found
by Xu et al. �13� with a direct numerical simulation �DNS� of a
fully developed turbulent channel flow using a force-coupling
method �FCM�. Their results indicate that the initial seeding of
microbubbles has an important effect on the pressure gradient and
viscous drag force. Furthermore, smaller microbubbles gave a sus-
tained reduction in drag, while larger bubbles only exhibited tran-
sient drag reduction. A reduction in mean drag of 6.2% was
achieved at a void fraction of 4.24%. The microbubbles were
seeded from a location having a distance from the wall of y+

=20. Recently, Ferrante and Elghobashi �14� performed a DNS on
a spatially developing turbulent boundary layer over a flat plate
with microbubbles injection. They obtained a maximum drag re-
duction of 20.2% at a void fraction of 2%. They concluded that
the drag reduction was caused by a velocity divergence effect,
associated with the void fraction. The presence of microbubbles
generates a local positive divergence of the fluid velocity, creating
a positive mean normal velocity at a farther distance from the
wall. This reduces the mean streamwise velocity and displaces the
quasistreamwise longitudinal vortical structures away from the
wall due to the presence of bubbles. This displacement increases
the spanwise gaps between the wall streaks associated with the
sweep events and reduces the streamwise velocity of these streaks.

Although DNS of microbubble turbulent boundary layers pro-
vides insight into the physical phenomena responsible for the drag
reduction, it is not currently feasible to use it for practical designs
of maritime and other transportation means that could take advan-
tage of the drag reduction phenomenon. Thus, multiphase Rey-
nolds averaged Navier-Stokes �RANS� methods are being devel-
oped for simulations of three-dimensional geometries at relevant
high Reynolds numbers �15,16�.

In this paper, particle tracking velocimetry �PTV� is used to
obtain velocity components of both continuous and microbubble
dispersed particle image velocimetry �PIV� images. It is shown
that microbubbles with an average radius of 15 �m flowing in the
buffer layer can produce drag reductions of about 40%. This con-
firms the necessity of a specific concentration of microbubbles in
the buffer zone of the boundary layer to achieve high drag reduc-
tions. The modification of the components of the liquid mean
velocity distributions across the boundary layer is presented for
different drag reductions. Further, the vorticity modification due to
the presence of microbubbles in a channel turbulent boundary
layer was investigated. Vorticity fields of the two phase flow at
different drag reductions are presented and compared.

Experimental Setup
A flow facility was constructed to study the turbulent boundary

layer in a channel flow. A schematic of the flow system used in
this experiment is illustrated in Fig. 1. One of the supply tanks is
located 2.85 m above the channel level. In normal operation, the
pumped water into the upper tank exceeds the flow that can be
delivered to the channel through a 2.54 cm diameter hose; thus, it
ensures a constant pressure head. When it is full, it provides a
constant water column of 3.65 m. Its capacity is 0.21 m3. This
tank is also used as a phase separator, to avoid air flowing into the
channel, and to assure a single-phase water flow. The other tank is
about 1 m below the channel level. Its capacity is 0.35 m3. This
tank receives the overflow from the upper tank, and it is also used
to mix the seed tracer particles with the flow. The chanel is made
of 12.7 mm thick Plexiglas. Its length is 3.05 m, and the cross-
sectional area A is 15 cm�8.81 cm. The center of the measure-
ment area was located at 205.62 cm from the inlet nozzle and
45.88 cm from the exit nozzle. The inlet nozzle has plastic screens
and flow straighteners to ensure a uniform flow. Two water filters
with several filter layers prevented any particles larger than
10 �m to flow into the channel. Prior to each test, the water is

continuously run through the filter, to ensure that only the seed
tracers will be flowing during the measurements. The flow was
seeded with 6 �m polystyrene tracer particles. Their density is
1050 kg/m3. A volumetric flow rate Q of 1.02�10−3 m3/s was
used, and the obtained averaged cross-sectional velocity um
=Q /A was 7.72�10−2 m/s.

Two platinum �Pt� wires each with a diameter of 76 �m was
located about 1 cm from the channel upper wall. These wires
serve as cathode and anode for microbubble generation via elec-
trolysis. The first wire was located at a distance of 35.56 cm,
while the second wire, the anode, was at 11.43 cm along the
streamwise direction from the measurement area. When the power
supply delivers its current, hydrogen bubbles are produced on the
anode, while oxygen bubbles are generated on the cathode. The
anode produces a higher bubble density than the cathode, and the
bubbles are smaller. The influence of the Pt wires on the flow is
negligible, since the Reynolds number based on the wire diameter
is less than 10, and the wire is located at more than 1500 wire
diameters from the measurement zone.

The PIV system consisted of a high power laser, a high resolu-
tion charge coupled device �CCD� camera, a pulse generator, and
acquisition boards and software. The illumination source for the
PIV system was a dual oscillator Nd:YAG laser. Since the fre-
quency of the laser oscillators is fixed at 30 Hz each, a pulse
generator is utilized to fire each lamp at the desired time, and with
the required time separation between pulses. The maximum power
is rated at 400 mJ per pulse, for the 532 nm wavelength �corre-
sponding to green light�, but the actual maximum output power
achievable range is from 300 mJ to 350 mJ per pulse. The pulse
width is about 7 ns. A sketch of the PIV and optical setup is
shown in Fig. 1. This figure also shows the location of the Pt
wires.

PIV images are acquired by a high resolution CCD camera. A
typical image from a PIV measurement of the two phase boundary
layer is shown in Fig. 2. The camera resolution is 10 bits, 1016
�1016 pixels, and it runs at 30 Hz. This camera has a 1-in. CCD
array format, and the pixel size is 9 �m. The CCD camera also
has the trigger double exposure capability, which allows for ac-
quiring two successive frames every 30th of a second. In order to
do so, the data acquired during the first CCD array exposure is
moved to a transfer array in about 5 �s, and then the CCD array
is ready again to acquire new data. The data in the transfer array is
sent out to the imaging board. Therefore, correct synchronization
must be performed between the CCD camera and the laser system
light pulsing. A high accuracy pulse generator performs the
synchronization.

The exposure time for the first frame is only 0.128 ms, but for
the second frame the CCD array is exposed for 32.4 ms. Thus, the

Fig. 1 Sketch of the PIV setup
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first laser oscillator must be fired during the first frame exposure,
but the second laser light pulse can be fired anytime during the
32.4 ms that the CCD array is again exposed, so that the time
interval between two consecutive frames can be set as desired.
Clearly, this feature allows studying highly turbulent flows with a
high spatial resolution. In this work, the time separation between
images used was 1 ms, the view area was set to 1.05 cm2, and the
resolution of the camera was set to 8 bits, 1008�1012 pixels. The
velocity field acquisition rate, i.e. two successive frames with a
time separation of 1 ms was 30 Hz.

Data Processing
In this study, particle tracking routines based on the cross cor-

relation algorithm were employed. Two different programs were
used for particle extraction and tracking process. The resulting
velocity vectors from each application were then compared and
combined. This hybrid tracking technique greatly increased the
total number of velocity vectors used for the flow field analysis.
The first software allowed for online image processing and track-
ing of the particle fluid tracers. Thus, the image threshold and
tracking parameters can be easily and correctly set for a whole
data set. The particle extraction algorithm is based on the template
matching. The template is a one-dimensional pattern with three
points, which accelerates the particle detection �17�. The tracking
process is a binary correlation method �18�. Label matching and
median filter checking are used in a post-processing step to reduce
particle mismatching during the tracking process. This program is
considered robust and reliable for particle centroid determination
and tracking, as proven during the First International PIV Chal-
lenge �19�. Recently, this software has been improved. The recent
version of the software was tested at our lab with six different
synthetic image pairs of a strong vortex with different seeding
concentrations. These cases were obtained from the First Interna-
tional PIV Challenge.3 The number of vectors found with this
improved version increased and the root-mean-square �rms� error
in pixels was reduced from 0.433 to 0.362 which is about 16.2%
reduction in the error. This error reduction was obtained in five
out of the six benchmarked cases.

The second particle extraction and tracking program is a home-
developed routine by Hassan et al. �20�, and it has been improved
over the years. The particle centroid determination algorithm uses
a two-dimensional mask to determine the area of the particle im-
age, and then a center-of-mass calculation yields the particle im-

age centroid. The border of the spots is determined from the com-
putation of the average gray scale intensities on windows of given
dimensions. The influence of the average intensity of the sur-
rounding windows is also taken into account in the calculations.
Then, all those pixels with intensities higher than the average plus
a standard deviation are kept for the calculations. This allows
separating the different particle spot images in each window. The
obtained particles are then binarized and labeled for the cross-
correlation tracking step. Next, the pixels that belong to the same
spot are used for the computation of the centroid. This software
was also tested with the same image pairs mentioned above, yield-
ing a lower number of vectors, but similar results to those of the
first software with comparable rms error. Another advantage of
this software is that the search region can be predetermined. This
is particularly important in areas where the particle displacements
are small, as in the regions close to the wall. A consistency filter is
used to ensure vector quality.

In the tracking process, the flow field PIV images for single-
and two-phase flows were divided into multiregions parallel to the
channel wall, to resolve the high velocity gradient of the boundary
layer. Each image was divided into four strips normal to the y
direction with an optimum thickness for the tracking process. De-
termining the optimum thickness is to have a lesser number of
regions to accelerate the tracking process, while ensuring that the
magnitude and direction of the velocity vectors are consistent
within the region. Figure 3 shows a vector velocity field com-
posed of 40 instantaneous, consecutive, velocity fields. This figure
also shows the four regions used for the particle tracking, and the
velocity profile obtained once the whole data processing was com-
plete. The region thicknesses for this case were chosen to be �y
=1.1 mm, 2.1 mm, 5.7 mm, and 1.6 mm, for regions 1, 2, 3, and
4, respectively.

Once the velocity vectors are obtained from both particle track-
ing algorithms, they undergo a filtering process. The filters are
applied independently to the vector data sets from each tracking
process. The first filter is related to a specified cross correlation
value. In our case, to achieve high accuracy in velocity vectors,
only those vectors with a cross correlation coefficient value higher
than the average value of a whole vector data set are considered in
the flow field analysis. During this step usually about 50% of the
total vectors are removed. Next, neighbor and consistency filters
were applied. Some of the vectors can easily be determined as
erroneous vectors. These vectors were with direction and/or mag-
nitude far deviated from the neighbors. The filters’ function is to
remove vectors that are not within the average +/− a standard
deviation value of the magnitude and direction of the representa-
tive velocity vector in a small window. This step ensured that
velocity gradients were continuous along the x and y directions.
Then, those vectors close to the image boundaries are also re-
moved. In this step about 10% of the vectors are removed. In
total, only about 40% of the initially tracked vectors were kept for
the flow analysis after the filtering process. The remaining vectors
from each process are combined to one single file, where they are
compared to remove repeated vectors.

Once the velocity vectors from the hybrid-tracking scheme are
filtered, all the instantaneous velocity fields U=U�U ,V� are added

in a single data file. Then, mean velocity Ū= Ū�Ū , V̄� and fluctu-
ating velocity u=u�u ,v� fields are calculated. The Reynolds de-
composition relation was used here to obtain the fluctuating ve-

locity field, i.e.; u=U− Ū.
Finally, the velocity vector accurate positions from the wall are

determined. This y coordinate, from the wall, is important in the
computation of the wall friction velocity.

Single-Phase Boundary Layer Measurements
In this study, the single-phase measurements consisted of ten

image data sets. Each set was composed of 100 consecutive
1008�1012 pixel, 8-bit images. Thus, a total of 500 velocity3www.pivchallenge.org

Fig. 2 Typical image from a two phase boundary layer
measurement
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fields were obtained. However, because not all the images satis-
fied the minimum quality necessary for image processing, about
450 velocity fields were used for the final data analysis. The mean
cross-sectional velocity was 7.72 cm/s. The Reynolds number Re
based on the half height of the channel H is 3400. Based on the
hydraulic diameter, Re was 8570. The measurement zone was
located at L /2H=23.34.

Single-phase velocity vectors, of an average of 59,434 vectors
per data set, were used to calculate the mean velocity profile along
the y direction, within the measurement zone. Each point on the
velocity profile was computed by averaging all the velocity vec-
tors that fall in region sheets of 1008�20 pixels, with 50% over-
lapping. Two main issues are related to choosing the suitable grid
size for the ensemble average. First, it has enough data points on
the mean velocity profile to compute the friction velocity. Second,
the total number of vectors, used for the calculation of the average
velocity vector at each point of the velocity profile should be at
least the required minimum samples for achieving reliable statis-
tics. Regarding the number of vectors required for the ensemble
average, it was considered that about a 1000 velocity vectors per
strip is appropriate for the averaging process. This was, however,
not achievable for some of the microbubble laden flow data sets;
particularly, high void fraction sets. Taking into consideration that
not all of the strips could have the minimum vector quantity re-
quired, it was determined that at least 20 data points were required
to satisfactorily compute the friction velocity from the mean ve-
locity profile. For the reasons just discussed, it was concluded that
region sheets of 1008�20 pixels sizes were appropriate.

From the average of the ten mean velocity profiles, one from
each data set, it was determined that the boundary layer size � was
about 7.5 mm. This is based on the premise that at such a position
the mean velocity reached 99% of the velocity outside the bound-
ary layer, i.e.; �99�7.5 mm. The external velocity was considered
to be the mean cross-sectional velocity. Point statistics for the
mean and turbulence quantities were calculated with the total
number of instantaneous velocity vectors, which was 594,344 vec-
tors, assuming homogeneous flow in the streamwise direction.

Wall Friction Velocity
Friction drag reduction measurements require that the wall

shear stress �w is either directly measured or calculated from the

pressure drop. Once �w is known, the skin friction coefficient Cf
for the cases of drag reduction and without drag reduction can be
compared. Cf is calculated from

Cf =
�w

1

2
�um

2

�1�

which is equivalent to

Cf = 2� u�

um
�2

�2�

where � is the liquid density, and u� is the wall friction velocity.
For low Re, the pressure drop in a short distance requires very
high accuracy differential pressure transducers, which are not eas-
ily commercially available and are expensive. Moreover, the un-
certainty of such differential pressure transducers is of the same
order of the required measurements. The use of hot film probes or
hot wires is common for the measurement of wall shear stress, but
they may induce disturbances to the flow, especially close to the
wall. Another problem related to the use of pressure transducers,
hot wires, or hot films is that the presence of high voltages con-
taminates the actual sensor signal. In our particular case, these
kinds of sensors could not be employed because of the high volt-
age used for the electrolysis process, which introduced high inten-
sity noise. Thus, it was not possible to discriminate noise from the
actual signal of the pressure transducers. The height of the water
column at different streamwise positions showed no reliable mea-
surable difference either.

The PIV technique, and its derivative PTV in our case, allows
measuring the velocity field at regions close to the wall. From
these measurements u� can be determined, since in the viscous
sublayer u+=y+. Here u+ and y+ are the velocity and the normal
distance from the wall normalized with near-wall scales. How-
ever, it is necessary to determine the limit of the viscous sublayer
�y+=5� region, which is the distance from the wall, in physical
coordinates, that transition from the viscous layer to the buffer
zone occurs. Therefore, a rough estimation of u� needs to be ob-
tained, and then, the data points that fall in the viscous sublayer
can be used to determine the best estimate of u� value.

Fig. 3 Overlay of the velocity vectors from 40 consecutive instantaneous fields, and final velocity profile
after dividing the velocity field into multiregions for optimum tracking
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In this study, three approaches are performed to evaluate u�
value: namely, from the Blasius equation, power law, and Durst
et al. method.

For flow in conducts, the Blasius equation for the friction factor
can be used to calculate u� as a first approximation, since Cf is a
function of Re. For channel flow, the relationship between Cf and
Re is given by

Cf = 0.073Rem
−1/4 �3�

where Rem is the Reynolds number based on the mean flow, that
is,

Rem =
2Hum

�
�4�

where � is the kinematic viscosity of the liquid.
Another option to approximate the trial of u� is to use the power

law form for the mean velocity distribution, instead of the tradi-
tional Law of the Wall, of a turbulent boundary layer

u+ = Cy+� �5�

In this case, for channel or pipe flow, u� can be computed from
�21�

u�

d

�
= �Rem2���1 + ���2 + ��

	3 + 5�

1/�1+��

�6�

where

� =
3

2 ln Rem
�7�

and d is the pipe diameter or the channel height. The value of C in
Eq. �5� is calculated from

C =
	3 + 5�

2�
�8�

The main problem in calculating u� from velocity measure-
ments in the viscous sublayer is that very few data points can be
obtained, and the measurement uncertainty can be high, due to
closeness to the wall. To avoid this problem, Durst et al. �22� have
proposed an alternative method to estimate u�. This method allows
using points up to a distance y+=12 and therefore more data
points can be used to determine u�. This method consists of ex-
panding the fluctuating components of the velocity vectors in a
Taylor series to approximate the Reynolds stress in the near wall
region. This approximation is substituted into the momentum
equation. Then, u� and the distance to the wall correction y0 are
computed from the solution to the polynomial using least-squares
fitting �Eq. �9��.

Ū =
u�

2

�
�y − y0� −

u�
2

2R�
�y − y0�2 + D�y − y0�4 + E�y − y0�5 �9�

In Eq. �9�, R is the pipe diameter or the channel half height H. The
parameters D and E have insignificant contribution, so they can be
either included or ignored in the computations of u�. Our experi-
ence indicates that these two parameters slightly improve the final
result of u�. If they are not considered in the computations, it will
generally require more iterations to reach the same final value of
u�. The wall correction y0, on the other hand, can be used as free
parameter to accelerate the calculations and improve results. The
y0 parameter can be obtained with high accuracy during the image
calibration where the channel wall can be accurately determined,
either before or after the experiments. Since y0 is considered al-
ready known, and D and E can be ignored, consequently, Eq. �9�
reduces to

Ū =
u�

2

�
y −

u�
2

2R�
y2 �10�

which is equivalent to

Ū+ = y+ −
1

2R+ y+2
�11�

where

R+ =
Ru�

�
�12�

is the dimensionless pipe radius, and is replaced by nondimen-
sional channel half height H+ for channel flows.

To achieve a first approximation of u�, the Blasius equation or
the power Law can be used. Iterations for each point that satisfies
y+	12 are performed using Eqs. �11� and �12�, until u� con-
verges. Finally, an average value of u� can be calculated. Figure 4
shows a comparison of the nondimensional velocity profile, ob-
tained from the average of all ten single phase data sets, using u�
from each of the methods described above. It also includes the
Law of the Wall and the power law profiles. In this figure, Durst,
Blasius, and power, refer to the u� value used for the calculation
of the wall variables, computed from each respective method.
Clearly, the Durst et al. method shows the best agreement with
both the Law of the Wall and the power law in the log region.
Therefore, we selected the Durst et al. method for the calculation
of u�. The Law of the Wall is given here by Schlichting and
Gersten �23�

u+ = y+ 0 	 y+ 
 5 �13�

for the pure viscous sublayer

u+ =
1

�
�1

3
ln� �y+ + 1

	��y+�2 − �y+ + 1
� +

1
	3
�arctan�2�y+ − 1

	3
�

+
�

6 �
 +
1

4

ln�1 + 
By+4

� 5 
 y+ 
 70 �14�

where 
=0.41, A=6.1�10−4, B=1.43�10−3, �= �A+B�1/3

=0.127 for the buffer layer; and finally for the overlap or logarith-
mic layer

u+ =
1



ln�y+� + C+ y+ � 70 �15�

where

C+ =
2�

3	3�
+

1

4

ln�
B� = 5.0 �16�

In our case, we did not reach the overlap layer in any of our
measurements. In this case, the power law is given by

u+ = 7.60y+0.170
�17�

The Law of the Wall approach better described our measurement
data within the boundary layer. It is known that the power law is
not valid in the region y+	30, as also confirmed in Fig. 4. It has
also been argued that the Law of the Wall is not valid in the same
region; however, our data show a reasonable agreement.

Two-Phase Boundary Layer Measurements
The microbubbles were generated at a distance of 1 cm from

the top wall. The measurement zone was about 35 cm from the Pt
wire position. Prior to the PIV measurements, images of the
bubbles generated via the electrolysis process were taken. From
these images, and using the Pt wire diameter �76 �m� size as
reference, the microbubble diameter was determined, at different
liquid flow rates. About 60% of the generated microbubbles had a
diameter less or equal to 40 �m at a liquid velocity of 10 mm/s,
with two main peaks at 26.6 �m and 30.4 �m, as shown in Fig. 5.
This study involved a higher flow rate. Consequently, the ex-
pected microbubble size generated by electrolysis had a peak less
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than 30 �m. Ten image data sets of the microbubble laden flow
were acquired at the same liquid flow rate in the single-phase flow
test case. Due to the buoyancy, microbubble accumulation oc-
curred at the top wall. This can be seen at the upper part of the
image in Fig. 2, and thus resulting in an increase of the void
fraction in the measurement volume. An average of 45 velocity

fields �90 frames� were obtained from each data set. The average
number of vectors per data set was above 70,000.

In several experimental studies, it is indicated that the drag
reduction increases as volumetric bubble concentration, � in-
creases, until a maximum value of the drag reduction is reached
�1,5,6�. No increase in the drag reduction was observed beyond

Fig. 4 Comparison of the mean velocity profile in the single phase boundary layer, using the three
different methods shown to compute the wall friction velocity

Fig. 5 Microbubble size distribution at a liquid velocity of 10 mm/s
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this value during the increase in �. Drag reductions as high as
80% were achieved with a value of �=25%, reported by Fontaine
et al. �6�. However, � was about 40% in the study of Madavan
et al. �5� for the same 80% drag reduction gain. Note that two
different geometries were employed in the mentioned studies, but
similar definitions for the volumetric liquid flow rate Ql were
used. However, since void fraction � is not necessarily equal to �,
a correlation between � and drag reduction is not clear at present
time.

In principle, both size and spatial distribution of the mi-
crobubbles are obtained from PIV data. The distinction between
particle fluid tracers and microbubble images was performed us-
ing both the area and brightness of the image spots. Microbubble
images have larger area and higher gray level than the tracer im-
ages. In this study, low local void fractions were produced, i.e.,
less than 5%. Such low void fractions allow the use of the PTV
technique for the velocity field measurements of both dispersed
and continuous phases. Although the microbubble production rate
was kept constant during all the measurements, there was mi-
crobubble accumulation at the channel top wall. The thickness of
this bubble layer at the top wall depends on the liquid velocity for
each different test. In this study, the total void fraction in the
measurement volume was calculated by adding the contribution of
the top wall bubble layer plus the freely flowing microbubbles
within the viewing volume, that is

� = �bl + �fb �18�

where �bl is the void fraction of the layer of accumulated mi-
crobubbles at the channel top wall �wall-bubble layer�, and �fb is
the void fraction due to microbubbles that transport with the flow
�free bubble�. The first part of � was computed assuming that the
bubble layer occupied volume of a rectangular box Vbl, that is,

Vbl = l � b � h , �19�

where l is the image size along the x direction �1008 pixel
=10.54 mm�, b is the laser light sheet width ��1 mm�, and h is
the bubble layer thickness which accumulated at the top wall. This
parameter h varied from 15 to 63 pixels, and thus, �bl varied from
1.5% to 6.2%. Particularly, the second contribution �fb did not
change, in practice, during the experiment under same flow con-
dition. A maximum of 300 microbubbles was found on the images
representing the contribution of �fb. Therefore, the value of � is
close to the value of �bl. However, the distribution of the freely
moving microbubbles in the boundary layer ��fb distribution� was
proved to be a key parameter in achieving the drag reduction. In
this study, it is found that the local distribution and profile of �fb
in the boundary layer have paramount influence on the drag
reduction.

Figure 6 shows the �fb distribution versus y, the normal dis-
tance from the wall, for five different two phase microbubble/
water data sets. The void fraction values shown in the figure are
for the total value of � within the viewing volume. It can be noted
that the different data sets do not have a common initial point.
This reflects the thickness of the microbubble layer at the top of
the channel wall. Also, these profiles do not start at a value of
zero; however, the number of microbubbles at the initial point is
small. In these data sets, the distribution clearly indicates two
peaks. The first peak appears just after the bubble layer �y+�5�,
and the second peak at about the middle of the measurement area
�y+�25�. The first peak is quite narrow compared to the second
one, in which a gradual increase and decrease can be seen. It is
also noted that the maximum value of � of 5.7% does not corre-

Fig. 6 Distribution of the freely moving microbubbles in the boundary layer, for five different drag reduction
values
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spond to the highest peaks at y+�25. Beyond a distance of about
10 mm from the wall, the bubble distribution rapidly falls towards
zero.

Drag Reduction Results
In this study, the drag reduction was calculated based on the

measurements of the wall friction velocity u�. To calculate the
drag reduction �DR� we use the ratio of the skin friction coeffi-
cient of the microbubble laden turbulent boundary layer Cf to the
skin friction coefficient of the liquid single-phase turbulent bound-
ary layer Cf0. This ratio is equal to the ratio of the wall shear
stress of the microbubble/water flow �w to the wall shear stress of
the single liquid flow �w0 case. Thus, using Eq. �2�, the percent
drag reduction was calculated from

DR = 100 � �1 − � u�

u�0
�2
 �20�

It is known that an increase in the void fraction in the boundary
layer leads to an increase in drag reduction, until a maximum
value is reached. In this study, the magnitude of local microbubble
void fraction in the buffer zone is found to be the key parameter in
drag reduction. The stagnant bubble layer at the top of the channel
wall has practically insignificant effect on the drag reduction. Fig-
ure 6 shows that the first peak of the microbubble PDF, which is
located in the viscous sublayer, does not play an important role in
the drag reduction phenomenon. In addition, Fig. 6 indicates that
although the void fraction profiles are similar, those profiles with
microbubble accumulations within the zone from y+�15 to 30
achieve higher drag reductions. For example, the case of �
=5.1% yields higher drag reduction than the case of �=5.7%.
This is due to a higher local void fraction within this critical zone
�y+�15 to 30� for the case of �=5.1%. By injecting more mi-
crobubbles, the probability of obtaining more bubbles in the
buffer zone increases. This is the first time, to our knowledge, that

present experimental local information confirms that high percent-
age drag reductions can be achieved with very low local void
fractions, once they are within the critical zone.

Figure 7 shows the effect of the void fraction on the streamwise
component U of the liquid mean velocity distribution across the
normal distance from the wall. With larger values of the mi-
crobubble void fraction in the critical zone �see Fig. 6�, smaller
velocity gradients near the wall are obtained. This figure clearly
shows a decrease of the slope dU /dy as drag reduction reaches
higher values. It is an indication of the thickening of the viscous
layer. It is interesting to note the close similarity of velocity pro-
file, and drag reduction, produced with two quite different values
of void fraction, �=2.6% and �=4.4%. However, the mi-
crobubble accumulation within the critical zone, y+�15 to 30, has
practically the same values, as shown in Fig. 6. This again con-
firms that the �fb distribution is a paramount parameter in the drag
reduction phenomenon by microbubble injection in the boundary
layer.

The velocity profiles shown in Fig. 7, normalized by the wall
friction velocity, are presented in Fig. 8. Note in this figure that
the viscous sublayer grows up to a distance of y+�12 �compared
to the limit y+=5 for single phase� for the higher drag reduction
cases. The log-law region is retained, but it is displaced upward
and parallel to the single-phase case. A similar behavior is ob-
tained with surfactants and polymers �24,25�. Increasing the local
void fractions within the critical zone deviates more from the
single phase flow law of the wall in the buffer and logarithmic
regions, as clearly shown in Fig. 8. The figure further indicates
that the data, for the obtained different drag reduction cases, fol-
low closely the curve u+=y+ up to y+�12. Then, they tend to
preserve a profile closer to linear, in the log scale, than the single
phase case up to y+�20, where the log-law profile starts becom-
ing apparent. It is clear that the transition from the modified buffer
to log-law regions is not as smooth as it usually develops for the
single phase flow cases.

Fig. 7 Modification of the profiles of the streamwise component of the liquid mean velocity vector across the two
phase boundary layer, for five different drag reductions, in physical coordinates
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To explain the drag reduction phenomenon, Xu et al. �3�, from
their numerical simulation results, suggested three mechanisms
involved: the initial seeding location of microbubbles, density ef-
fects, and specific correlations between microbubbles and liquid
turbulence. The increase of drag reduction with increasing void
fraction has been reported, and the modification of the turbulence
in the boundary layer was also measured. In this work, it is also
shown that the location of the microbubbles is a key parameter in
the description of the phenomenon. One way to address the buoy-
ancy influence in the microbubble drag reduction is to determine
the modification of the normal component of the liquid mean ve-
locity vector V across the boundary layer with various drag reduc-
tions and/or the void fraction magnitudes. Figure 9 demonstrates
this effect. It is clear that for the high drag reduction case
�41.9% �, V is moving away from the wall �positive direction�. On
the contrary, the lowest drag reduction case shows a tendency to
move toward the wall. The rest of the cases are not shown to
avoid overcrowding the figure. However, similar trends are ob-
tained, i.e., normal velocity components of liquid phase are posi-
tive �away from the wall� with high drag reduction, and moving
toward the wall for low drag reduction �DR
20% �. It should be
mentioned that the bulk velocity in this experiment was low. Fig-
ure 9 indicates that the buoyancy effect only cannot explain com-
pletely the drag reduction phenomenon. Ferrante and Elghobashi
�14� concluded, from their numerical simulation results, that the
drag reduction was caused almost entirely by a velocity diver-
gence effect, associated with the void fraction, since the presence
of microbubbles generated a local positive divergence of the fluid
velocity, creating a positive mean velocity normal �and away
from� the wall.

All the cases investigated by Ferrante and Elghobashi show the
positive divergence of the fluid velocity. However, the data, in
Fig. 9, for the case of lowest drag reduction �10.1%� shows V
going toward the wall �negative direction�, while in the 27.5% and
24.2% cases �not shown in the figure� the data points spread no-

ticeably between the trend lines. Although this could be a conse-
quence of the high uncertainty of this velocity component, con-
sidering its small magnitude, it also indicates that a threshold
value for the void fraction is required, for the velocity gradient
effect to occur. Figure 9 can also be used to estimate the error of
the normal velocity component. This can be deduced from the
average normal velocity profile for single liquid phase flow test.
The mean error value was −0.24 mm/s, with a standard deviation
of 0.23 mm/s. It is clear from the figure that the error reduces as
moving farther from the wall. If the error for each of the four
tracking segmented regions as illustrated in Fig. 3 is considered,
the rms error of the normal velocity component is 0.42 mm/s,
0.30 mm/s, 0.11 mm/s, and 0.08 mm/s, for regions 1, 2, 3, and
4, respectively. The first two values of the rms error are higher
than those computed from the error propagation formula, as it will
be shown in the measurement uncertainty section. It is clear that
better resolution of the normal velocity components near-wall re-
gion is required.

Vorticity fields were derived from the measured velocity fields
for the single- and two-phase flow cases. The spanwise z compo-
nent of the mean vorticity field was computed with central finite
differences, from the measured velocity fields of the continuous
phase. In this calculation, the velocity fields were divided into
regions of 60�60 pixels, with 50% overlapping. The vorticity
results showed a similar finding of drag reduction by polymer and
surfactant injection �25,26�. Regions of high vorticity decrease as
drag reductions increase. Figures 10–12 show the z component of
the mean vorticity field for three different drag reduction cases of
10%, 27.5%, and 41.9%, respectively. The single-phase vorticity
field is about the same as the case of 10% drag reduction. The
reduction of vorticity magnitude occurs close to the wall as the
drag reductions increases. It indicates that microbubble/turbulence
interactions occur in the buffer zone, leading to a destruction of
vorticity structures within the transition region from viscous to the
buffer zone. These results plus the findings related to the modifi-

Fig. 8 Modification of the profiles of the streamwise component of the liquid mean velocity vector across the two
phase boundary layer, for five different drag reductions, in wall coordinates
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cation of the components of the mean velocity vector infer that
drag reduction by microbubble injection is not a simple conse-
quence of density effects only.

Measurement Uncertainty
The uncertainty in the velocity measurements obtained using

PTV is a direct consequence of a combination of errors from two
main sources. These are the localization of the centroid of the seed
particle and microbubble images and their displacements in the
two-dimensional �2D� images, and the uncertainty of how well the
tracer particles follow the actual fluid motion. This last uncer-
tainty can be determined utilizing the particle Stokes number,
which is calculated as the ratio of the relaxation time of the seed
particle to the characteristic time of the flow. The particle relax-
ation time �p, also known as the momentum or velocity response
time, is the time needed by a seed particle to reach the value e−1U,
if the particle was initially at rest. Here U is the fluid velocity. The
time �p can be computed from

�p =
�2�p + � f�dp

2

36� f
�21�

where � is the density, d the seed tracer diameter, � the viscosity,
and the subscripts p refers to particle properties, and f to the fluid
properties. In this experiment, �p=1050 kg/m3, � f =1000 kg/m3,
dp=6�10−6 m, and � f =1002�10−6 kg/ �m s�. Thus, the relax-
ation time of the seed was calculated to be 3.0 �s.

The fluid time scale � f is the time needed by the fluid to be
advected within a characteristic length L, at a velocity U, that is

� f =
L

U
�22�

To compute the characteristic time of the flow, the seed tracer
mean diameter and the average cross-sectional velocity of the liq-
uid were used. The resultant fluid time scale is 77.7 �s. Then, the
resulting Stokes number �p /� f is 3.9�10−2. Therefore, the 6 �m
seed particles closely followed the fluid motion changes, and
therefore did not significantly contribute to the total error.

The major source of error in this experimental investigation is
the uncertainty in determining the centroid of the spot images of
both the tracer particles and microbubbles. The error in locating
the centroid displacements depends on the optical parameters of
the camera, lenses, laser, and the algorithm for finding the
particle-image centroid. As mentioned before, two different soft-
ware applications were used for spot centroid finding and particle
tracking. In both cases, the centroid is computed using the center-
of-mass location method, by weighing every pixel with the value
of its intensity, that is, if I�x ,y� is the gray scale pixel intensity at
the position �x ,y� on an tracer seed particle or microbubble spot
image, the center-of-mass location is given by

Fig. 10 z component of the mean vorticity field for the drag
reduction of 10.1% case

Fig. 9 Modification of the profiles of the normal component of the liquid mean velocity vector across the two
phase boundary layer, for the highest and lowest cases of drag reduction, in physical coordinates
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�x0,y0�center-of-mass =

�
spot area

�x,y� � I�x,y�

�
spot area

I�x,y�
. �23�

The centroid in this case is called the first-order moment. This
algorithm requires a precise determination of the spot image bor-
der. This kind of algorithm has typical errors smaller than 0.01
pixel for simulated ideal particle images �27�. However, the error
increases as the noise increases and the spot image size decreases.

By applying image calibration, a rms error of 0.1 pixel in calcu-
lating the particle image centroids was determined. Using the tests
of the PIV Challenge �19�, it was found a rms error of 0.4 pixel
for the displacement on two consecutive frames, for the home-
made software application. This error was assumed as the overall
error of the measurements, although the other algorithm had a
small rms error of 0.25 pixel.

The uncertainty of the components of the velocity vector can be
computed through the error propagation formula. This relationship
assumes that if the errors associated to a measurement are small

Fig. 11 z component of the mean vorticity field for the drag reduction of 27.5% case

Fig. 12 z component of the mean vorticity field for the drag reduction of 41.9%
case

Journal of Fluids Engineering MAY 2006, Vol. 128 / 517

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



and symmetric around zero, the uncertainty associated to any
quantity �s derived from, for example, three measurements is
given by

�s
2 = � �s

�r1
�2

�r1
2 + � �s

�r2
�2

�r2
2� + � �s

�r3
�2

�r3
2� �24�

where r1, r2, and r3 are the values of the measurements, and �r1,
�r2, and �r3, are their respective associated errors. Thus, to calcu-
late the uncertainty of the components of the instantaneous veloc-
ity vectors U=U�U ,V�, we first note that the velocity components
are calculated from the subtraction of the coordinates of the posi-
tion vector X=X�x ,y� divided by the time interval between laser
pulses �t. Thus, using Eq. �24�, the rms error value of 0.4 pixel
implies an error of 0.28 pixel in the calculation of the particle
image centroids for the two particle images needed in calculating
the displacement. In terms of velocity units, the rms error is then
4.18 mm/s for each velocity component. This value is determined
considering negligible error in the time separation between frames
�1 ms�, and the 0.4 pixel error of the particle image displacement.
Although 4.18 mm/s seems a high value, only the first two or
three grid points along the y direction had velocity values lower
than 10 mm/s. The percentage rms value with respect to the av-
erage velocity in the channel is about 5.4%.

The friction velocity u� was computed from the average value
of the U component at each different y position. Therefore, the

uncertainty of u� relates to that of Ū, which, in turn, comes from
the error of the instantaneous values of U. The uncertainty �

associated to the components of the mean velocity vector Ū

= Ū�Ū , V̄� can be calculated, using again Eq. �24�, from

�Ū,V̄ =
�U,V

	n
�25�

where n is the total number of samples employed in the average
calculation. The value of n was 1000, except for about the first
four or five grid points, out of at least 21 grid points used in the
computation of u�, as previously indicated. Thus, �Ū,V̄
=0.13 mm/s. This is a top value for the uncertainty in the calcu-
lation of u�. Finally, the maximum calculated error of the drag
reduction is about 6.9%, i.e., �DR=6.9%.

For the vorticity uncertainty, using again the error propagation
formula, it can be shown that ��z=�Ū /�x. Now, since there were
at least 100 velocity vectors in each grid point, �Ū,V̄
=0.42 mm/s and �x=0.63 mm, ��z=0.67 Hz.

The total void fraction was considered to have contributions of
a bubble layer formed at the top wall of the channel, plus the
microbubbles freely flowing in the view volume. Practically �
=�bl as is estimated from Eq. �18�. Thus, it is considered that the
uncertainty in the calculation of �fb, �fb, can be neglected in the
calculation of the total error associated with �. To determine the
value of �bl, the images were enhanced and expanded, so the
boundary of the bubble layer could be accurately obtained. There-
fore uncertainty associated to � is considered to be 2 pixels
�0.021 mm�.

Conclusions
The presence of microbubbles within the critical zone of the

buffer layer yields a drag reduction similar to the results obtained
from drag reduction due to the addition of surfactants and poly-
mers. The thickening of the viscous zone and upward shifts of the
logarithmic region are observed. It was also shown that the mi-
crobubble layer formed at the channel top wall has no major role
in drag reduction. The present data suggest that the most impor-
tant aspect in achieving high drag reductions is the accumulation
of microbubbles in a critical zone in the buffer layer, from y+

�15 to y+�30. It indicates that there is a minimum critical mi-
crobubble void fraction necessary to achieve drag reductions of

about 20% or higher. It is the first time, to our knowledge, that
high percentage drag reductions can be achieved with low local
void fractions.

The vorticity fields also show similarities to drag reduction
characteristics by polymer and surfactant injection. The reduction
of vorticity magnitude occurs close to the wall as the drag reduc-
tions increases. The modification of the normal and streamwise
components of the mean velocity vector across the two-phase
boundary layer has been presented and discussed. It is shown that
for the high drag reduction cases the normal velocity component
shifts away from the wall indicating a positive value of the normal
velocity component. This phenomenon is not clear yet for the low
drag reduction cases, where measurement uncertainty could be an
important issue. The results obtained so far lead to the conclusion
that drag reduction by microbubble injection is not a simple con-
sequence of density effects, but is an active and dynamic interac-
tion between the turbulence structure in the buffer zone and the
microbubbles concentration in this region.
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A Computational Study of the
Flow Around an Isolated Wheel in
Contact With the Ground
The flow around an isolated wheel in contact with the ground is computed by the Un-
steady Reynolds-Averaged Navier-Stokes (URANS) method. Two cases are considered, a
stationary wheel on a stationary ground and a rotating wheel on a moving ground. The
computed wheel geometry is a detailed and accurate representation of the geometry used
in the experiments of Fackrell and Harvey. The time-averaged computed flow is examined
to reveal both new flow structures and new details of flow structures known from previous
experiments. The mechanisms of formation of the flow structures are explained. A general
schematic picture of the flow is presented. Surface pressures and pressure lift and drag
forces are computed and compared to experimental results and show good agreement.
The grid sensitivity of the computations is examined and shown to be small. The results
have application to the design of road vehicles. �DOI: 10.1115/1.2175158�

1 Introduction
The flow around a wheel in contact with the ground is of im-

portance in the field of road vehicle design and aerodynamics.
Wheels can have a significant influence on the flow around road
vehicles. This is particularly so for open-wheeled racing cars
where the wheels contribute some 40% �1� of the total drag and
introduce considerable complexity to the flow around other ele-
ments of the car. Wheels are also a major contributor to the noise
generated by ordinary road vehicles �2� such as cars and trucks.
Despite the obvious practical importance of the flow that remains
poorly understood. The current understanding, based on assump-
tion and limited experiment, falls short of the detailed understand-
ing of similar bluff body flows such as that around a cube �3� or a
simplified vehicle body �4�. A factor in this is undoubtedly the
difficulties that arise when one tries to measure the forces and
pressures acting upon a wheel rotating in contact with the ground.
Computational approaches may offer a means to study the flow
that avoids some of these difficulties.

A number of attempts have been made to measure the aerody-
namic forces acting upon a wheel in contact with the ground.
These attempts have met with varying levels of success. Two ba-
sic methods have been tried and they are described in this paper
by the terms direct and indirect. The direct method is to measure
the aerodynamic forces using a wind tunnel balance or, more re-
cently, a load cell. The problem with this method is the interfer-
ence of unknown and variable contact forces acting between the
wheel and the ground. This is principally a problem for the lift
force measurement since the contact forces act parallel to the lift
force. The indirect method is to measure the surface pressure,
using an electronic system inside the wheel, and integrate over the
surface to derive the aerodynamic forces. Although this avoids the
problem of contact forces it brings with it the considerable prob-
lem of putting sensitive electronics inside a rapidly rotating wheel.

Morelli �5,6�, Stapleford and Carr �7�, and Cogotti �8� made
aerodynamic force measurements using the direct method. In each
case a fixed ground plane was used and a small gap left between
the wheel and the ground to allow rotation by a motor. In one set
of experiments, Stapleford and Carr �7� also used a moving
ground and left a small gap to avoid the interference of contact
forces. For the experiments with a fixed ground, Stapleford and

Carr �7�, and Cogotti �8� sealed the gap with strips of paper and
foam rubber, respectively. The results indicated that the stationary
and rotating wheels both produced positive lift when the gap was
sealed. If the gap was left unsealed, for the rotating wheel only,
negative lift was produced. The rotating wheel, with the gap
sealed, produced less lift and less drag than the stationary wheel.
These results demonstrated that a wheel must be in actual or
effective contact with the ground for a correct experimental
simulation.

Most studies of road vehicles, particularly those that operate in
ground effect, are conducted with a moving ground to eliminate
the ground boundary layer beneath the vehicle. As such actual
ground contact for wheels is the only practical option and direct
lift force measurements have long been unfeasible, although direct
drag force measurements have been possible with wheel drag load
cells for some time. Recent advances in load cell and moving
ground technology have made it possible to make direct lift force
measurements with the wheel in contact with the ground. Rather
than suspending the wheel from a wind tunnel balance the wheel
rests on a load cell beneath the moving ground belt. Waschle et al.
�9� used this approach and reported results in qualitative agree-
ment with the earlier work of Stapleford and Carr �7�, and Cogotti
�8�.

Fackrell and Harvey �10–12� made the first, and probably best
known, aerodynamic force and pressure measurements with the
indirect method. A moving ground was used and the wheel could
be configured with a range of tread widths and sidewall profiles.
The results confirmed the lift and drag force characteristics ob-
served in the earlier work of Stapleford and Carr �7�, and Cogotti
�8�. For the rotating wheel, they predicted and observed a sharp
positive pressure peak, at roughly CP=2, immediately upstream of
the line of contact between the wheel and ground. It was proposed
that the pressure peak was the result of a “pumping” effect that
occurs as the boundary layers on the moving wheel and ground
surfaces are forced towards the line of contact before emerging in
a jet at the edges of the wheel. They regarded this as a unique
feature of the rotating wheel flow and one that had an important
influence on the surrounding flowfield. Based on the same consid-
erations a negative pressure peak, downstream of the line of con-
tact, was predicted but not observed.

Recently, Hinson �13�, Whitbread �14�, Skea et al. �15�, and
Mears et al. �16–18� have also made aerodynamic force and pres-
sure measurements by the indirect method. A quantitative com-
parison of these results and Fackrell and Harvey’s �10–12� results
is not meaningful since a different wheel geometry was used in
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each study. On a qualitative basis the comparison of rotating
wheel surface pressures is good all around but near the line of
contact it is poor. Hinson �13�, Whitbread �14�, and Mears et al.
�16–18� observed a positive pressure peak followed by a negative
peak and a series of large amplitude negative pressure oscillations.
Skea et al. �15� observed neither peak. The pressure oscillations
have a frequency that is independent of velocity and closely simi-
lar to the natural frequency of the pressure sensors. The nonaero-
dynamic character of these pressure oscillations leads us to sug-
gest that their origin is in the resonant response of the pressure
measurement systems. A pressure measurement system inside a
rotating wheel is exposed to a very rapidly changing pressure
distribution. The influence of response characteristics and reso-
nances within the system, from the pressure sensor, tubing, and
electronic components is likely to be critical.

The flow around a wheel, and in particular the wake, has been
the subject of a number of studies. Fackrell and Harvey �10–12�
measured the total pressure in the wake. They observed that the
wake of the rotating wheel was taller and narrower than that of the
stationary wheel. The taller wake was indicative of earlier sepa-
ration and this was confirmed by the surface pressure measure-
ments. The narrowing of the wake with wheel rotation was unex-
pected since the proposed jetting behavior at the line of contact
should logically have caused the wake near the ground to widen.
The observation was attributed to the existence of a horseshoe
vortex upstream of the stationary wheel, which was not present
for the rotating wheel, however, no experimental confirmation was
made.

Cogotti �8� proposed a model to describe the flow around a
wheel. In this model, the wake consisted of three pairs of coun-
terrotating vortices, one each from the top and bottom of the
wheel and one from the hub cavity. Later, a similar model was
proposed by Mercker et al. �19� though the sense of rotation of the
vortices was different. Both of these models were based on theo-
retical assumptions and had no basis in experiment. Bearman et al.
�20� made measurements of total pressure and vorticity in the
wake of Fackrell and Harvey’s �10–12� wheel. They observed a
counterrotating vortex pair on the ground with the sense of rota-
tion, as viewed from behind, being clockwise and anti-clockwise
for the left and right vortices, respectively. The vortices behind the
rotating wheel were weaker than those behind the stationary
wheel. No other vortices were observed although this may have
been due to the measurement plane being two and half wheel
diameters downstream. Further measurements by Mears et al.
�17,18� and Waschle et al. �9� confirm the existence of the ground
vortices but again no other vortices were observed.

Axon et al. �21,22� made the first computational study of the
flow around a wheel. The Steady Reynolds-Averaged Navier-
Stokes �SRANS� method, with the two-layer RNG k−� turbulence
model, was used to calculate the flow around the wheel referred to
as “B2” in the experiments of Fackrell and Harvey �10–12�. The
complex hub and sidewall profile of the experimental wheel were
reduced to a flat sided cylinder with radiused edges for the com-
putations. Computed results for forces, pressures and wake total
pressure were reported to be in qualitative agreement with the
experimental results. For the rotating wheel, the computed surface
pressure formed a positive peak of CP=1.8 upstream of the line of
contact. A negative peak was not observed. The computed point of
separation was 30 deg downstream of the experimentally ob-
served position of 280 deg. Computed lift and drag coefficients
were CL=0.476 and CD=0.602, an overprediction of 8.2% and
3.8%, respectively. A number of similar studies have been made
by Skea et al. �15,23�, Kellar et al. �24� and Knowles et al. �25�. A
single URANS study was made by Basara et al. �26�. Unfortu-
nately, disparate wheel geometries and limited results make these
studies of limited use in assessing the accuracy of the computa-
tional methods when applied to the wheel flow.

Waschle et al. �9� computed, using SRANS and Lattice-
Boltzmann methods, the flow around an accurately modelled rep-

resentation of their experimental wheel geometry. Quantitative
comparisons of forces and wake velocities showed that SRANS,
with the two-layer standard k−� turbulence model, gave the best
overall results for the rotating wheel. Computed force coefficients
were CL=0.341 and CD=0.531. Compared to the directly mea-
sured experimental force coefficients, of CL=0.315 and CD
=0.566, the errors were 8.3% and −6.2% for lift and drag respec-
tively. Computed velocities in the wake had an average error,
depending on the plane examined, of 6–10%. SRANS, with the
log-law standard k−� turbulence model, and Lattice-Boltzmann
methods showed similar, though inferior, levels of accuracy. The
main experimentally observed feature of the wake, a pair of
ground vortices, was captured by all computations.

Mears et al. �18� used the same computational approach to cal-
culate the forces acting on their experimental wheel. A quantita-
tive comparison with experimental forces, indirectly measured
with their pressure measurement system, showed significant dif-
ferences of −31% and 8.9% for lift and drag, respectively. The
computed force coefficients of CL=0.29 and CD=0.61 were simi-
lar to the values reported by Waschle et al. �9� for their similar
wheel geometry. A point made by Mears et al. �18�. Two alterna-
tive measurements of drag, from a drag load cell and from the
integration of wake momentum deficit, both put the drag at CD
=0.63, a figure that agrees better with the computed drag. The
results raise the question of the accuracy of force measurements,
particularly of lift, made with the indirect method. The problems,
noted earlier, with surface pressure measurements would primarily
affect the accuracy of the lift force measurement, as is seen to be
the case here.

This paper has three aims: First, to present a URANS compu-
tation of the flow around the exact wheel geometry studied by
Fackrell and Harvey �10–12�, and to compare this to their experi-
mental results. Their study is the most detailed and often refer-
enced work on the flow. We acknowledge that the highly sepa-
rated three dimensional flow around the wheel is far removed
from the thin shear layers used for RANS turbulence model cali-
bration. However, RANS is the method of choice for vehicle aero-
dynamic simulations. A situation that will not change for the fore-
seeable future because of the prohibitive computational expense
of alternative approaches. As others have demonstrated, and we
demonstrate here, the RANS method is capable of capturing the
mean flow structures with good accuracy. Second, to gain an un-
derstanding of the mean flow, its constituent structures and their
mechanisms of formation. Based on this a general schematic pic-
ture of the flow is presented. Third, the study will hopefully
clarify the understanding of the flow and resolve some of the
uncertainties arising from previous studies.

The paper is organized as follows. Section 2 describes the com-
putational approach, including numerical methods, turbulence
modeling, and boundary conditions. Section 3 examines the com-
putational results for flow structures, surface pressures, and
forces. Computational results are compared to experimental re-
sults. Grid sensitivity and turbulence modeling are examined. The
paper concludes with a discussion in Sec. 4.

2 Description of Computations

2.1 Wheel Geometry and Flow Conditions. The computa-
tions model the experimental configuration used by Fackrell and
Harvey �10–12�. A range of tread widths and sidewall profiles
were used in their experiments. We chose to study a single wheel
geometry, described in their nomenclature as “A2,” for which the
most detailed rotating results were reported. A set of coordinates
describing the wheel profile was determined by scanning and
carefully measuring Figs. 2-1 and 2-2 in �11�. The wheel has a
diameter of 0.416 m and a breadth of 0.191 m. Further details of
the wheel dimensions are shown in Fig. 1.

The experiments were conducted at a Reynolds number, based
on wheel diameter, of 5.3�105. This corresponds to a flow veloc-
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ity of 18.6 m/s. The freestream turbulence was stated to be “about
0.2%.” The computational analysis was conducted at the same
Reynolds number and turbulence level. The flow was modeled as
incompressible because of the low Mach number �approximately
0.05�.

2.2 Governing Equations. The governing equations are the
incompressible RANS equations for continuity and momentum
�27�:

� ūi

�xi
= 0 �1�

� ūi

�t
+ ūj

� ūi

�xj
= −

1

�

� p̄

�xi
+ �

�2ūi

�xj
2 −

�

�xj
�ui�uj�� �2�

where � is the air density, p is the air pressure, � is the kinematic
viscosity, ui is the velocity in the ith direction �i.e.: i=1,2 ,3
=u ,v ,w� and similarly uj is the velocity in the jth direction �i.e.:
j=1,2 ,3=u ,v ,w�. The directional tensors, xi and xj, are defined
for the ith and jth directions �i.e.: i=1,2 ,3=x ,y ,z and j=1,2 ,3
=x ,y ,z�. Mean and fluctuating quantities are indicated by the
overbar and the prime, respectively. The turbulent, or Reynolds,
stresses, �ui�uj�, are not known analytically and must determined
with a statistical turbulence model.

2.3 Turbulence Modeling. Two turbulence models were em-
ployed to calculate the turbulent stresses, the one-equation
Spalart-Allmaras �S-A� model �28� and the two equation Realiz-
able k−� �RKE� model �29�. The S-A model was chosen because
of its common application in industrial flow computation, includ-

ing road vehicle flows. The S-A model has a reputation for
economy and robustness. The RKE model represents a more ad-
vanced class of two-equation turbulence model. It was chosen
because it has been shown by its authors �29� to perform well for
flows involving rotation and large-scale separation. Both of these
features are prominent in the flow around a rotating wheel.

2.4 Numerical Method. The incompressible RANS equa-
tions are solved using an implicit, segregated, three-dimensional
finite volume method. A second-order accurate, upwind discreti-
zation scheme is used for the convective and viscous terms of the
RANS equations. Pressure-velocity coupling is implemented with
the SIMPLEC algorithm. Temporal discretization is done using an
implicit, second-order scheme. A multigrid scheme is used to ac-
celerate the rate of convergence. Additional details of the numeri-
cal method can be found in �27�.

2.5 Computational Grid. The computational grid �Fig. 2� is
closely modeled on the experimental configuration, with the same
width and height as the test section, and the same wheel position
within the test section. The geometry of the computational grid is
shown in Fig. 3. All of the geometric quantities are nondimension-
alized with the wheel diameter, d, equal to 0.416 m. The domain
is z1 /d=3.66 in width and y1 /d=2.93 in height. The inflow
boundary was placed a distance x1 /d=5 upstream of the wheel
and the outflow boundary a distance x3 /d=15 downstream of the
wheel. These upstream and downstream distances were chosen,
after preliminary SRANS simulations, to be large enough to mini-
mize the influence of the boundaries on the final solution and
small enough to minimize the number of grid cells. Similar values
have been found sufficient in simulations of comparable bluff

Fig. 3 Geometry of the wheel and computational domain

Fig. 1 Section view of wheel showing dimensions „in mm…

Fig. 2 Computational grid on the wheel and road surfaces
„fine, 2.94 million cells…
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bodies, including wall mounted cubes �30�, bus-shaped bodies
�31� and landing gear �32�. As a simplification the suspension
system for the wheel is not included in the computational grid.

The computational grid is made of 113 structured blocks, of
these 46 blocks are arranged on the surface of the wheel with the
remainder of the blocks filling the computational domain. An up-
per limit of 3 million grid cells was placed on the mesh to keep
the computational requirements to a manageable level. This grid
resolution is comparable to recent studies by Knowles et al. �25�
�0.96 million�, Mears et al. �18� �3.1 million� and Waschle �9� �6.7
million� and substantially more than the only other unsteady study
by Basara et al. �26� �0.4 million�. The large number of blocks
was necessary to achieve the required placement and density of
grid cells, without exceeding the self-imposed limit on the number
of grid cells. Care was taken to wrap the majority of the surface
blocks around the wheel, thereby minimizing the number of grid
lines, at boundary layer density, propagated into the computational
domain. The total number of cells was 2.94, 1.86, and 1.23 million
in the fine, medium and coarse grids, respectively. Cells were
clustered towards the walls to resolve the near-wall boundary
layer with an average fine grid y+�2.5 and a stretching ratio of
1.2 or less.

2.6 Boundary Conditions. A velocity inlet boundary condi-
tion prescribed a uniform velocity profile at 18.6 m/s with turbu-
lence intensity of 0.2% and a hydraulic diameter of 1.35 m. Hy-
draulic diameter was calculated in the standard way from the
width and height of the test section. At the outflow boundary, a
pressure outlet boundary condition specified a gauge pressure of
zero. A slip boundary condition �symmetry� was specified on the
tunnel walls to avoid the need to resolve the boundary layer on
these surfaces. The action of the boundary layer scoop was simu-
lated by specifying a slip boundary condition on the ground from
the inlet boundary to a position x2 /d=1.68 upstream from the
center of the wheel. A no-slip boundary condition was specified
on the wheel and ground. Velocities on these boundaries were set
appropriately to simulate the two experimental cases considered, a
stationary wheel on a stationary ground and a rotating wheel on a
moving ground. For the stationary case, the velocity of the wheel
and road was set to zero. For the rotating case, the angular veloc-
ity of the wheel was set to 89.44 rad/s. This equated to a periph-
eral velocity, at the line of contact with the ground, equal to the
velocity of the ground which was set to the freestream velocity of
18.6 m/s.

2.7 Running Procedure. A steady simulation was com-
menced with the computational domain initialized everywhere to
the freestream conditions at the inflow boundary. The steady
simulation was continued until residuals had converged by three
orders of magnitude and leveled off. A more rigorous standard of
convergence is not achievable since the steady solution for this
flow is not stable. This is a known problem with steady simula-
tions of similar bluff body flows �32,33�. The steady simulation
was used to initialize the computational domain for the unsteady
simulation. Initializing the unsteady simulation in this way re-
duced the amount of computation required to reach the developed
flow. A time step of 0.01, nondimensionalized by wheel diameter
and freestream velocity, was used. At each time step the residuals
were required to converge by three orders of magnitude. Some 20
to 40 sub-iterations were required to achieve this. The flow was
allowed to develop for 10 nondimensional time units before tak-
ing samples for time-averaging. Time-averaging was performed
for a further 35 nondimensional time units which corresponds to
approximately four periods of the lowest frequency oscillation
observed in the flow.

3 Results

3.1 Flow Features. In this section, structures are identified in
the time-averaged flow around the stationary and rotating wheels.

Differences in these structures between the stationary and rotating
wheels are examined and related to the experimentally observed
changes in the character of the flow. The results are from compu-
tations on the fine grid with the RKE turbulence model.

3.1.1 Upper Near Wake Stationary. The flow over the upper
surfaces of the wheel separates �A in Fig. 4� on the rear part of the
circumferential small radius corner formed between the tread and
side surfaces. A reattachment in the flow occurs �B in Fig. 4� on
the central rear tread surface as flow around the sides of the wheel
is entrained into the flow over the central upper and rear surfaces
�D in Fig. 5�. The decelerating flow on the rear surface of the
wheel is energized by the entrained main streamwise flow around
the sides. This promotes a central region of attached flow that is
directed down the rear face of the wheel and toward the ground. A
peak downward velocity of approximately 0.5 U� is observed.
The experiments �10–12� also indicated that there was a region of
attached flow that was swept down the rear face of the wheel.

A similar flow physics occurs on the base of a vehicle body
with a slanted rear upper surface �4�. The flow, coming off the
sharp slant side edge, rolls up to form a trailing vortex if the base
slant angle is in the range 10–30 deg from the horizontal. The
vortices entrain flow over the slanted base and maintain an at-
tached flow. Vortices are not observed to form on the rear face of

Fig. 4 Surface flow lines on the stationary wheel

Fig. 5 Isosurface of vorticity magnitude �d /U�=3.5 and
streamlines in the upper near wake of the stationary wheel
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the wheel, perhaps because the rounded side edge or the con-
stantly varying rear face angle suppress their formation. However,
the interacting flows appear to have the same effect on flow
attachment.

A low velocity flow exists from the top of each hub cavity and
interacts with the main streamwise flow around the sides of the
wheel. The regions of interaction are delineated by arch shaped
separated shear layers �E in Fig. 5� that extend from the hub
cavity shear layers, around the upper sides of the wheel and into
the wake. The shear layers, surrounding main streamwise flow,
and hub cavity flows are all entrained into the downward flow at
the rear of the wheel in two regions, indicated by high vorticity
magnitude, that extend into the wake �F in Fig. 5�. Another sepa-
rated region is formed on the rearmost side edges �G in Fig. 5�.
The rotation in the associated surface flow �C in Fig. 4� indicates
a small circulation in the separated region that is imparted by the
flow into and down the rear face of the wheel.

Rotating. The flow separates on the upper surfaces of the wheel
and forms an arch shaped vortex �H in Fig. 6�. In agreement with
the experiments �10–12� the separated region is formed near the
top of the wheel and has a width and a height that is approxi-
mately the same as the projected outline of the wheel. Similar
vortex structures are observed in the wake of other bluff bodies,
an arch shaped vortex in the wake of a wall mounted cube �34�
and a ring vortex in the wake of a vehicle body �4�.

3.1.2 Lower Separation Region Stationary. A large separated
region is formed on the ground and lower side surfaces on each
side of the wheel �K in Fig. 7�. The flow above the ground in front
of the wheel �I in Fig. 7� is accelerated by the contracting space
between the ground and wheel tread surfaces. It emerges in a high
velocity sideward directed flow in front of the line of contact �J in
Fig. 7�, rapidly decelerates in the expanding space, and is de-
flected downstream by the main streamwise flow.

Rotating. The flow �Fig. 8� is essentially identical to that for the
stationary wheel. In agreement with the experiments �10–12� the
separated region is smaller compared to the same region for the
stationary wheel. Fackrell and Harvey �10–12� were surprised by
the result. They expected that the positive pressure peak on the
rotating wheel would increase the velocity of the sideward di-
rected flow emerging from under the front of the wheel. Logically
the separated region would then be enlarged. To explain the
anomaly they proposed, but did not observe, that the boundary
layer in front of the stationary wheel was separating and rolling up
to form a horseshoe vortex around the wheel. We find no evidence
of a horseshoe vortex, or any other type of vortex, in this region of
the flow and propose an alternative explanation. We propose that
the real cause of the anomaly is the difference in the oncoming
flow conditions. The stationary wheel sits in a boundary layer,
approximately 16 mm thick, built up on the stationary ground
surface. The flow emerging from under the front of the stationary
wheel is deflected by the low velocity boundary layer flow. In
contrast, the flow emerging from under the front of the rotating
wheel is deflected by flow with the full freestream velocity. Con-
sequently, the separation region formed around the stationary
wheel is deflected less and, therefore, grows larger than is the case
for the rotating wheel.

Fig. 6 Isosurface of vorticity magnitude �d /U�=3.5 and
streamlines in the upper near wake of the rotating wheel

Fig. 7 Isosurface of vorticity magnitude �d /U�=3.5 and streamlines in the lower
separation region of the stationary wheels
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3.1.3 Lower Near Wake Stationary. A pair of counterrotating
longitudinal vortices �L in Fig. 9� are formed in the lower near
wake of the wheel in agreement with experiment �20�. These vor-
tices are created when the flow down the rear face of the wheel
�M in Fig. 9� encounters the ground and rolls up. The flow down
the rear face of the wheel originates, by a process described ear-
lier, in the upper near wake. The rotation of the left and right
vortices, as viewed from behind, is clockwise and anti-clockwise,
respectively. The Vortices fill the near wake region, extending
upstream to the rear face of the wheel and extending laterally to

the shear layer from the lower separation region. Downstream the
vortices spread laterally and weaken but remain discernable to the
limit of the domain as regions of low momentum and low
vorticity.

Rotating. In common with the stationary wheel, a pair of coun-
terrotating longitudinal vortices �N in Fig. 10� are formed in the
lower near wake of the wheel. Evident differences exist in their
mechanism of formation. Whereas the stationary wheel vortices
are formed when the flow down the rear face of the wheel rolls up

Fig. 8 Isosurface of vorticity magnitude �d /U�=3.5 and streamlines in the lower
separation region of the rotating wheel

Fig. 9 Isosurface of vorticity magnitude �d /U�=3.5 and streamlines in the lower
near wake of the stationary wheel
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on the ground, the rotating wheel vortices can be best described as
areas of recirculation formed in the wake of the lower separation
region. The rotation of the wheel also appears to induce a small
vortex in the z /d=0 plane behind the wheel �O in Fig. 10�. This
vortex and the entrainment of flow around the sides of the wheel
�P in Fig 10� probably act to enhance the circulation of the longi-
tudinal vortices. The differing mechanisms of formation are re-
flected in the strength of the vortices. In agreement with experi-
ment �20� the vortices �Fig. 11� are noticeably weaker, and spread
less laterally, than those behind the stationary wheel. Otherwise,
despite the differing mechanisms of formation, they are similar
overall.

3.2 Surface Pressure. The time-averaged surface pressure on
the stationary and rotating wheels was computed. The centerline
surface pressure is shown in Fig. 12 compared to Fackrell and
Harvey’s �10–12� experimental measurements. Unfortunately, the

authors chose to use a 33% wider wheel for the stationary mea-
surements. As such those results are included for qualitative com-
parison only. The computed results referred to are from the fine
grid.

Stationary. The flow stagnates at a point, slightly below the
front of the wheel, predicted as �=4.5 deg by the S-A and RKE

Fig. 10 Isosurface of vorticity magnitude �d /U�=3.5 and
streamlines in the lower near wake of the rotating wheel

Fig. 11 Vorticity and velocity vectors in the x /d=1 plane showing a longitudi-
nal vortex in the lower near wake of the wheel. „a… Stationary. „b… Rotating.

Fig. 12 Surface pressure distribution on the centreline of the
wheel. „a… Stationary. „b… Rotating. Note that the experimental
and computational wheel geometry is different for the station-
ary wheel.
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computations. The pressure then falls as the ground is approached
before rising to a stagnation at the upstream side of the line of
contact. The flow downstream from the front stagnation point,
over the upper surfaces, is rapidly accelerated by the curvature of
the wheel. A recovery in the pressure continues until separation
appears to occur. Consistent with �10–12� separation is taken as
the point where pressure recovery ceases. The S-A computation
predicts separation at �=232 deg and the RKE computation
slightly further downstream at �=225 deg. Separation was ob-
served at �=210 deg in the experiments on the wider wheel. The
surface flow �Fig. 4� earlier indicated that the separation is not
across the full width of the wheel and the central region remains
attached. After separation a base region is formed with a fairly
constant pressure of approximately CP=−0.35.

Rotating. The experimental measurement shows that the flow
stagnates, slightly below the front of the wheel, at �=5.6 deg
compared to �=4.2 deg for the S-A and RKE computations. The
pressure falls as the ground is approached before sharply rising in
a positive pressure peak at the line of contact. This pressure peak
is the result of a “pumping” effect that occurs as the boundary
layers on the moving wheel and ground surfaces are forced to-
wards the line of contact. The computed pressure peaks are essen-
tially identical, CP=3.22 �S-A� and CP=3.24 �RKE�, and are 36%
higher than the experimental pressure peak of CP=2.36. After the
line of contact the pressure falls to a negative pressure peak
caused by the same “pumping” effect in reverse. The negative
peak was not captured in the experiments. The predicted values of
the negative peak are CP=−1.49 �S-A� and CP=−1.69 �RKE�.
Separation occurs in the experiment at �=280 deg, 10 deg in front
of the top of the wheel. Both computations predict separation
further downstream at 270 deg �S-A� and 255 deg �RKE�. The
base region of the flow has a fairly similar and constant pressure
of about CP=−0.3. The base pressures differ slightly immediately
after separation, being −0.39 �experiment�, −0.34 �S-A�, and
−0.31 �RKE�, reflecting the increasing downstream position of the
separation.

The agreement between the experimental measurements and the
computations for the stationary wheel is as good as could be ex-
pected considering the 33% difference in width. As one would
expect the wider wheel used in the experiments is able to maintain
a lower pressure on the top and base surfaces. Importantly the
qualitative appearance agrees well and this confirms that the com-
putations have at least captured the basic physics of the stationary
wheel flow. For the rotating wheel, the agreement between the
experimental measurements and both the S-A and RKE predic-
tions is good overall. The S-A computation predicts the separation
and base pressure better that the RKE computation, but both per-
form surprisingly well given the well known theoretical unsuit-
ability of RANS to highly separated flows.

A region of significant disagreement between experiment and
computation occurs near the line of contact of the rotating wheel.
The computations predict both a positive and negative pressure
peak in agreement with Fackrell and Harvey’s �10–12� theoretical
prediction. In their experiments the pressure rises to a lower posi-
tive pressure peak before falling to the base pressure over a dis-
tance of 25 deg and missing the negative pressure peak entirely.
To explain this behavior it was argued that the moving ground was
lifting and touching the wheel in the low pressure region behind
the wheel. Although this may have been the case, it also seems
likely that the transient response of the pressure sensor, tubing,
electronics, etc. plays a part in distorting the rapidly changing
pressure signal of the rotating wheel. We are inclined towards the
latter explanation in the light of the similar qualitative disagree-
ment among subsequent experimental results �13–18� for this re-
gion of the flow. Whatever the explanation the experimental pres-
sure near the line of contact of the rotating wheel is not reliable.
The computation possibly represents a better, at least qualitatively
accurate, picture of the pressure in this region.

3.3 Pressure Lift and Drag Forces. The time-averaged sur-
face pressures were integrated over the surface of the wheel to
obtain the section �Fig. 13� and total �Table 1� pressure lift and
drag coefficients. The results are compared to Fackrell and Har-
vey’s �10–12� experimental results. The integration procedure
used in the experiments was exactly followed and the surface
pressures taken from the same position as the 17 spanwise pres-
sure tappings covering the tread and side surfaces. The numbering
of the tappings follows the convention used in the experiments.
Computed results are from the fine grid.

The section lift and drag coefficients for the rotating wheel are
shown in Fig. 13. The difference between the experimental and
computed section lift coefficients is significant. For example, at
the center of the wheel �Tapping 9, Fig. 13�a�� the experimental
section lift is CL=0.64 compared to the computed section lift of
CL=−0.46 �S-A� and CL=0.47 �RKE�. The other pressure tap-
pings on the tread surface �Tappings 5–9� are similarly affected.
The section lift discrepancy is a result of the error in the surface
pressure measurements around the line of contact, specifically the

Fig. 13 Sectional pressure force coefficients across the width
of the rotating wheel. „a… Lift. „b… Drag. Circled numbers iden-
tify pressure tappings.

Table 1 Time-averaged pressure lift and drag force
coefficients
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exaggerated width of the positive pressure peak and the absence
of the negative pressure peak. Although the misprediction of sepa-
ration on the top of the wheel has an effect its net effect on lift is
small in comparison. Agreement between experimental and com-
puted section drag coefficients �Fig. 13�b�� is good overall. On the
sides of the wheel �Tappings 1–4, Fig. 13�b�� the agreement wors-
ens. Inspection of the pressure for these tappings indicate that the
computations overpredict the negative pressure, and hence the ac-
celeration of the flow, on the forward part of the sides. A small
asymmetry in the section drag coefficients is caused by the sup-
porting strut on the +z side of the wheel in the experiment.

The pressure lift and drag coefficients are presented in Table 1.
In agreement with experiment �10–12� the forces on the rotating
wheel are less than the forces on the stationary wheel. The S-A
and RKE computations give similar results for the forces on the
stationary wheel. Experimental forces were not reported for the
stationary wheel so we cannot comment on the accuracy of these
results. The large difference between the experimental, CL=0.28,
and computed lift forces, CL=0.152 �S-A� and CL=0.156 �RKE�,
for the rotating wheel reflect the differences noted in the section
lift coefficient. Better agreement is found between the experimen-
tal drag force, CD=0.51, and the computed drag forces, CL
=0.47 �S-A� and CL=0.43 �RKE�.

The agreement between the computed and experimental pres-
sure lift and drag forces is mixed. The discrepancy in section and
total lift coefficients is large and was found to be the result of
differences in the surface pressure occurring near the line of con-
tact of the rotating wheel. Differences that we believe are caused
by errors in the experimental measurement of surface pressure.
The S-A and RKE computations predict a similar value for the lift
coefficient. The computed section and total drag coefficients agree
well with experiment, with the S-A results being slightly better
than the RKE results.

3.4 Grid Sensitivity. The influence of grid resolution on the
computations is examined with a grid sensitivity study. The com-
puted pressure forces �Table 1� show a small dependence on the
three different grid resolutions. The grid dependence of the S-A
computations is noticeably larger than for the RKE computations
and is not monotonic with the grid resolution. Some insight into
the grid dependence of the S-A computations comes from exam-
ining the variation in section lift and drag forces �Fig. 13� across
the width of the wheel. The differences between the three grids,
particularly the coarse grid, suggest a dependence of the flowfield
on the grid resolution that doesn’t occur in the RKE computations.

To further examine the dependence of the flowfield on the grid
resolution the streamlines on the z /d=0 plane of the rotating
wheel are plotted in Fig. 14. All of the computations predict the
same basic flow structures, including the separation from the top
of the wheel and the vortex behind the wheel on the ground. The
S-A computations show an evident dependence on the grid reso-
lution. Most obviously in the differing size and position of the
flow structures in the coarse grid computation compared to the
same structures in the fine and medium grid computations.
The RKE computations show no obvious dependence on the grid
resolution.

4 Discussion
A computational study of the flow around an isolated wheel in

contact with the ground was performed using the unsteady
Reynolds-averaged Navier-Stokes method. The computational re-
sults were compared with the time-averaged surface pressure and
pressure force measurements made by Fackrell and Harvey
�10–12�. The time-averaged computed flowfield was examined
to reveal new flow structures and new details of known flow
structures.

We present for the first time a detailed and general schematic
picture �Fig. 15� of the flow structures around an isolated wheel in
contact with the ground. In the upper near wake of the stationary
wheel, there is a region of interaction between the flow over the
top of the wheel and the main flow around the sides of the wheel.
This entrains the energetic main flow and promotes a central re-
gion of attached high velocity flow down the rear face of the
wheel. For the rotating wheel, the flow separates near the top of
the wheel and forms an arch shaped vortex. A trailing vortex pair
in the upper wake of both the stationary and rotating wheel, pro-
posed on the basis of theoretical considerations by Cogotti �8� and
Mercker et al. �19�, is not observed. A separated region is formed
on the ground from the flow emerging from under the front of the
wheel. In agreement with experiment �10–12� this region is
smaller for the rotating wheel compared to the same region for the
stationary wheel. We did not observe the horseshoe vortex in front
of the stationary wheel proposed by Fackrell and Harvey �10–12�
to explain this. Instead, we suggest that the boundary layer built
up on the stationary ground tends to deflect the flow emerging
from under the front of the wheel less than is the case for the
moving ground. A pair of counterrotating longitudinal vortices are
formed in the lower near wake of the wheel. In agreement with
experiment �20�, the vortices behind the rotating wheel are weaker

Fig. 14 Streamlines in the z /d=0 plane of the rotating wheel. „a… RKE, fine.
„b… RKE, medium. „c… RKE, coarse. „d… S-A, fine. „e… S-A, medium. „f… S-A,
coarse.
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than those behind the stationary wheel. We have identified differ-
ences in the mechanisms of formation to explain this observation.

Comparison to experiment �10–12� shows that the computa-
tions predict the surface pressures and pressure lift and drag forces
with good accuracy overall. Although, for the rotating wheel, the
agreement on surface pressure near to the line of contact is poor.
We have argued that this is due errors in the surface pressure
measurements and not a shortcoming in the computations. More
generally these errors seem to be a shortcoming common to all
pressure measurement systems �13–18�. The agreement on lift re-
flects the agreement on surface pressure for the rotating wheel.
Drag is relatively insensitive to the pressure near the line of con-
tact and as such the agreement on drag is much better. The com-
putations with both the S-A and RKE turbulence models predict
similar results, but the S-A computations were better at predicting
surface pressures, separation position and pressure forces. Al-
though the S-A computations showed a greater degree of sensitiv-
ity, especially in the flowfield, to the grid resolution than did the
RKE computations. In conclusion, the good quantitative and
qualitative agreement with the experimental results shows that
computations have successfully captured the mean structures in
the flow around an isolated wheel in contact with the ground.
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Nomenclature
A � wheel frontal area, m2

b � wheel breadth, m
CD � drag coefficient, D / �q�A�
CL � lift coefficient, L / �q�A�
CP � pressure coefficient, �p− p�� /q�

d � wheel diameter, �m�
D � drag, N
L � lift, N
� � vorticity magnitude, s−1

p � static pressure, N/m2

p� � freestream static pressure, N/m2

q� � freestream dynamic pressure, ��U�
2 /2, N/m2

Re � Reynolds Number, ��U�d /	
U� � freestream velocity, m/s

u ,v ,w � velocity components in x ,y ,z directions, m/s
x ,y ,z � cartesian right handed coordinates, x+ve

downstream, y+ve up, z+ve to port, �m�

Greek Symbols
	 � dynamic viscosity, kg/�m·s�
� � angular position of wheel, +ve in the direction

of rotation, deg
�� � freestream density, kg/m3
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A Reconstruction Method for the
Flow Past an Open Cavity
In this paper we propose a method to reconstruct the flow at a given time over a region
of space using partial instantaneous measurements and full-space proper orthogonal
decomposition (POD) statistical information. The procedure is tested for the flow past an
open cavity. 3D and 2D POD analysis are used to characterize the physics of the flow. We
show that the full 3D flow can be estimated from a 2D section at an instant in time
provided that some 3D statistical information—i.e., the largest POD modes of the flow—
is made available. �DOI: 10.1115/1.2175159�

1 Introduction
The development of numerical simulation—whether direct or

large-eddy simulation— over the past decades has led to the gen-
eration of ever-increasing amounts of data �1�. Technological
advances—such as PIV �2�—have also entailed substantial in-
creases of experimental data. Exploitation and post-treatment of
these large databases can be a daunting task. In this context data
reduction techniques such as the POD—proper orthogonal
decomposition—have enjoyed a wide popularity. For instance,
Bonnet et al. �3� have recently reviewed the application of POD
techniques to turbulent shear flows. Proper orthogonal decompo-
sition was introduced by Lumley in turbulence �4� in order to
extract the most energetic structures of the flow. Classical POD
requires the computation of the spatial velocity autocorrelation
tensor and provides a basis of three-dimensional space functions
or structures which best represent in the energetic sense the orga-
nized motions of the flow. To determine how the amplitudes of the
POD structures evolve over time one needs to project the full
velocity field onto those structures. In practice, owing to experi-
mental constraints or computer memory limitations, these straight-
forward operations may be difficult or even impossible to carry
out.

Various versions of POD have been elaborated over the years.
In particular the idea of using POD for better sensing and control
has given rise to many developments �5–7�. Picard and Delville
�6�, Taylor and Glauser �8� have combined the POD analysis with
a LSE �linear stochastic estimation� technique to estimate the re-
mote velocity field from pressure signals at the wall or at the free
boundary of a round jet. Since a crucial mechanism may not be
energetically dominant in the flow, Maurel et al. �9� have intro-
duced the concept of extended POD modes. A POD analysis is
first performed on a signal that consists of flow realizations de-
fined on some subdomain of the flow—for instance, it could be
the velocity field restricted to some spatial subdomain or the pres-
sure field. POD spatial modes and temporal coefficients are com-
puted and stored. Extended modes can then be obtained for the
flow on a different subdomain by projecting the corresponding
flow realizations on the POD coefficients of the first signal. Boree
�7� shows that these extended modes are able to extract the only
part in the second signal that is correlated with the corresponding
eigenmodes of the first signal. The method was used to study the
jet/vortex interaction in a flow model for an internal combustion
engine. The initial subdomain— centered on the vortex motion—
represented only 3% of the total kinetic energy.

Many approaches focus on simplified versions of POD in which
for instance only one component of the velocity field or only a

portion of the space is considered. As Rempfer �10� has pointed
out, the potential pitfall of these approaches is to miss some es-
sential physics of the flow. In contrast here we will use the fully
three-dimensional information associated with the empirical
eigenfunctions, while relying on partial instantaneous measure-
ments to reconstruct the flow.

The motivation for this stems from a numerical/experimental
comparison for the flow past an open cavity. �11�. The flow past
an open cavity can be a useful representation for industrial appli-
cations such as the car industry, where control of aeroacoustic
disturbances within the vehicle could improve the performance of
the car and the comfort of the motorist. Another type of applica-
tion is the dispersion of pollutants in canyon-like streets with
cross-wind. The POD has been applied to a number of flows
within cavities �12,13�. Understanding the dynamics of these com-
plex flows is not a trivial task, and requires extensive simulation
and modelling. Despite constant advances in computer power, it
does not make sense to expect to represent realistic configurations
at very high Reynolds numbers with direct numerical simulation.
An alternative would be to use LES, but the small-scale model
they rely on needs to be validated against experimental data.

Generally speaking, simulation runs are long and costly, but
give access to the entire velocity field, while experiments provide
only localized measurements. The idea is then to use the numeri-
cal flow as a surrogate on which extensive statistical analysis can
be performed. In particular, the 3D POD modes can be computed.
Using these modes, it becomes possible to recover the instanta-
neous 3D flow from 2D sections of the flow—such as those avail-
able using PIV in an experiment. One could in particular obtain
long time-series of the 3D flow, which are very costly to simulate
numerically.

The paper is organized as follows: Section 2 presents the recon-
struction method. The numerical simulation is detailed on Sec. 3.
POD analysis results of the flow in the cavity are given in Sec. 4.
Tests of the reconstruction method are made in Sec. 5. A conclu-
sion is given in Sec. 6.

2 The POD-Based Reconstruction

2.1 The Proper Orthogonal Decomposition. The proper or-
thogonal decomposition is a statistical technique that is widely
used in various fields under different names �such as Karhunen-
Loève decomposition or Principal Component Analysis�. It was
first introduced in Fluid Mechanics by Lumley �14� for turbu-
lence. The reader is referred to Berkooz et al. �15�, or to the book
by Holmes, Lumley, and Berkooz �16� for a complete introduction
to the proper orthogonal decomposition.

The basic idea is to expand the velocity field u�x , t� as the
superposition of signal-dependent, “energetically optimal” spatial
structures ��x� with time-varying amplitude a�t�:
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u�x,t� = �
n=1

�

an�t��n�x� �1�

for x�� where � is a subset of R� The empirical functions �n

are defined to be such that the average difference between the
signal and its representation truncated at any level n is minimal. In
other words

M = ��u�x,t� − �
i=1

n

ai�t��i�x��2� �2�

is minimal. One can then show that the empirical functions are
solutions of the eigenproblem

	 �u�x,t�u�x�,t�� · �i�x��dx� = �i�i�x� �3�

where �u�x , t�u�x� , t�� is the spatial autocorrelation tensor at zero-
time lag obtained using temporal average over N various fields at
different times tn. The eigenvalue �i represents the energy of the
velocity field associated with the mode i.

By construction, the empirical functions are orthogonal. We
choose to make them orthonormal:

	 �n�x� · �m�x�dx = �nm �4�

Once empirical functions are known, the temporal coefficients
an�t� can be obtained by projection

an�t� =	 u�x,t� · �n�x�dx �5�

The an�t� have zero mean, are uncorrelated and their variance is
equal to �n. Note that an represents the evolution of the full-space
structure, and therefore, requires the knowledge of the full veloc-
ity field.

If we denote un�x�=u�x , tn� then

�u�x,t�u�x�,t�� =
1

N�
n=1

N

un�x�un�x�� �6�

Sirovich �17� has shown that the problem �3� is equivalent to the
following eigenproblem:


 1

N 	 � ui�x� · uj�x� � dx�Aj = �Ai �7�

and

��x� = �
j=1

N

Ajuj�x� �8�

The advantage of this formulation is that the dimension of the
problem is given by the number of instantaneous fields or snap-
shots available, whereas in the original formulation, the problem
depends on the size of the physical grid times the number of
components of the signal.

In all that follows the POD based on the method of snapshots
will be applied to the time-varying fluctuating part of the velocity
field.

3 Reconstruction Method
Let us write the POD decomposition of the velocity field

u�x,y,z,t� = �n=1

�
an�t��n�x,y,z� �9�

where

an�t� =	 u�x,y,z,t� · �n�x,y,z�dxdydz �10�

In practice, the decomposition is limited to N POD modes �N
being large enough so that the flow is well represented�:

u�x,y,z,t� � �n=1

N
an�t��n�x,y,z� �11�

Fig. 1 Box configuration

Fig. 2 „a… Mean flow in the x−y plane at z=100 mm. „b… Mean
flow in the y−z plane at x=120 mm „scale is six times in part
„a…….
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Let us now assume that only some components of the velocity
field can be measured on a continuous subset D of �. Without any
loss of generality let us assume that D is the plane z=Z, where Z
is a constant and that only the first two components of the velocity
field u and v are known. This corresponds in our case to the
experimental PIV data obtained by Lusseyran et al. �11� In the
plane of measurements z=Z, one has

u�x,y,Z,t� = �n=1

N
an�t��n�x,y,Z� �12�

If we project the velocity field in Eq. �12� onto the 2D restriction
of the 3D POD structure to the plane z=Z, this yields in tensor
notation

Um = Mmnan �13�

where

Um =	 �u�x,y,Z,t��u
m�x,y,Z� + v�x,y,Z,t��v

m�x,y,Z��dxdy

�14�

and

Mnm =	 ��u
n�x,y,Z��u

m�x,y,Z� + �v
n�x,y,Z��v

m�x,y,Z��dxdy

�15�

M is a positive, symmetric matrix of size N, which characterizes
the restricted scalar product of the eigen functions on the subdo-
main. If D=� and the three components of u could be measured,
M would be the identity matrix. It is therefore reasonable to ex-
pect that for a choice of a sufficiently large domain D, M will be
well-conditioned. As Um is known, the idea is to solve the linear
system �13� for an and then substitute the solution in the POD
decomposition of u in �11�.

The terms we wish to neglect in Eq. �11� are

Tp = �
n�N

an	 ��u
n�x,y,Z�

��u
p�x,y,Z��v

n�x,y,Z��v
p�x,y,Z��dxdy �16�

By definition, since the velocity field has finite energy, we know
that

lim
N→�

�
n�N

an = 0 �17�

We also know that the scalar product

Mnp =	 ��u
n�x,y,Z��u

p�x,y,Z� + �v
n�x,y,Z��v

p�x,y,Z��dxdy

�18�
is smaller than 1 in absolute value �Cauchy-Schwartz inequality�.
Moreover, we expect higher POD modes to be associated with
smaller scales—it has even been shown that under certain condi-
tions POD modes converge towards Fourier modes �16�—so that
we can assume

lim
N→�

Mnp = 0 " n � N,p � N,n � p �19�

We can, therefore, expect the terms TN to be small, for large N.

4 The Numerical Simulation

4.1 Equations of Motion. We will use · to represent the sca-
lar product of two vectors. The equations of motion considered
here are the Navier-Stokes equations for incompressible flow:

• Mass equation

� · V = 0

• Momentum equations

�V

�t
+ � · VtV = −

1

	0
� P + � · 
 � V

where t is the time, 	0 the uniform and constant density, P the
pressure, and 
 the kinematic viscosity �constant�.

We describe briefly the numerical method used, which is simi-
lar to this used by Gadouin and Le Quéré �18�. Momentum equa-
tions are discretized following a finite volume approach on a stag-
gered structured grid with a second order approximation in time
and space. Scalar variables are defined at cell centers whereas
vector variables are defined at cells boundaries. Advection fluxes
are calculated with a QUICK scheme—Quadratic Upstream Inter-
polation for Convective Kinematics �19�—and the viscous terms
are defined with a standard second-order centered scheme. The
time discretization is approximated by a second-order Backward
Euler scheme. An implicit discretization is carried out on the vis-
cous terms to increase stability and the advection fluxes are esti-

Fig. 3 „a… POD spectrum at U=0.9,1.2,2.0 m/s; „b… blow-up
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mated at time �n+1��t using an Adams-Bashforth’s extrapolation
from results at time n�t and �n−1��t. The pressure gradient is
written explicitly.

The momentum equation for each velocity component is writ-
ten as an Helmoltz’s equation:


I − 

2�t

3
�2�V* = − �Pn + Sn,n−1

V* is the velocity field estimated at time �n+1��t. Pn is the
pressure field at time n�t. Sn,n−1 contains all terms defined at time
n�t and �n−1��t which represent time derivatives and advection
fluxes.

Equations are integrated using an ADI �alternating direction
implicit� method �20�. To ensure the zero divergence of velocity
field, we use a projection method to determine the correction to
apply to the velocity field obtained from Helmoltz’s equations and
to update the pressure field. One solves the Poisson’s equation

�� = 	
�V*

�t

for � where �= Pn+1− Pn and V* is the nonzero divergence ve-
locity field integrated from the Helmoltz’s equation. At each time-

step, the equation is solved with an iterative method �Gauss-Seidel
with relaxation� coupled with a multigrid approach. When � is
known, we update the pressure field Pn+1 and correct the velocity
field using:

V = V* − �t
�V*

	

4.2 The Numerical Domain. The numerical domain is shown
in Fig. 1. In all that follows, we will respectively denote x ,y ,z, the
longitudinal, vertical, and transverse directions of the flow, and
u ,v ,w, the corresponding velocity components. The cavity is
100 mm long and 50 mm high. The total height of the domain is
125 mm. These dimensions are the same as in the experiment of
Lusseyran. The main difference between the numerical and the
experimental configurations is that periodic conditions were used
in the simulation, since it is assumed that end effects are unlikely
to be felt in the mid-cavity plane, where experimental measure-
ments are made. A spanwise periodic length of 200 mm was used
in the simulation. The numerical laminar profile was obtained
from a 2D channel flow simulation and found to match closely
that of the experiment. The numerical upstream length was then

Fig. 4 Longitudinal section of the nth 3D POD structure at z=100 mm; „a… n=1; „b… n=2; „c… n=3; „d… n=4; „e… n=5
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110 mm from the inlet boundary condition so that the numerical
cavity extended from x=110 mm up to x=210 mm The total
length of the domain was 410 mm.

For the boundary conditions at the outlet,the longitudinal veloc-
ity component was computed using mass conservation over the
domain. The gradient of the other two velocity components was
set to zero. No-slip conditions were used at the walls. We used
256 cells in the longitudinal direction, and 128 in the spanwise
and normal directions. The mesh was refined near the walls and
over the cavity in order to obtain a fine resolution concerning the
upstream laminar boundary layer, the stress layer and eddy struc-
tures generated by instabilities. To minimize numerical inaccu-
racy, the greatest size variation between successive cells was 5%
�3% over the cavity� and the dimensional ratio for one cell was of
the order of unity.

5 POD Analysis
The POD was applied to the three-dimensional domain spanned

by the numerical simulation for different incoming flow velocities
U=0.9 m/s, U=1.2 m/s, U=2.0 m/s. As we did not find signifi-
cant changes in the other cases, we chose to focus on the case
U=1.2 m/s. The corresponding Reynolds number based on the
incoming flow speed and cavity height is 4000.

Figure 2�a� shows that the mean motion essentially consists of
�i� a shear layer impinging on the downstream corner of the cavity

and �ii� a vortex motion whose axis is parallel to the transverse
direction z. A cross section of the mean flow at x=120 mm in the
upstream part of the cavity—see Fig. 2�b�—shows the presence of
a spanwise modulation of the flow over the cavity height. The
motion can be characterized by a spanwise wavenumber of
kz=3—which corresponds to a periodic dimension of about
70 mm. This agrees with previous experimental observations �21�
showing that the spanwise dimension of the structures is about the
same as the streamwise dimension. This modulation of the flow
persists throughout the cavity and the downstream boundary layer.
We cannot determine at this point how this particular wavenumber
was selected, and whether the selection process is an artefact of
the numerical simulation �since there is no wall in the spanwise
direction�.

The POD modes were initially computed on the entire physical
domain. We then found that if the domain was restricted to the
cavity and the bottom half-channel above and downstream of it,
the POD modes corresponding to that subdomain were identical to
the restriction of the POD modes defined on the full domain. We
therefore chose to limit our study to that subdomain. Over a 140
samples were used to extract the POD modes. As is now well
known, the POD spectrum provides two different types of infor-
mation: Its rate of decay is a measure of the complexity of the
flow, and the presence of multiple eigenvalues can help us detect
spatio-temporal symetries in the flow. As Fig. 3 shows, the POD

Fig. 5 Cross section of the nth 3D POD structure at x=190 mm; „a… n=1, „b… n=2, „c… n=3, „d… n=4, „e… n=5
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spectrum is essentially the same for all three incoming speeds, but
the flow becomes slightly more complex with the incoming flow
speed as the tail of the spectrum flattens. Figures 4–7 show the
characteristics of the first fivePOD eigenmodes.

The first two eigenvalues of the spectrum are almost equal, and
appear to correspond to a spatially growing structure of the
Kelvin-Helmholtz type that impinges on the donwstream corner of
the cavity �Fig. 4�. A cross view section in the y−z plane �Figs.
5�a�, 5�b�, 6�a�, and 6�b�� shows a spanwise modulation of the
structures with a dominant wavenumber kz=3. This modulation
appears to correspond to a secondary instability of the Kelvin-
Helmholtz rolls. The amplitude of this instability remains moder-
ate, even in the downstream boundary layer �see Fig. 7�.

The next-order structures—see Figs. 4�c� to 4�e�—show fluctu-
ating vortex motions within the cavity, associated with local ac-
celerations and decelerations of the flow in the downstream
boundary layer. This representation agrees with visual experimen-
tal observations made of a “pulsating vortex” inside the cavity. A
cross section of the flows shows the presence of counter-rotating
streamwise vortices, both in the cavity, where they appear roughly
aligned with the mean vortex, and in the downstream boundary
layer �see Figs. 5�c� to 5�e� and 6�c� to 6�e��. The streamwise
vorticity pattern �see Figs. 7�c� and 7�d�� indicates that the posi-
tion of these Taylor-Gortler-like vortices is related to the spanwise

modulation of the mean flow and the shear layer modes, but the
nature of the coupling between these different structures remains
unclear.

The temporal evolution of the first five POD eigenmodes is
reported in Fig. 8. A remarkable fact is that the modes appear to
be naturally separated in the frequency domain. For U=1.2 m/s
the shear layer modes are characterized by a single high frequency
of 13.5 Hz—corresponding to the experimental mode 2 reported
by Lusseyran et al. �22�. This frequency is in agreement with
Rockwell’s theoretical model for fluid-dynamic instabilities �23�.
In contrast, the higher-order modes are dominated by very low
frequencies—less than 1 Hz.

We then performed 2D POD analysis for both u and v compo-
nents in a domain which consisted of the cavity and a strip of
3 cm high above it. We arbitrarily picked the plane Z=100 mm
and checked that what was observed there was typical of other
planes Z=cst. About over 100 snapshots were used. The numeri-
cal 2D eigenfunctions are shown in Fig. 9 for the plane Z
=100 mm. The most striking feature of these modes is that they
appear to be a mixture of the shear-layer and cavity modes which
make up the 3D POD modes. This mixture of physical structures
corresponds to a mixture of temporal frequencies, as can be seen
in Fig. 10.

Fig. 6 Cross section of the nth 3D POD structure at x=250 mm; „a… n�1, „b… n�2, „c… n�3, „d… n�4, „e… n�5
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To find out if this effect was due to the exclusion of the channel
flow in the analysis, we performed the POD on a 2D domain
which included the channel lower-half as well �the 2D restriction
of the 3D domain used in Sec. 5�. The POD modes again turned
out to be a mixture of cavity modes and shear-layer structures.
This coupling therefore appears as a consequence of the loss of
three-dimensionality in the flow.

6 3D reconstruction from 2D data
The reconstruction method described in Sec. 2 was tested on

the numerical simulation of the flow over the cavity. The inlet
velocity was U=1.2 m/s. The 3D reconstruction was performed
on the domain used in Sec. 3—i.e., limited to the cavity and the
half-channel immediately above and donwstream of it. Periodic
boundary conditions were used in the transverse direction.

The matrix M is represented in Fig. 11. As could be expected, it
is essentially diagonal dominant, particularly for the higher-order
modes n
30. To test the robustness of the procedure, we exam-
ined two different, relatively low values of N, which is the number
of POD modes used to build the linear system and to reconstruct
the full 3D flow. Figure 12 shows how much of the flow can be
reconstructed for a given number of POD modes when the true
and the estimated POD coefficients are used. One can see that
with N=80 modes—which represent 88% of the energy—we were
able to produce an estimate that could capture up to 72% of the
flow energy—that is 28% less. With a system of 60 modes—less
than twice the total number of POD modes— we found that up to
60% of the energy could be obtained with the estimation, while
the true flow reconstruction represented 80% of the energy.
Clearly, the performance of the procedure deteriorates as less
modes are included, but relatively slowly, which indicates that the
procedure has some robustness. Once again, this success probably
capitalizes on the fact that neglected high-order, low-energy POD
modes are essentially small-scale motions which are not very well
correlated with the larger scales, so that their contribution to the

Fig. 7 „a… Total vorticity in first eigenfunction ‖�Ã�1‖ = �� � =15 s−1. „b… Streamwise vorticity in first eigenfunction ‖„�Ã�1
…u‖

= ��x � =8 s−1
„dark colors mean positive values, and light colors negative ones…. „c… Total vorticity in third eigenfunction ‖�

Ã�3‖ = �� � =15 s−1. „d… Streamwise vorticity in third eigenfunction ‖„�Ã�3
…u‖ = ��x � =8 s−1

„dark colors mean positive values, and
light colors negative ones….

Fig. 8 POD coefficients an
„t… for n=1 to 5 from bottom to top:

„a… an
„t…, „b… time spectra �ân

„f…�
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linear equations for the large scales is likely to be very small. This
ensures that the poorly determined the small scales does not alter
too much the estimation of the large scales.

The first few modes are indeed well estimated in both cases, as
is evidenced in Fig. 13, which compares the real POD coefficients
for the first five modes with the ones obtained from the recon-
struction procedure. As expected, the error increases as the num-
ber of modes decreases. We note that no attempt was made to
filter out the estimate, whereas it is clear that even a simple mov-

ing average would substantially improve the procedure. We have
used here extensive, fine-scale 2D measurements. Since only flow
integrals are used, it is likely that using a coarse grid of measure-
ments would not affect the results too much.

One limiting factor of the procedure seems to be that three-
dimensional data is always required to construct the POD eigen-
functions. For higher Reynolds numbers, and/or more complex
flow geometries, the limits of numerical simulation will be
reached. It is however important to realize that POD eigenfunc-

Fig. 9 Numerical nth 2D POD structure; „a… n=1, „b… n=2, „c… n=3, „d… n=4, „e… n=5
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tions are not only an efficient way of storing 3D velocity data, but
that they also contain structural information about the flow, an
information which can be inferred and extrapolated in some cases
by theoretical means. Moreover, if we try to represent the flow of
interest by a simpler, surrogate simulation, one way to evaluate
the adequacy of the representation is to perform a POD analysis
on the subset of space where information is available for both
flows. By comparing the restricted eigenfunctions there, one could
infer modifications for the full-space eigenfunctions. It would then
be interesting to compare the real flow with its reconstruction
based on the surrogate. We leave this to be investigated in future
study.

7 Conclusion
In this paper we have described a method to reconstruct the

flow using partial measurements. This method was tested on the
flow past an open cavity. POD analysis showed that the 3D POD
modes of that flow are able to separate physical motions occuring

Fig. 10 2D POD coefficients time spectra—the sampling rate
is 30 Hz: �ân

„f…� with n=1 to 5 from bottom to top

Fig. 11 Matrix coefficients „in absolute value…. Lighter colors
correspond to higher values.

Fig. 12 Amount of flow energy captured by the exact and the
estimated reconstructions; solid line: ��nan�n

„x…�2 /��u„x…�2dx
where an is the true POD coefficient; dashed line
��naest

n �n
„x…�2 /��u„x…�2dx where aest

n was estimated from a linear
system with 80 modes; dot-dashed line:
��naest

n �n
„x…�2 /��u„x…�2dx where aest

n was estimated from a linear
system with 60 modes

Fig. 13 Extract and estimated 3D POD coefficients an
„t…, with

n=1 to 5 from bottom to top: „a… using 80 modes in the estima-
tion, „b… using 60 modes in the estimation
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at distinct time scales, a property that was not shared by 2D POD
modes. We built a 3D approximation for the flow using a subset of
the 3D POD modes and 2D, two-component velocity measure-
ments. Results suggest that a reliable flow estimator can be ob-
tained by combining flow spatial �POD� second-order statistics
with localized partial measurements.
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Numerical Simulations and
Experimental Study of Liquid
Metal Flow Around Sand Core
This paper presents the results of experimental and numerical studies of the hot distortion
phenomenon in the phenolic urethane cold box systems used in metal casting. Dual
Pushrod Dilatometry has been used to measure a thermal expansion/contraction of phe-
nolic urethane cold box sand core specimens at temperatures ranging from 20°C to
600°C. High temperature tensile tests showed that the tensile strength of the phenolic
urethane cold box sand cores is significantly affected by the bench life, temperature and
binders level. High temperature hot distortion furnace tests on cylindrical cores showed
that some coatings increase the temperature limit when distortion starts, but application
of coating cannot prevent distortion. The hot distortion test during metal casting showed
that regardless of the application of coating, the type of coating, and anti-veining addi-
tives, all cores with density greater than the density of the molten metal (magnesium
alloy) were significantly distorted. Numerical simulations of the liquid metal flow around
the cylindrical sand core and analysis of dynamic forces acting on the core during the fill
process showed that a buoyancy force is the major contributor to the hot distortion. It is
concluded that the one of the solutions in preventing the hot distortion of sand cores is
optimizing their weight, which will balance the buoyancy force and will bring the result-
ant force to the minimum. The hot distortion test castings using optimized sand cores with
density almost equal to the density of the molten magnesium proved our predictions, and
hot distortion has been prevented. �DOI: 10.1115/1.2175160�

Introduction
The phenolic urethane �PU� cold box process offered many

advantages since being introduced to the metalcasting industry in
1968. However, the lower hot strength of this molds, and conse-
quently, the highly pronounced hot distortion phenomenon has
been a major disadvantage of the process. The low hot strength
can result in an increased frequency of casting defects. The hot
distortion is considered to be a consequence of thermal expansion
and resin breakdown at high temperatures. The distortion charac-
teristics become more important when castings require thin cores.

In 1966 the British Cast Iron Research Association �BCIRA�
developed a hot distortion test �HDT� apparatus to determine the
high temperature characteristics of bonding agents and sand mix-
tures �1,2�. It is considered one of the major tests for evaluation of
various sand/resin systems. The hot distortion test was based on
the observation that a thin strip of rigidly bonded sand when
heated on one face will curl away from the source of heat due to
differential thermal expansion between the hot and opposite cold
face. It is assumed that the amount of curl is proportional to the
coefficient of thermal expansion of the bonded sand. In other
words, the distortion curve rise characterizes the thermal rigidity,
and the length of the time axis until the core breaks roughly de-
scribes the thermal stability �3�. Later, the original apparatus was
re-designed in order to eliminate a number of shortcomings �4�. In
the new equipment a gas burner was used to heat the test speci-
men, which has cantilever loading.

Laitar and Johnson �5� described a new phenolic urethane cold
box system, which demonstrated improved hot strength over con-
ventional systems. The hot distortion properties were estimated by
analyzing both dilatometer collapsibility and BCIRA hot distor-

tion curves. Investigation of the effect of changes in the part 1/part
2 ratio showed that the highest hot strength can be obtained in the
55/45 to 60/40 range.

Fountaine and Horton �6� compared different cold box resin
systems �amine cured phenolic urethane, sulfur dioxide cured
FRC acrylic epoxy, methylformate ester-cured phenolic� under
laboratory test casting conditions with BCIRA results for the same
systems. The test casting was designed to reproduce hot distortion
during pouring and solidification. The results of this study showed
that phenolic urethane resins performed better in respect to core
distortion than the other systems. Comparison of distortion char-
acteristics of the various coremaking processes is presented in
another work of Fountaine and Horton �7�. The general dimen-
sional properties for phenolic hot box and shell, as well as the
cold box coremaking binders under laboratory conditions were
studied. The coldbox systems were the amine-cured phenolic ure-
thane and SO2-cured FRC acrylic-epoxy. The effect of the red iron
oxide addition was investigated. It is mentioned that the distortion
is affected by many factors, such as gate placement, cope height,
metal temperature, pouring time, and gating ratios.

Summarizing the prior works on hot distortion, it is necessary
to mention that the existing methods are limited in selection to a
particular binders system to correspond the application regarding
the core distortion phenomenon. The hot distortion curves well
represent resin characteristics, but not necessarily under casting
conditions. Almost all efforts in prior researches were directed
toward optimization of resin system characteristics via manipulat-
ing the coremaking process, amount of binders, part 1/part 2 ratio,
using additives, applying coating, etc. Test castings were based on
a “best guess” approach. Fluid dynamics aspects of the liquid
metal flow around the cores were ignored. However, without fun-
damental understanding of thermo-kinetics and fluid dynamics of
liquid metal—sand core interactions, it is difficult to make deci-
sions in preventing defects such as hot distortion, core breakage,
etc.

Recently, Bakhtiyarov et al. �8,9� presented the results of ex-
perimental and numerical studies of hot distortion phenomenon in
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aluminum casting. The high temperature tensile tests showed that
the tensile strength of the phenolic urethane cold box silica sand
cores is significantly affected by the bench life, temperature and
binders level. High temperature hot distortion furnace tests on
cylindrical cores showed that some aluminum coatings increase
the temperature limit when distortion starts, but cannot prevent it.
The hot distortion test aluminum castings showed that regardless
of the application of coating, the type of coating, and anti-veining
additives, all cores �silica sand� with density less than the density
of the molten metal �aluminum alloy� were significantly distorted.
Numerical simulations of the liquid metal flow around the cylin-
drical sand core and analysis of dynamic forces acting on the core
during fill process showed that a buoyancy force is the major
contributor to the hot distortion. It is concluded that the one of the
solutions in preventing the hot distortion of sand cores is increas-
ing their weigh, which will balance the buoyancy force and will
bring the resultant force to the minimum. The hot distortion test
castings using zircon sand cores �both coated and noncoated� with
density almost equal to the density of the molten aluminum
proved our predictions, and hot distortion has been prevented.

In this paper we present the results of systematic experimental
and numerical studies of hot distortion in phenolic urethane cold
box systems during magnesium casting. CFD simulations of the
nature and significance of the forces exerted on the core during
mold filling process allowed to develop the measures for prevent-
ing the hot distortion in casting.

Thermophysical and Mechanical Properties of Test
Core Material

In this work we studied a hot distortion phenomenon in the
phenolic urethane cold box system. The resin system evaluated
was an amine cured two-part phenolic urethane: A phenolic resin
�ISOCURE® Part I LF-305� and polymeric isocyanate �ISOCURE
® Part II 52-904 GR�. The sand cores were made out of silica sand
and zircon sand. Recently, synthetic iron oxides �SIO� have been
used extensively for reducing nitrogen and veining defects. There-

fore, in some cores we used SIO �Spherox®� as an additive �1%�
to the silica sand. A scanning electron microscope has been used
for chemical analysis of sand particulate. EDS data analysis was
conducted using ISIS LINK® Software �Oxford Instruments, Inc.�.
The results of the analysis showed that the silica sand contains a
significant amount �1.23%� of aluminum oxide. The amount of
other components is insignificant, except ferric oxide �0.3%� and
calcium oxide �0.1%�.

To determine the thermal expansion/contraction of sand cores,
we produced cylindrical core specimens of 25 mm long and
10 mm diameter. The sands were bonded with 1.5% phenolic
resin at a 55/45 part 1 to part 2 ratio using a commercial core
shooter. Dual Pushrod Dilatometry has been used to measure a
thermal expansion/contraction of sand core specimens in the tem-
perature range from 25°C to 800°C. The heating rate was 20°C
per minute.

The results of thermal expansion/contraction analyses for the
silica sand core are presented in Fig. 1. As seen from these data, at
temperatures up to 300°C the test sand cores don’t show any
significant changes in volume. Although up to 0.1% contraction
can be observed at temperatures up to 300°C. At temperatures
above 300°C a dramatic contraction for sand core samples was
observed. The test sand cores contract about 1.75%. At tempera-
ture 360°C the contraction process ends and cores begin expand-
ing. Expansion process stops at temperature 580°C, and no fur-
ther changes in density were observed with temperature increasing
up to 800°C. The observed phenomena have the following expla-
nation. At temperatures up to 300°C, due to combined effect of
expansion and contraction of sand and resin binder, there are no
significant changes in specimen’s volume. At temperatures 300°C
and above, the resin binders start melting and then burning off.
Therefore, the core specimens will contract. When the resin bind-
ers completely burned off �T=360°C�, the contraction process
stops, then sand grains, free of resin binders start expanding. This
process continues up to 580°C, and then the expansion process
stops due to a possible displacive phase transition in silica, and a

Fig. 1 Variation of thermal expansion/contraction of sand core specimens with temperature
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slight contraction is observed above 580°C. The visual observa-
tions of the sand cores after the tests confirmed this explanation.
As expected, after the tests the specimens lost the mass about
1.5%, which was the mass of resin binders in the sand cores.

Next, we determined the effect of Part 1 to Part 2 ratio, bench
life �BL�, and temperature on tensile strength of the test sand
cores with 1.5% resin binders. Sand core test specimens used to
evaluate test material were prepared of a size and shape defined
by standard test methods. In this task we prepared standard “dog-
bone” sand core specimens in order to conduct tension testing.
The core shooter has been used to prepare dog-bones of 13 mm
thick. The following process parameters were targeted: 350 kPa
blow pressure, 1.0 s blow time, 2.0 s gassing time, 70 kPa gassing
pressure, 105 kPa purge pressure, 6.0 s purge time. Tension tests
were conducted using computer controlled testing machine
equipped with a heating furnace. This machine allowed conduct-
ing tension tests at temperatures up to 2000°C. Special grips were
used to hold the dog-bone core samples during the tests.

The test results showed that the tensile strength of sand cores
made of silica sand is significantly affected by bench life. After
1 h of the bench life the tensile strength decreases �15%. Test
temperature more dramatically affects the tensile strength. At
204°C the tensile strength decreases �20%, at 247°C it de-
creases �50%. Part 1 to Part 2 ratio also affects the tensile
strength. Decreasing the percentage of Part 1 from 55% to 50%
results in �10% decrease of tensile strength.

High Temperature Hot Distortion Tests of Sand Core
Specimens

High temperature hot distortion tests were conducted using
300 mm long and 19 mm diameter half-cylindrical cores. These
specimens were prepared using a commercial core shooter. Both
coated and noncoated silica sand, zircon sand, and silica sand
�1% Spherox® cores were tested in these studies. Tests were
conducted for cores with 1.5% �55/45� binders level. Two fur-
naces have been used for high temperature hot distortion tests,
which allowed conducting the tests at temperatures up to 500°C.
At temperature �300°C, all core specimens were distorted. High
temperature hot distortion furnace tests on cylindrical cores
showed that the coating increases the temperature limit when dis-
tortion starts, but application of coating cannot prevent distortion.

Numerical Simulation of Molten Metal Flow around
Semicircular Cylinder

As mentioned above, most efforts in prior research works were
directed toward optimization of resin system characteristics via
manipulating the coremaking process type, the binder level, using
different additives, coating application, etc. However, the fluid
dynamic aspects of the molten metal flow around the cores were
completely ignored. One would assume that without fundamental
understanding of thermo-kinetics and fluid dynamics of liquid
metal—sand core interaction, it is impossible to make right deci-
sions in preventing defects such as hot distortion, core breakage,
etc.

Before the liquid metal reaches the sand cores, only gravita-
tional forces act on each cylindrical core. When the liquid front
reaches the bottom of the cores, the buoyancy forces act in the
direction opposite to the forces of gravity. The buoyancy forces
increase as more of the cylinder becomes submerged in the liquid,
and reach their maximum when liquid surface reaches the top
surface of the cylinder. The further upward propagation of the
liquid level generates the liquid head pressure on the core cylin-
ders. It is important to mention, that the forces mentioned above
are the resultants of the rather complex distribution of forces over
the cross section of the core cylinder at a built-in or fixed support.
A built-in or fixed support is capable of supporting an axial force
a transverse force �shear force�, and a couple �bending moment� to
prevent rotation. Obviously, in this process the fluid flow effect

must be taken into the consideration. Flow around bluff bodies has
been a topic of practical importance for many decades. Cylinders
with circular and the square cross-sections are the most adopted
geometries for fundamental understanding of the flow dynamics.
The present part of this work is aimed at the numerical simulation
of the viscous fluid �molten metal� flow past a semicircle cylinder
�sand core� for low Reynolds numbers �Fig. 2�. The simulation is
intended to clarify the significance of the external and viscous
forces exerted on the cylinder. The steady state, two-dimensional
Navier-Stokes equations along with the incompressibility con-
straint have been numerically solved in the present study. The
partial differential equations for continuity and momentum may
be expressed as:

�u · ��u =
1

�
� p + Fext + Fvis, �1�

� · u = 0, �2�

where � denoted the constant fluid density, p indicated the scalar
pressure field, Fext are the external forces acting on the fluid, such
gravity, Fvis are the shear forces between fluid particles. Equation
�2� expresses the law of conservation of mass. For every fixed
volume inside the flow domain, the influx of fluid must equal the
efflux of fluid in each infinitesimal time step. For all the solid
surfaces in the obstacle, the no-slip boundary condition has been
used: u=0. Due to the low Reynolds numbers, the wake �separa-
tion flow� formation behind the cylinder was neglected in present
work �Fig. 2�. The data obtained on thermal expansion were in-
corporated into the CFD simulations. The mold filling patterns
obtained by using FLOW-3D software are shown in Fig. 3. The
figure represents variation of the velocity vector and pressure in-
side the mold cavity with time. According to these simulations, it
takes 5 s to fill the mold, which is in good agreement with the
experimental data.

The numerical simulations of the hydrostatic equilibrium con-
ditions of the sand core cylinder in the liquid metal, and the flow
dynamics around the cylinder revealed that for the materials con-
sidered in the real castings the buoyancy and gravity forces are the
major contributors to the core distortion. Figure 4 represents the
variation of the resultant force applied on the zircon sand core
with the liquid height in the mold. As seen from this figure, until
the liquid metal front touches the bottom of the core, only gravity

Fig. 2 CFD model of molten metal flow past a semicircle
cylinder

Journal of Fluids Engineering MAY 2006, Vol. 128 / 543

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig. 3 Mold filling patterns simulated by FLOW-3D software

Fig. 4 Variation of the resultant force exerted on the core with liquid metal head
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force acts on the sand core cylinder �−1.25 N�. As soon as the
liquid magnesium submerges the cylindrical core, the buoyancy
force starts acting on the cylinder in the direction opposite to the
gravity force. When the core cylinder is completely submerged
into the molten metal, the buoyancy force achieves its maximum
value �0.71 N�, and hence the resultant force �−0.54 N� is acting
downward. The high temperature tensile strength and hot distor-
tion furnace tests demonstrated that at temperatures even far be-
low the melting point of the magnesium alloys, the phenolic ure-
thane system sand cores are loosing their rigidity and exhibit same
plasticity. Therefore, at molten metal temperatures under the ap-
plied resultant force, one would expect that the fixed-supported
cylindrical heavy core would distort downward. In contrast to the
zircon core, the silica sand core has almost the same density as the
molten magnesium alloy. Hence, the resultant force at the end of
the mold filling process is equal to zero. In fact, that is exactly
what we observed in our hot distortion test castings with zircon
and silica sand cores described in the next section. From these
simulations and the experimental results, we concluded that the
one of the solutions in preventing the hot distortion of the sand
cores is the optimizing their weigh, which will balance the buoy-
ancy force, and will bring the resultant force to the minimum �or
to zero�. Therefore, the next hot distortion test castings were per-
formed using sand cores with different densities.

Hot Distortion Test Castings
The hot distortion test castings were done to study the distortion

phenomenon during pouring and solidification of the molten mag-
nesium alloy. The test specimens for hot distortion test castings
were produced with parameters identical to those of the oven heat-
ing tests �silica sand, zircon sand, and silica sand �1% SIO addi-
tive�. The density characteristics of sand core specimens are pre-
sented in Table 1. The V-process technique has been used to cast
magnesium AZ91E alloy in order to estimate the hot distortion
and the degradation of sand core specimens. The casting proce-
dure was identical to that described previously �10,11�. The test
cores were placed on the drag side of the mold as shown in Fig. 5.
About 50 mm space was allowed on the top and bottom of the
core to be surrounded by cast metal. To eliminate metal flow over
the cores during pouring, we used the side gating system. Two

ingates �19 mm�19 mm� provided the molten alloy into the
mold. An open riser has been used in order to prevent any shrink-
age and air entrapment inside the casting. The temperature varia-
tions during the pouring and solidification were monitored inside
the sprue and riser. The casting trials were held at Auburn Uni-
versity, AL. Twenty pounds of AZ91E alloy were melted using
standard magnesium melting practices and CO2+1%SF6 cover
gas for melt protection. Hexachloroethane tablets were added to
the metal as a degassing agent and grain refiner. The pouring
temperature was 760°C. After pouring, shakeout and surface
cleaning, the casting was transversally cut �Fig. 6�, and the cores
were examined dimensionally for distortion. Figures 7–9 show
transversally cut castings with zircon, silica+1%SIO, and silica
sand cores, respectively. An examination of the transversally

Table 1 Density characteristics of core specimens

Core
specimen Mass, g �s, g /cm3 �s /�Mg

Zircon 126.8 2.930 1.831
Silica+1%SIO 73.1 1.689 1.056
Silica 66.5 1.537 0.961

Fig. 5 Sand core specimens in the mold for hot distortion
tests

Fig. 6 Magnesium hot distortion test casting

Fig. 7 Hot distortion test casting with zircon sand cores

Fig. 8 Hot distortion test casting with silica+1%SIO sand
cores
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sliced casting showed that zircon and silica cores are slightly dis-
torted downward. The test casting results did not reveal hot dis-
tortion for silica+1%SIO cores, which have densities close to the
density of the molten alloy �Table 1�.

One would assume that the zircon core must be distorted sig-
nificantly due to its higher �1.8 times� density than the molten
magnesium alloy, and hence the higher buoyancy force. The effect
of the buoyancy force on core distortion was analyzed in our
previous works �8,9�. However, in magnesium casting there was
not a significant difference between the distortion of heavier �zir-
con� and lighter �silica� cores. Our magnesium casting practices
using phenolic urethane cold box system showed a significant
amount of decomposed gases evolved from the cores �10,11�. One
would assume that the gases evolved from the core reduce the
liquid pressure head above the core, and the buoyancy force in-
creases �Fig. 10�. The increase in buoyancy force decreases the
downward distortion of the core. If we suggest that the volume of
the gases evolved from the core is 10% of the volume of the core,
we will have 0.06 N resultant force acting on the core at the end
of the mold filling process �Fig. 4�. However, this assumption
requires further investigations.

Figure 11 presents the comparison of core distortion between
aluminum �8,9� and magnesium �present work� castings.

Conclusions
Dual Pushrod Dilatometry has been used to measure a thermal

expansion/contraction of phenolic urethane cold box sand core
specimens in the temperature range from 25°C to 800°C at a
heating rate of 20° per minute. At temperatures up to 300°C, due
to combined effect of expansion and contraction of sand and resin
binder, no significant changes in specimen’s volume were ob-
served. At temperatures 300°C and above, the resin binders start
melting and then burning off. Therefore, the core specimens con-
tracted. When the resin binders completely burned off �T

=360°C�, the contraction process stops, then sand grains, free of
resin binders start expanding. This process continues up to
560°C, and then the expansion process stops. During the tests the
specimens lost mass ��1.5% � equal to the mass of resin binders
in the sand cores.

The high temperature tensile tests showed that the tensile
strength of the phenolic urethane cold box sand cores is signifi-
cantly affected by the bench life. After 1 h of the bench life the
tensile strength of silica sand cores decreases �15%. Test tem-
perature more dramatically affects the tensile strength. At 200°C
the tensile strength of silica sand cores decreases �20%, at
250°C it decreases �50%. Part 1 to Part 2 ratio also affects the
tensile strength. For example, decreasing the percentage of Part 1
from 55% to 50% in silica sand core results in 10% decrease of
the tensile strength.

High temperature hot distortion furnace tests were conducted
using 300 mm long and 19 mm diameter half-cylindrical phenolic
urethane cold box cores at temperatures up to 500°C. At tempera-
ture �300°C, all cores were distorted.

Numerical simulations of the liquid metal flow around the cy-
lindrical sand core and analysis of dynamic forces acting on the
core during fill process showed that buoyancy and gravity forces
are the major contributors to the hot distortion phenomenon. It is
concluded that the one of the solutions in preventing the hot dis-
tortion of sand cores is optimizing their density, which will bal-
ance the buoyancy force and will bring the resultant force to the
minimum.

The hot distortion test castings were done to study distortion in
phenolic urethane cold box cores during pouring and solidification
of the molten magnesium alloy AZ91E. An examination of the
transversally sliced casting showed that zircon and silica cores are
slightly distorted downward. The test casting results did not reveal
hot distortion for silica+1%SIO cores, which have densities close
to the density of the molten alloy. We assume that the gases
evolved from the core reduce the liquid pressure head above the
core, and the buoyancy force increases. The increase in buoyancy
force decreases the downward distortion even the heavier cores
such as zircon sand core.
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Power Law Turbulent Velocity
Profile in Transitional
Rough Pipes
Alternate power law velocity profile u+=A�� in transitional rough pipe fully turbulent
flow, has been proposed, in terms of new appropriate inner rough wall variables (�
=Z+ /�, u�=u /�), and new parameters R�=R� /� termed as the roughness friction Rey-
nolds number, Re�=Re/� termed as the roughness Reynolds number and � termed as
roughness scale (along with normal wall coordinate Z=y+�r where �r is the shift of the
origin of boundary layer due to the rough wall, Z+=Zu� /� and u+=u /u�). The envelope
of the power law shows that the power law constants � and A depend on the parameter
R� (i.e., �=��R�� and A=A�R��) but explicitly independent of the wall roughness pa-
rameter h /� (roughness height h in pipe of radius �). The roughness scale � has been
related to the roughness function �U+ of Clauser representing the velocity shift caused by
wall roughness. The present results of the velocity profile, just slightly above the wall
roughness level h, remain valid for all types of wall roughness. The data of Nikuradse for
sand-grain roughness, in transitional and fully rough pipes, has been considered, which
provides good support to the predictions of an alternate power law velocity profile, based
on single parameter R�, the roughness friction Reynolds number.
�DOI: 10.1115/1.2175161�

1 Introduction
The power law velocity profile in wall bounded turbulent shear

flow on smooth wall is

u+ = Cy+
	 , �1a�

u+ =
u

u�

, �1b�

y+ =
yu�

�
�1c�

Here u is the velocity in stream wise x-direction, y is coordinate
and for smooth wall. Further, u�=��w /
 is the friction velocity, �w
is the skin friction, 
 is the fluid density, � is the molecular kine-
matic viscosity of fluid and �=8�u� /Ub�2 is the friction factor.
Nikuradse �1� analyzed his smooth pipes data in terms of the
power law �1a� and estimated the power law constants 	 and C
which have been the function of Reynolds numbers Re=Ubd /�
based on bulk velocity Ub and pipe diameter d=2� and �=a is the
pipe radius. Barenblatt et al. �2,3� proposed the power law con-
stants 	 and C, supported by the data of Nikuradse �1� for smooth
pipe, as given by the expressions

	 =
3

2 ln Re
, �2a�

C =
1
�3

ln Re +
5

2
�2b�

Alternate expressions have also been presented by Kailasnath �4�,
Zagarola et al. �5�, and Afzal �6� for fully developed turbulent
pipe flow and George and Castillo �7�, Afzal �8–10� and Panton
�11� for the turbulent boundary layers. A good review of data for
the power law velocity profile is given by Yaglom �12�.

The proposal of Barenblatt �2� is reviving an issue raised al-
ready in Prandtl �13� about the connection between the power law
and log law velocity profile. The way in which Prandtl and Baren-
blatt had been looking at similar issues, where the exponent in the
power law are Reynolds number dependent whereas the constants
in log law are not. Buschmann and Gad-el-Hak �14� analyzed the
extensive experimental data for velocity distribution in the turbu-
lent boundary layer with no pressure gradient, and proposed that
the existing data covering a wide range of Reynolds numbers
supports the log law and power law with equal measure through-
out most of the overlap region. Further, Buschmann and Gad-el-
Hak �15� observed that Afzal �6,9� rigorously demonstrated the
equivalence of the power and log laws at very high Reynolds
numbers. The power law in turbulent boundary layer flows was
also considered in the “Second International Workshop on Wall-
Bounded Turbulent Flows,” and in the summary report Eaton and
Nagib �16� have pointed out that Afzal highlighted a number of
limitations in the asymptotic analysis leading to the power law for
the boundary layer theory by George and Castillo �7�. In particular
the last of terms shown here is ignored by them and leads to
inappropriate limits:

u

U�

= 1 + G�Y� −
u�

U�

U1�Y� �3�

He also highlighted the relation between power law and log law
which has been discussed in several of his papers �6,9�, i.e., “rep-
resenting the power law in terms of log law and other way
around.” It is shown above the envelop of the power law gives log
law and vice versa �Afzal �10,17��. This means that in fully de-
veloped turbulent pipe or channel flow the log law exists, then
power law also exists there �Afzal �6� and Wosnik et al. �18��.

In transitional roughness the roughness parameter h+=hu� /�
also becomes significant, where h is the hydraulic roughness, and
an additional variable becomes significant. Further, in fully rough
wall case, the dependence on �, the molecular kinematic viscosity,
through Reynolds number Re is not appropriate, where wall hy-
draulic roughness h is very much larger than viscous scale � /u�.
The normal coordinate in transitional rough pipes is Z=y+�r,
where �r is the shift of origin of the normal coordinate in the
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boundary layer, caused by irregular protrusions on the rough wall.
The types of roughness commonly considered may be the sand-
grain roughness, the commercial technical roughness, the k-type
roughness, the d-type roughness in the engineering applications
along with wide variety of the atmospheric roughness. Conse-
quently, the sole effect of roughness is the shift of the velocity
profile in the overlap region of the rough wall with respect to the
smooth wall values. The roughness function may be determined
by three methods described in Schultz and Myers �19�. The clas-
sical log law theory for rough pipes, along with the limiting cases
of fully smooth and fully rough pipes, have been first proposed by
Millikan �20� and have been extensively reviewed �Schlichting
�21�, Raupach, Antonia, and Rajagopalan �22�, Piquet �23�, and
Jimenez �24��, and some basic relations are described in the Ap-
pendix.

The present work considers the power law velocity profile in
transitional roughness in the pipes. Nikuradse �25� for his sand-
grain data, estimated the power law index 	 in relation �1a�,
which in addition to Re also depends on hydraulic roughness h+.
The power law constants 	 and C in relation �1�, from sand-grain
roughness data of Nikuradse, have been estimated by Porporato
and Sordo �26�, as displayed in Fig. 1 of their paper, whose ana-
lytical representation 	=	�Re,h /a� and C=C�Re,h /a� would be
a complex issue and no correlations were proposed.

In a turbulent boundary layer on a rough wall, Balachandar et
al. �27,28� modified the power law velocity profie �1a� for rough-
ness effects as

u+ = Cy+
	 − �U+ �4�

Here �U+ is the roughness parameter, representing a shift of ve-
locity profile curve downwards when compared with smooth wall
power law, in analogy with Clauser �29� and Hama �30� described
by log law �A1�, given in the Appendix . In case of smooth wall,
the power index 	=	�Re� and prefactor C=C�Re�, but by adopt-
ing C=7.957 and 	=0.1551 for smooth wall, the shift �U+ was
estimated as a function of hydraulic roughness h+, but no correla-
tion was proposed. For a rough surface, Seo �31� and Seo and
Castillo �32�, extended the work of George and Castillo �7� for
smooth surface with shift in origin as y++ j+. The power law ve-
locity profile on the rough wall, in the outer and inner layers,
become

u

u�

= CiEi�y+ + j+�	S+	R, �5a�

u

U�

= C0E0�Y + j�	S+	R, �5b�

U�

u�

=
CiEi

C0E0
R�

	S+	R �5c�

Here 	S the power law index and Ci and C0 the prefactors in inner
and outer layers are constants of smooth wall theory and 	R the
power law index and Ei and E0 the prefactors in inner and outer
layers are due to the wall roughness effects. From data of zero
pressure gradient boundary layer j+= jR�=−16 was adopted, and
power law constants for smooth wall become

	S = 0.0362 + 1.334�ln R��−1.46, �6a�

Ci = 55C0 exp�− 4.234/�ln R��0.46� , �6b�

C0 = 1 + 0.283 exp�− 0.005898R�� �6c�

Earlier, for turbulent boundary layer on rough wall, Kotey et al.
�33� proposed power law relation �5a� with j+=−16, and for vari-
ous roughness the parameters 	R and Ei were tabulated in Table II
of their paper, but no correlation was proposed. Seo �31� and Seo
and Castillo �32� from rough wall data proposed the following
correlations

	R = 0.0065h+
0.60126, �7a�

Ei = �1 + 0.03551h+
0.88647�−1, �7b�

E0 = 1 + 0.00576h+
0.517 �7c�

Seo �31� and Seo and Castillo �32� outer layer relations �5b� and
�7c� depend on roughness parameter h+, which is not in accor-
dance with Townsend’s similarity hypothesis on rough wall �see
Flack et al. �34��. Further, let the outer layer slip velocity at the
surface is represented as u�x ,Y =0�=US�x�. The earlier work of
George, Castillo, and Knecht �35� corresponds to j=0, where
outer relation �5b� at Y =0 demands US=0. Consequently, the
boundary condition of no slip at the wall u�Y =0�=US=0 is satis-
fied by outer layer in the overlap region, the inner wall layer is not
needed, and in particular the inner relation �5a� becomes redun-
dant. George and Castillo �7�, Seo �31�, and Seo and Castillo �32�
adopted j=−16/R� and the outer relation �5b� predicts the slip
velocity at the surface US=C0E0�−16/R���, a complex relation for
fully smooth, transitional and fully rough surfaces. It also implies
that outer relation �5b� scaling is not appropriate �see also Afzal
�10,17��. According to the work of Wosnik, Castillo, and George
�18� the power law velocity profile does not exist for fully devel-
oped turbulent pipe flow, and the log law does not exist for tur-
bulent boundary layer. On the other hand, the present work adds
to the power law theory a new and rational approach of scaling for
transitional pipe roughness effects as described below.

The appropriate rough wall new variables, that strain classical
smooth wall variables by roughness scale �, are given below

� =
Zu��

�
=

Z+

�
, Z+ =

Zu�

�
, Z = y + �r �8�

u� =
u

�
, u�� =

u�

�
, u+ =

u�

u��

=
u

u�

�9�

where �r is the virtual origin located below the top of the rough-
ness element, � is the roughness scale, connected with roughness
function �U+, as

�U+ =
1

k
ln � �10�

where h+=0, �U+=0, and �=1 for fully smooth wall and h+
→�, �U+→�, and �→� for fully rough wall. The two appro-
priate new parameters are R�, the roughness friction Reynolds
number

R� =
�u��

�
=

R�

�
, Rr =

�U�

�
�11�

and Re�, the roughness Reynolds number

Re� =
2�Ub�

�
=

Re

�
, Re =

2�Ub

�
�12�

where Ub�=Ub /� ,Ub is average velocity in a pipe of radius �, R�
is the friction Reynolds number and Re is the Reynolds number
based on average velocity and pipe diameter.

The aim of the present work is to extend the classical power
law velocity profile �1� in terms of generalized wall variables
�8�–�12� for transitional rough pipes. It is shown that in the gen-
eralized power laws proposed here, the power law constants de-
pend on roughness friction Reynolds number R�. The findings
have been supported by the extensive experimental data.

2 Power Law Velocity Profile on Transitional Rough
Wall

The present work, dealing with transitional roughness in pipes,
considered the a new inner wall variable �, which gives the power
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laws for velocity profile and friction factor of a transitional rough
wall. The power law turbulent velocity profile u+ may be ex-
pressed as

u+ = A�� �13�

The appropriate partially rough wall variable � or R� is related to
the smooth wall variable Z+ or R� strained by power law rough-
ness scale �, which entirely describes the transitional rough wall
effects in the mean turbulent shear flow. The crucial issue is the
definition of the roughness scale �, which is adopted from relation
�10� in terms of roughness function �U+. In case of fully smooth
wall �=1, the proposed alternate power law relation �13� reduces
to the classical power law �1� implying �=	 and A=C. In outer
variables �13� may also be expressed as

u+ = A1Y�, �14a�

Y =
Z

�
, �14b�

A1 = AR�
� �14c�

It is well known that in the fully developed turbulent pipe flow,
the velocity profile exhibits a weak defect layer which may be
neglected �E=0� and the entire flow is described by the single
wall layer, which is called the “main body of flow,” approxima-
tion. An implication on the relation �13� where flow velocity is Uc
at the pipe or channel axis gives

Uc+ = AR�
� + E, Uc+ =

Uc

u�

�15�

the skin friction power law for a transitional rough wall. The
power law relations �14a� and �15� upon subtraction give

Uc − u

u�

= A1�1 − Y�� + E �16�

The second implication of the “main body of flow” approxima-
tion, is that the power law velocity �13� may be integrated over
entire cross section �say a pipe of radius �� to obtain the bulk
averaged velocity

Ub =
2

�2�
0

�

�� − y�u�y�dy = u�R�
� 2A

�1 + ���2 + ��
�17�

The relations �14� and �15� connecting the average velocity Ub
with characteristic velocity Uc at the pipe axis is

Ub

Uc
=

2

�1 + ���2 + ��
, �18a�

Uc − Ub

u�

= AR�
� ��3 + ��

�1 + ���2 + ��
�18b�

The friction factor � based on power law expression �18a� be-
comes

� = 8� 1

2A
�1 + ���2 + ��R�

−��2

�19�

which may also be expressed as

� = 8�2�−1

A
�1 + ���2 + ��Re�

−��2/�1+��

�20�

Here R�, the roughness Reynolds number defined by relation
�12a� for fully smooth pipe yields �=1, Re�=Re.

3 Envelop of Power Law Friction Factor
Barenblatt �2,3� for smooth pipe walls considered the envelope

of the power law velocity profile �1�, subjected to the power law
constants �2a� and �2b�, which gives the log law velocity profile.

In the present work, the power law friction factor �15� has been
analyzed for its envelope. The large Reynolds numbers R�→�
implies u� /Uc→0 and the relation �15� implies �→0 and A
→�. Consequently, the power law prefactor A may be expressed
in terms of power index �, through simple approximation

A =
a

�
+ b + ¯ �21�

where a and b are constants to be determined for the transitional
rough pipes. This relation in functional form has also been sup-
ported by smooth pipe work of Barenblatt �2� and Kailasnath �4�.
The friction factor power law �15�, based on relation �21� may
also be expressed as

Uc+ = 	 a

�
+ b
exp�� ln R�� + E �22�

which forms a family of curves in �Uc+ , ln R��-plane, where � is
the parameter of the family. The family has an envelope which
satisfies both Eq. �22� and equation �Uc+ /��=0 giving

	1 +
b

a
�
� ln R� = 1 �23�

The solution may also be expressed as

� ln R� = 
 , �24a�


 =
a

2b
ln R��	1 +

4b

a ln R�

1/2

− 1� �24b�

In the skin friction power law �15�, the constant A and power
index � may be eliminated from relation �23� to obtain skin fric-
tion log law

Uc

u�

=
1

k
ln R� + B + E , �25a�

Uc

u�

=
1

k
ln R� + B + E −

1

k
ln � , �25b�

k−1 =
a



exp�
� , �26a�

B = b exp�
� �26b�

where k is the Karman constant and B is the intercept of log law.
The results shows that the envelop of the skin friction power law
�15� is given by log law �25a�.

4 Analysis of the Results
The power law constant A from relation �21� may also be ex-

pressed in two other forms, firstly eliminating constants a and b
through relations �26a� and �26b� and secondly using �23� and
�24b�, respectively give

A = 	 


k�
+ B
exp�− 
� , �27a�

A = 	1

k
ln R� + B
exp�− 
� �27b�

The expression �24b� may be simplified from relation �24a� to get


 = 	1 +
kB

ln R�

−1

�28�

The friction factor � relation �20�, after elimination of constant A
from �27a�, yields
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� = 2� k��1 + ���2 + ��

 + kB�

�2

�29�

which may further be simplified by using relation �28� to obtain

� = 2�k��1 + ���2 + ���2 �30a�

The relation �30a� in view of average velocity �18a� simplifies the
friction factor as

� = 8�k�Uc/Ub�2 �30b�

For large Reynolds numbers the asymptotic expansions for rela-
tions �24a�, �27b�, and �28� for power law constants become

� =
1

ln R�
�1 −

kB

ln R�

+ ¯ � , �31a�

A =
1

k
�ln R� + kB −

A2

ln R�

+ ¯ �exp�− 1� , �31b�


 = 1 −
kB

ln R�

+ 	 kB

ln R�

2

+ ¯ �32�

Alternate form of the power law constants � and A may also be
expressed in terms of the friction velocity. The ln R� term in re-
lation �24a� of power index � and relation �27b� for prefactor A
may be eliminated from relation �25a� to obtain

� = k−1� , �33a�

A =
1

�
exp�− 
� , �33b�

� =
u�

Uc
�33c�

and relation �28� for 
 is simplified as


 = 1 − B� �34�

where � is the nondimensional friction velocity with respect to Uc
the velocity at pipe or channel axis. The relations �33a� and �33b�
for � and A, may also be expressed in terms of average velocity
Ub instead of the axis velocity Uc. The relation �18b� may be
expressed as

Uc − Ub

u�

= − Db

2k�3k + ��
3�k + ���2k + ��

, �35a�

Db = −
3

2k
�35b�

and large Reynolds number asymptotic expansion as �→0 gives

Uc = Ub�1 − DbJ + O�J2�� , �36a�

J =
u�

Ub
=��

8
�36b�

The power law constants �33a�, �33b�, and �34� based on relations
�36a� become

� =
k−1J

1 − DbJ + O�J2�
, �37a�

A = 	1

J
− Db + O�J�
exp�− 
� , �37b�


 = 1 −
BJ

1 − DbJ
�37c�

The power-law index � and prefactor A from relations depend
explicitly on R� or �, which in turn depends on h+ and h /a. The

asymptotic expansion of power law friction factor �25a� based on
relation �36a� for R�→� becomes

�8

�
= k−1 ln R� + B + Db + O	 1

ln R�

 �38�

which may be compared to this order with relation �A11� of log
law theory �Appendix�.

5 Results and Discussion
The alternate power law velocity profiles �13� and �14� and

power law constants �24a�, �27b�, and �28� are summarized below

u+ = A��, �39a�

u+ = A1Y�, �39b�

A1 = AR�
� , �39c�

� =



ln R�

, �40a�

A = 	1

k
ln R� + B
exp�− 
� , �40b�


 = 	1 +
kB

ln R�

−1

�40c�

along with friction factor power law

Uc

u�

= AR�
� + E �41�

The power law velocity profile theory presented in this paper
holds for any kind of transitional roughness, including the limiting
cases of fully rough and fully smooth walls as asymptotic cases.
The type of roughness enters through the roughness scale �, and
its method of determination is described now. The envelop of the
skin friction power law �22� is the log law �25b� which in the light
of relation �10� for roughness scale � becomes

� = exp�k�U+� �42�
and the relation �25b� yields

Uc

u�

=
1

k
ln R� + B + E − �U+ �43�

The relation �43� may also be expressed in terms of � /h as

Uc

u�

=
1

k
ln

�

h
+ BT + E �44�

where the roughness function �U+ and roughness scale � become

�U+ =
1

k
ln h+ + B − BT, �45a�

� = exp�k�U+� = h+ exp�k�B − BT�� �45b�

Here B and BT�h+� are the intercepts of log laws in fully smooth
wall and transitional rough wall flows. In case of fully rough wall,
as shown later, BT=BF. It may be noted that the envelope of
power law is log law, whose further analysis leads to expression
�45a� for the roughness function �U+, which turns out same as
expression �A4� of classical roughness function from log law
theory described in the Appendix .

Based on � value, the new proposed variables �=Z+ /� and
R�=R� /� may be estimated. The alternate power law velocity
profile �39a�, and the power law constants �40a�–�40c� and �41�
may also be expressed as

u+ = A�Z+ exp�− k�U+���, �46a�
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Uc

u�

= �R� exp�− k�U+��� + E , �46b�

� =



ln R� − k�U+
, �47a�

A = 	1

k
ln R� + B − �U+
exp�− 
� , �47b�


 = 	1 +
kB

ln R� − k�U+

−1

�47c�

The hydraulic roughness function �U+ or � given by relations
�47a� and �47b� like friction factor �, is a function of the hydraulic
wall roughness subjected to the oncoming stream, and not a func-
tion of power law or log law theory. The uncertainty associated in
the estimation of roughness function �U+ may be of same order
as the uncertainty associated in estimation of friction factor �.
Moreover, the roughness function �U+ is not a universal function
for all roughness types. Nikuradse’s �25� pipe flow experiments
with closely packed, uniformly sand grain indicated that this
roughness type is a universal function with h simply being the
diameter of individual sand grains. However, the roughness func-
tion for most naturally occuring surfaces do not behave like
closely packed, uniform sand grain. Colebrook �36� demonstrated
this in a study of the irregular surface roughness in pipes resulting
from the manufacturing process, where proper roughness scale h
in terms of given roughness geometry is difficult to specify �Hama
�30��. More than one roughness scale may be required to ad-
equately represent an arbitrary roughness caused by irregular pro-
trusions of rough surface. The types of roughness commonly con-
sidered may be the sand-grain roughness, the commercial
technical roughness, the k-type roughness, the h-type roughness in
the engineering applications along with wide variety of the atmo-
spheric surfaces, etc., for which the roughness functions �U+or
the roughness scale � is needed.

Colebrook �36� for commercial technical monotonic roughness,
simplified the transitional roughness scale �45a� and �45b� and
fortuitously proposed the roughness scale � as simple composite
sum of contribution from fully smooth wall �=1 and fully rough
wall �=h+ exp�k�B−BF��, which may be stated as

� = 1 + �h+, �48a�

�U+ =
1

k
ln�1 + �h+� �48b�

and the roughness friction Reynolds number R� may be estimated
as

R� =
R�

1 + �h+
, �49a�

� = exp�k�B − BF�� �49b�

where B=5.5, BT=BF=8.5, and �=0.306. On the basis of rela-
tions �48� and �49�, the power law profiles �46� and �47� for com-
mercial technical roughness become

u+ = A	 Z+

1 + �h+

�

, �50a�

Uc

u�

= A	 R�

1 + �h+

�

+ E , �50b�

u

Uc
= 	Z

�

�

, E = 0, �50c�

� =



ln�R�/�1 + �h+��
, �51a�

A = �1

k
ln	 R�

1 + �h+

 + 
�exp�− 
� , �51b�


 = 	1 +
kB

ln�R�/�1 + �h+��

−1

�51c�

For inflectional roughness, the relations �48a�–�49a� and �50a�–
�51c� would also remain valid provided � is replaced by �exp�
−j /h+� according to relation �A20�. In the present work the appli-
cation of the power law theory has been applied to the sand-grain
rough pipe data of Nikuradse �25�. These measurements of rough
pipes, rightly celebrated for their care and completeness, have
become a sort of crucial test for the experimental verification of
any proposed law for velocity profile. The homogeneous rough-
ness was obtained by gluing sand grain with various assigned
diameters h to the walls of steel pipes with different diameters.
The measurements were conducted using a series of tiny Pitot
probes �internal diameter ranging from 0.21 and 0.3 mm and
length 30 mm� placed in a Section 1 to 2 mm downstream end of
the pipe, and obtained detailed and careful measurements up to
the near wall proximity, for various values of roughness � /h and
Reynolds number Re.

The velocity profile data of Nikuradse’s �25� sand-grain rough-
ness for roughness parameters � /h=60 and 8�h+�369.8 are
shown in Figs. 1�a�–1�d�. The classical power law velocity distri-
bution, in the smooth wall variables �Z+ ,u+� and classical smooth
wall power law relation, in terms of log-log plot, has been shown
in Fig. 1�a�. The velocity profiles, in the overlap region, repre-
sented by a line u+=CZ+

� are also shown in Fig. 1�a�, which shift
the locations, as the value of h+ changes, and power law index 	
and prefactor C may be estimated. The velocity distribution
shifted by roughness function u++�U+ against traditional smooth
wall variable Z+ is shown in Fig. 1�b� on log-log plot, and the
profile u++�U+=CZ+

� does not depend on wall roughness. The
velocity profile u+ alternate power law �38a� in terms of transi-
tional roughness variable � versus u+, is shown in Fig. 1�c� in
log-log plot, for the same data of Nikuradse �25�, do not explicitly
depends on surface roughness, and the data collapse in the close
neighborhood of relation u+=A��. The power law index � and
prefactor A as a function of roughness friction Reynolds number
R� have been estimated. The power law velocity profile �36b�, in
the outer variables u+=A1Y�, Y =Z /�, is shown as log-log plots in
Figs. 1�d�, which reveals the similarity of the data analogous to
that observed in Fig. 1�d�. Another velocity profile data of Ni-
kuradse �25� for � /h=15 and 31�h+�1250.3 are also shown in
the Figs. 2�a�–2�d�, whose behaviour is analogous to Figs.
1�a�–1�d�, and no additional comment is needed.

The power law velocity profile �39a� and skin friction power
law �41�, for the bulk of the flow approximation, give a remark-
ably simple relation for power law velocity distribution

u

Uc
= A0	Z

�

�

, �52a�

A0 � 1 �52b�
The Nikuradse �25� velocity profile data in terms of variables
u /Uc versus Z /� is shown in Fig. 3 as log-log plot, which predicts
A0=1 in second place of decimal. This shows the order to which
the bulk flow approximation relations �52a� and �52b� holds good.
The velocity profiles linear region in Fig. 4, shows that the power
index � depends on roughness friction Reynolds number R�. The
velocity profile for h+=64.4 �middle one out of seven velocity
profiles in � /h=60 data of Nikuradse �25�� show little departure
from the prediction, in the overlap region. A careful inspection of
Fig. 1�a� shows that the line fitted to the data for h+=64.4 em-
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braces few data points in the overlap region, that may also be
observed in other Figs. 2 and 3.

The velocity profiles were measured by Nikuradse �25� in the
sand-grain roughness for � /h=15, 30.6, 60, 126, 212, and 507.
Nikuradse �25� displayed the data in his Fig. 18, in terms of power
law velocity profile �1a� as log-log plots, and estimated the power
law index �, as a function of roughness parameter � /h, but com-
putation of prefactor C was ignored, that has been estimated in
present work. In alternate power law profile �39a�, the behavior of
power law constants � and A determined from experimental data
of Nikuradse �25�, may be analysed in terms of parameter R�

=R� /�, the roughness friction Reynolds number, in order to ob-
serve the support provided by the experimental data to present
predictions �=��R�� and A=A�R�� in transitional rough pipes.

In order to check self-consistency, of each power law velocity
profile data, A against �−1 have been shown in Fig. 4, from data
for various values on � /h, which supports the universality of the
proposed relation A=A��� with no appreciable scatter in the data.
The present prediction �37b� represented by relation A=0.92/�
+2.2 compares very well with the experimental sand-grain rough-
ness data. The power law index � for various values on � /h have
been shown in Fig. 5 against roughness friction Reynolds number
R�. In the same figure, the prediction �=1/ ln R� from relation
�40a� with 
=1 for large Reynolds number R� is also shown,
which for lower values of the Reynolds numbers R� represents the
upper limit of the data scatter. The higher order effect, in power
index �, in the relation �40a� may be employed, by estimating 

for description of little departure of data observed in Fig. 5. How-
ever, the fully rough pipe data has been in agreement with large

Reynolds numbers line �=1/ ln R�. This implies that the data
scatter, in flows other than fully rough pipe, may be due to the
uncertainities associated with estimation of friction velocity u�

and roughness scale � associated with parameter R�, the rough-
ness friction Reynolds numbers. The power law constant A has
been shown in Fig. 6 against roughness friction Reynolds number
R�. In the same figure, best linear fit line A=0.8 ln R�+3.25 is
also shown. However, the data would not be inconsistent with
slope 0.92 instead of 0.8. The fully rough pipe data has been again
very close to the best line, implying that scatter in the data for
other data, may be associated with uncertainities in the estimation
of friction velocity u� and roughness scale � associated with pa-
rameter R�.

Next step is to consider, the power law constants � and A,
predictions in terms of friction factor �. The experimental data of
Nikuradse �25�, provided support to the present proposed relations
�=���� and A=A��� in a transitional rough pipes. The power law
index � data for various values on � /h, have been shown in Fig.
7 against friction factor �. The relation � verus �, represented as
�=����, with some data scatter compares well with the leading
order relation �37a� given by relation �=0.88��. The results for
power law constant A against � have been shown in Fig. 8, which
due to data scatter has been also shown the best linear fit A
=0.92/��+2.6 to the data. Further, the relation �37b� giving A
=1.04/��+1.38, however, may not be inconsistent within in the
data scatter region. The fully rough pipe data has been very close
and almost to the best line, also implying that the scatter in the
other data, may be due to uncertainities associated with determi-

Fig. 1 The power law velocity distribution in log-log plots for sand-grain rough pipe data of Nikuradse for various values of h+
with � /h=60: „a… Traditional inner power law velocity profile u+=CZ+

�, in smooth wall variables „u+ ,Z+…. „b… Velocity profile
shifted by the roughness function u++�U+ against traditional smooth wall variable Z+ according to the power law relation u+
+�U+=CZ+

�. „c… Proposed inner transitionally rough wall variable � for velocity profile u+, based on proposed inner power law
velocity profile u+=A��. „d… Proposed outer power law velocity profile u+=A1Y�, in outer variables „u+ ,Y….
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nation of the friction velocity u� and roughness scale � associated
with parameter R�. Further, the higher order effects in relations
�36a� and �36b� and the effects of the outer layer, neglected under
the bulk of the flow approximation, would require further work,
apart from uncertainities associated with estimation of friction ve-
locity u�. The friction factor � relation �30� based on � from

relations �40a� and �40c� with parameter kB=2 has been com-
puted. The ratio �e /� of the experimental data �e to the predicted
values � of the friction factors have been shown in Fig. 9.The line
�e /�=1 shown in the same figure compares well, in a remarkably
good manner, with the experimental data of Nikuradse for transi-

Fig. 2 The power law velocity distribution in log-log plots for sand-grain rough pipe data of Nikuradse for various values of h+
with � /h=15: „a… Traditional inner power law velocity profile u+=CZ+

�, in smooth wall variables „u+ ,Z+…. „b… Velocity profile shifted
by the roughness function u++�U+ against traditional smooth wall variable Z+ according to the power law relation u++�U+=CZ+

�.
„c… Proposed inner transitionally rough wall variable � for velocity profile u+, based on proposed inner power law velocity profile
u+=A��. „d… Proposed outer power law velocity profile u+=A1Y�, in outer variables „u+ ,Y….

Fig. 3 The power law velocity distribution u /Uc=Y� from rela-
tions „52a… and „52b… in the sand-grain rough pipe data of Ni-
kuradse for various values of h+ with � /h=60

Fig. 4 Comparison of power law constant A relation „27a…
against inverse of the power law index � with the experimental
data of fully developed turbulent flow in transitional rough pipe
data of Nikuradse for various values of � /h in pipes. Proposed
relation——A=0.92/�+2.2.

554 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



tional roughness in pipes. The skin friction power law �15� has an
envelope as log law �41�, which for large Reynolds number R�,
with k=0.4 and B=5.5, gives

1
��

= 2.03 log10�Re�
��� − 0.91 + O	 1

ln Re�

 . �53�

where Re�=Re/� is the roughness Reynolds number, and adjust-
ing the constants slightly �following Prandtl �13�, see Schlichting
�21�� yields

1
��

= 2 log10�Re�
��� − 0.8 + O	 1

ln Re�
��


 �54�

The relation �54� may also be expressed in terms of R� roughness
friction Reynolds number as

1
��

= 2 log10�Re�
�32� − 0.8 + O	 1

ln R�

 �55�

The friction factor � relation �54� or �55� in terms of parameter
Re� or R�, remains same for all types of the wall roughness, may
be the sand-grain infectional roughness, the Colebrook monotonic
roughness, bar type roughness, atmospheric ground roughness,
etc. For example, in traditional variables, Nikuradse �1,25� in his
Fig. 9 �or Schlichting �21�, Fig. 20.18, p. 521� for a given value of

Fig. 6 Comparison of the power law constant A relation „40b…
against roughness friction Reynolds number R� with the ex-
perimental data of the transitional rough pipe data of Nikuradse
for various values of � /h. values in pipes… for Nikuradse data.
Proposed relation——A=0.9 ln R�+2.6.

Fig. 7 Comparison of the power law index � against friction
factor � based on relation „37a… with fully developed turbulent
flow in transitional rough pipe data of Nikuradse for various
values of � /h in pipes. Proposed relation——�=0.88��.

Fig. 5 Comparison of the power law index � relation „40a…
against roughness friction Reynolds number R� with the ex-
perimental data of the fully developed turbulent flow in transi-
tional rough pipe of Nikuradse for various values of � /h in
pipes. Proposed relation—– �=1/ ln R�.

Fig. 8 Comparison of power law constant A against parameter
�−1/2 based on inverse nondimensional friction factor from re-
lation „37b… with for fully developed turbulent flow in transi-
tional rough pipe data of Nikuradse for varios values of � /h in
pipes. Proposed relation——A=0.92/��+2.6.

Fig. 9 Comparision of �e /�, the ratio of the experimental to
predicted values of friction factors against the roughness fric-
tion Reynolds number R� with fully developed turbulent flow in
transitional rough pipe data of Nikuradse for various values of
� /h in pipes. Proposed relation—– �e /�=1.
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� /h has shown that the friction factor is a distinct line, which
shifts with change in the values of roughness � /h, where as in
present alternate variable R� the friction factor for all types of
roughness is universal collapsing on a single line predicted by
relation �55�. Likewise, friction factor for Colebrook commercial
monotonic roughness, is shown by Moody �37� plots, where each
value � /h distinct line is obtained, where as in the present alter-
nate variable R� all the data collapse on a single line relation �55�.

The lowest order friction factor relation �55�, based on the
power law envelope, has been the same as relation �A18� from the
log law theory, described in the Appendix. In fact for smooth flow
�=1, Re�=Re the relation �54� becomes same as Prandtl’s uni-
versal friction factor relation �A19�. The friction factor data has
been shown in Fig. 10 against roughness friction Reynolds num-
ber R�, where transitional rough pipes data of Nikuradse �25�
collapse on a single line represented by prediction �52�. The nu-
merical values a=0.92 and b=2.02 power law constants corre-
sponds to the log law universal constants k=0.4 and B=5.5 �Schli-
chting �21��. The predictions, displayed in various figures, with
power law constant a=0.92 compare with the data. It is well
known, that Prandtl �13� �see also Schlichting �21�� slightly ad-
justed B+Db while proposing the relation �A14� for smooth pipe
data, and the same have been adopted here in the transitional
rough pipes predictions �55� from power law or �A13� from log
law. Likewise, the constant b �or B� in Figs. 7 and 9 and constant
Db in Fig. 9 have been slightly adjusted for data comparison.
Barenblatt �2,3� and Zagarola et al. �5,38� proposed changes in the
classical values of k, the Karman constant and B, the log law
intercept based on power law theory. Moreover, several proposals
based on classical log law theory also widely vary where k
=0.461 and B=7.13 �Smith and Walker �39�� and k=0.37 and B
=3.7 �Zanoun et al. �40��.

The present work considered sand-grain roughness data. For
any other type of roughness, the roughness scale � may be esti-
mated from data, but the power law constants � and A in power
law velocity profile �13�, in terms of the parameters R�=R� /� and
Re�=Re/�, would remain the same, as proposed in present work.
Further, the power law solution considered here has been equiva-
lent with classical log law solution for very large Reynolds num-
bers R� in the overlap domain. This is not surprising as we are
dealing with the open functional equation of the turbulent motion,
without any closure hypothesis. The higher order effects in power
law theory is of order �ln R��−1 and in log law theory is of order
R�

−1. Consequently, the power law solution and log law solution
are not equivalent for lower Reynolds numbers �Afzal �10,17��.

6 Conclusions

�1� Two new parameters R�=R� /�, the roughness friction
Reynolds number and Re�=Re/�, the roughness Rey-
nolds number have been proposed. An alternate power
law velocity profile u+=A�� in new inner wall variable
�=Z+ /� have also been proposed for transitionally
rough pipes. Here � is the roughness scale connected
with the roughness function �U+.

�2� The power law constants � and A for transitionally
rough pipes, remain same as in smooth pipe case, pro-
vided R� and Re in smooth wall relations are replaced
by corresponding roughness Reynolds numbers R� and
Re� as appropriate.

�3� The theory shows power law constants �=��R��
=���� and A=A�R��=A���, remain same for transi-
tional roughness as well as smooth pipes.

�4� In traditional variables, the velocity profile in terms of
inner variable Z+, and the friction factor � in terms of
friction Reynolds number Re� or Reynolds number Re,
depend on pipes roughness. Further, the power law con-
stants �=��Re,h+� and A=A�Re,h+� in addition to
Reynolds number Re shall also depend on transitional
roughness of the pipes.

�5� The velocity profile �13� in terms of alternate inner vari-
able �, and the friction factor relations �19� or �20� in
terms of parameter Re� or R�, proposed in the present
work, remains same for all types of the wall roughness,
i.e., these are explicitly independent of pipes roughness.
But the roughness is implicitly presents due to involve-
ment of the roughness scale � in definitions of the inner
variable �, the roughness friction Reynolds number R�

=R� /� and roughness Reynolds number Re�=Re/�.
For smooth pipes �=1 and friction factor relation yield
the Prandtl universal friction factor of smooth pipes.

Appendix: Logarithmic Velocity Profile
The log law theories in fully developed, turbulent flow, in fully

smooth pipe or channel, have been studied by Millikan �20�, Ten-
nekes �41�, Afzal and Yajnik �42�, Afzal �43�, Wosnik, Castillo,
and George �18�, and Buschmann and Gad-el-Hak �15�. Millikan
�20� also proposed the log law theory for transitionally rough
pipes and limiting case of fully rough pipes. The turbulent flow on
transitionally rough wall has been extensively reviewed �Schlich-
ting �21�, Raupach, Antonia, and Rajagopalan �22�, Piquet �23�,
and Jimenez �24��. It is well known that in the fully developed
turbulent pipe flow, the velocity profile exhibits a very weak de-
fect layer �wake parameter II small�, which may be neglected and
the entire flow is described by the single wall layer and it is called
the “main body of flow,” approximation. The log law velocity
profile for transitionally rough wall becomes �Schlichting �21�,
Raupach, Antonia, and Rajagopalan �22�, Piquet �23�, Jimenez
�24�, and Antonia and Krogstad �44��

u

u�

=
1

k
ln Z+ + B − �U+ �A1�

and skin friction log law becomes

Uc

u�

=
1

k
ln R� + B + D − �U+ �A2�

The log law of the rough wall �A1� has been represented as the
sum of smooth wall log law �in classical inner wall variable Z+,
with Karman constant k and wall intercept B as universal con-
stants on a smooth wall� and the effects of the wall roughness
have been incorporated through roughness function �U+ defined
by Clauser �29� and Hama �30� as an additional term. Likewise,
the skin friction log law for a rough wall �A2�, under the bulk of
flow approximation, also contains the Clauser roughness function

Fig. 10 Comparison of the friction factor � against the rough-
ness friction Reynolds number R�=Rr /� from prediction „55…
with data of Nikuradse for various values of � /h for fully devel-
oped turbulent flow in transitional rough pipes. Proposed
relation—–1/��=2 log10„R�

�32…−0.8.
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�U+ as an additive term. For various types of roughness the data
on roughness function �U+ may be found in the reviews by Schli-
chting �21�, Raupach, Antonia, and Rajagopalan �22�, Piquet �23�,
and Jimenez �24�. The roughness function �U+ may be deter-
mined by three methods described in Schultz and Myers �19�.

The velocity profile �A1� in terms of fully rough wall variable
Z /h may be expressed as

u

u�

=
1

k
ln

Z

h
+ BT �A3�

provided BT is expressed in terms of roughness function �U+ as
given below

�U+ =
1

k
ln h+ + B − BT �A4�

Here B and BT are the intercepts of log laws in fully smooth and
transitional roughness. For B=5 is smooth wall constant and for
the fully rough wall BT=BF=8.5.

Let us consider alternate inner variable �, Reynolds numbers
R�, and Re� and the roughness scale �, defined by relations
�6�–�9�, for ready reference are stated below

� =
Z+

�
, �A5a�

R� =
R�

�
, �A5b�

Re� =
Re

�
, �A5c�

�U+ =
1

k
ln � �A5d�

The roughness scale ��h+� from relations �A4� and �A5d� be-
comes

� = exp�k�U+� = h+ exp�k�B − BT�� �A6�

Introduction of the new variables �A6� and �A7�, in the velocity
profile �A1� becomes

u

u�

=
1

k
ln � + B �A7�

and the skin friction log law �A2� becomes

Uc

u�

=
1

k
ln R� + B + D �A8�

The log law velocity profile �A7� and skin friction �A8� are the
universal functions, and roughness properties have been inherited
in the alternate wall variable � and Reynolds number R� through
relations �A5�. The log law velocity profile �A7�, subjected to the
“main body of flow” approximation �D=E=0�, may be integrated
over entire cross section �say, pipe radius �� to obtain the bulk
averaged velocity

Ub =
2

�2�
0

�

�� − y�u�y�dy = u�	1

k
ln R� + B −

3

2k

 �A9�

The relations �A9� and �A8� connect the average velocity Ub with
characteristic outer velocity Uc by the relation

Ub = Uc + Dbu�, Db = −
3

2k
�A10�

The friction factor �=8�u� /Ub�2, from relations �A8� and �A10�,
becomes

�8

�
= k−1 ln R� + B + Db �A11�

and numerical values k=0.4, Db=−3.75, and B=5.5 yield
1/ �k�8�=2.03 and �B+Db� /�8=0.091 and further the constants
are slightly adjusted �following Prandtl �13,21�� to obtain

1
��

= 2 log10�Re�
��� − 0.8 �A12�

The relation �A12� may also be expressed in terms of R� to obtain

1
��

= 2 log10�R�
�32� − 0.8 �A13�

For smooth flow �=1, Re�=Re and relation �A13� gives Prandtl
universal relation

1
��

= 2 log10�Re��� − 0.8 �A14�

Commercial Technical Roughness. Colebrook �36� in com-
mercial technical roughness, fortuitously proposed that roughness
scale � in transitional rough wall is simple sum of � for fully
smooth wall �=1 where BT=B and fully rough wall �=�h+
where BT=BF and �=exp�k�B−BF��=0.306 for B=5.5 and BF

=8.5. The composite relation becomes �=1+�h+ which gives

�U+ =
1

k
ln�1 + �h+�, R� =

R�

1 + �h+
, � = exp�k�B − BF� = 0.306

�A15�

In terms of parameter R� given by relation �A6� all the data for
the commercial technical roughness in Colebrook �36�� shall also
collapse on a single line �A12�. Further, in the classical Moody
�37� plot �see p. 528, Fig. 20.25 Schlichting �21�� in which for
each value of roughness parameter a /h there is a represented line,
where as in the present work all the lines of the Moody plot
collapse on a single relation �A12� in terms of parameter R� pre-
dicted here. Further, based on relations �A15� the friction factor
relation �A2� becomes

1
��

= 2 log10	 Re��

1 + �h+

 − 0.8 �A16�

which may also be expressed in standard �36� form as

1
��

= − 2 log10	 2.51

Re��
+

�

1.12

h

d
 �A17�

Likewise, the power law velocity profile data for Colebrook tech-
nical roughness, the roughness scale � may be estimated from
relations �A15�. The power law constants � and A data for com-
mercial technical roughness may be displayed in terms of R�,
which would follow the same relations as shown in various fig-
ures, which holds for all types of roughness including the smooth
wall.

Sand Grain Roughness. The roughness function �U+ relation
�A4� in terms BT the log law constant for transitionally rough
wall, was used by Nikuradse �25� for tabulation of BT from his
sand-grain roughness pipe data as a function of roughness param-
eter h+. Guo �46� expressed BT data of Nikuradse �25� by the
relation

BT = 8.5 +
5.75 log10h+ − 3.25

exp�log10
3 �1 + h+

0.88��
�A18�

The roughness function �U+ correlation, from Nikuradse data,
proposed by Loselevich and Pilipenko �see Cebeci �47�� is
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�U+ = �B − 8.5 + k−1 ln h+� � sin�0.4258�ln h+ − 0.811�� =
1

k
ln �

�A19�

for 2.25�h+�90 with B=5.2 and k=0.42.
The roughness scale � for infectional roughness of Nikuradse is

obtained by Afzal �45�, from modification of Colebrook �36�
monotonic relation �A15� of transitional roughness domain, by
introducing an exponential function that approaches unity for
h+→�, as stated below

� = 1 + �h+ exp	−
j

h+

, � = exp�k�B − BF�� �A20�

�U+ =
1

k
ln�1 + �h+ exp	−

j

h+

� �A21�

where j=0 for Colebrook �36� monotonic roughness and j=11 for
infectional roughness of Nikuradse �25�. The predictions are de-
scribed in Afzal �48,49�.

References
�1� Nikuradse, J., 1932, “Laws of Turbulent Flow in Smooth Pipes,” VDI,

Forchungsheft N-356 �English translation NACA TTF-10, p. 359�
�2� Barenblatt, G. I., 1993, “Scaling Laws for Fully Developed Turbulent Shear

Flows, Part I: Basic Hypothesis and Analysis,” J. Fluid Mech., 248, pp. 513–
520.

�3� Barenblatt, G. I., Chorin, A. J., and Prostokishin, V. M., 1997, “Scaling Laws
for Fully Developed Turbulent Flow in Pipes,” Appl. Mech. Rev., 90, pp.
413–429.

�4� Kailasnath, P., 1993, “Reynolds Number Effect and The Momentum Flux in
Turbulent Boundary Layer,” Ph.D. thesis, Mason Lab., Yale University.

�5� Zagarola, M. V., Perry, A. E., and Smits, A. J., 1997, “Log Laws or Power
Laws: The Scaling in the Overlap Region,” Phys. Fluids, 9, pp. 2094–2100.

�6� Afzal, N., 2001, “Power Law and Log Law Velocity Profiles in Fully Devel-
oped Turbulent Pipe Flow: Equivalent Relations at Large Reynolds Numbers,”
Acta Mech., 151, pp. 171–183.

�7� George, W., and Castillo, L., 1997, “Zero Pressure Gradient Turbulent Bound-
ary Layer,” Appl. Mech. Rev., 50, pp. 689–729.

�8� Afzal, N., 1997, “Power Law in Wall and Wake Layers of a Turbulent Bound-
ary Layer,” Proceedings Seventh Asian Congress of Fluid Mechanics, Allied
Publishers Limited, New Delhi, pp. 805–808.

�9� Afzal, N., 2001, “Power Law and Log Law Velocity Profiles in Turbulent
Boundary Layer: Equivalent Relations at Large Reynolds Numbers,” Acta
Mech., 151, pp. 195–216.

�10� Afzal, N., 2005, “Scaling of Power Law Velocity Profile in Wall-Bounded
Turbulent Shear Flows.,” AIAA-2005-0109, 43rd AIAA Aerospace Sciences
Meeting and Exhibit, 10–13 Jan., Reno, Nevada.

�11� Panton, R. L., 2002, “Evaluation of the Barenblatt-Chorin-Prostokishin Power
Law for Turbulent Boundary Layers,” Phys. Fluids, 14, pp. 1806–1808.

�12� Yaglom, A. M., 2001, “The Century of Turbulence Theory: The Main Achieve-
ments and Unsolved Problems,” New Trends in Turbulence: Nouveaux As-
pects, M. Lesieur, A. Yaglom, and F. David, eds., Les Houches: EPT, Springer-
Verlag, Berlin, Vol. 74.

�13� Prandtl, L., 1934, “The Mechanics of Viscous Fluids,” in Aerodynamics
Theory, Vol. 3, W. F. Durand, ed., California Institute of Technology, Pasadena,
California, pp. 34–208.

�14� Buschmann, M. H., and Gad-el-Hak, K., 2003, “The Debate Concerning the
Mean Velocity Profile of a Turbulent Boundary Layer,” AIAA J., 41�4�, pp.
565–572.

�15� Buschmann, M. H., and Gad-el-Hak, K., 2003, “Generalized Logarithmic Law
and its Consequences,” AIAA J., 41�1�, pp. 40–48.

�16� Eaton, J. K., and Nagib, H. M., 2004, “Report: ‘Second International Work-
shop on Wall-Bounded Turbulent Flows,’ by H. Nagib and A. J. Smits,” from
2–5 November, the Abdus Salem International Center for Theoretical Physics,
Trieste, Italy.

�17� Afzal, N., 2005, “Analysis of Power Law and Log Law Velocity Profiles in

Overlap Region of a Turbulent Wall Jet,” Proc. R. Soc. London, Ser. A, 461,
pp. 1889–1910.

�18� Wosnik, M., Castillo, L., and George, W. K., 2000, “A Theory for Turbulent
Pipe and Channel Flows,” J. Fluid Mech., 421, pp. 115–145.

�19� Schultz, M. P., and Myers, A., 2003, “Comparison of Three Roughness Func-
tion Determination Methods,” Exp. Fluids, 35�4�, pp. 372–379.

�20� Millikan, C. B., 1938, “A Critical Discussion of Turbulent Flow in Channels
and Circular tubes,” Proc. Fifth. International Congress of Applied Mechaics,
J. P. Den Hartog and H. Peters, eds., Wiley, New York, pp. 386–392.

�21� Schlichting, H., 1968, Boundary Layer Theory, McGraw-Hill, New York.
�22� Raupach, M. R., Antonia, R. A., and Rajagopalan, S., 1991, “Rough-Wall

Turbulent Boundary Layer,” Adv. Appl. Mech., 44, pp. 1–25.
�23� Piquet, J., 1999, Turbulent Flow, Springer-Verlag, Berlin.
�24� Jimenez, J., 2004, “Turbulent Flow Over Rough Walls,” Annu. Rev. Fluid

Mech., 36, pp. 173–196.
�25� Nikuradse, J., 1933, “Laws of Flow in Rough Pipe,” VDI, Forchungsheft

N-361 �English translation NACA TM 1292, 1950�.
�26� Porporato, A., and Sordo, S., 2001, “On the Incomplete Similarity for Turbu-

lent Velocity Profiles in Rough Pipes,” Phys. Fluids, 13�9�, pp. 2596–2601.
�27� Balachandar, R., Hagel, K., and Blakely, D., 2002, “Velocity Distribution in

Decelerating Flow Over Rough Surface”, Can. J. Civ. Eng., 29, 211–221.
�28� Balachandar, R., Blackely, D., and Bugg, J., 2002, “Friction Factor and the

Power Law Velocity Profile in Smooth and Rough Shallow Open Channel
Flow Can. J. Civ. Eng., 29, pp. 256–266.

�29� Clauser, F. H., 1954, “Turbulent Boundary Layers in Adverse Pressure Gradi-
ents,” J. Aeronaut. Sci., 4, 91–108.

�30� Hama, F. R., 1954, “Boundary Layer Characteristics for Smooth and Rough
Surfaces,” Soc. Nav. Archit. Mar. Eng., Trans., 63, pp. 353–358.

�31� Seo, J., 2003, “Investigation of the Upstream Conditions and Surface Rough-
ness in Turbulent Boundary Layer,” Ph.D. thesis, Rensselaer Polytechnic In-
stitute, New York.

�32� Seo, J., and Castillo, L., 2004, “Rough Surface Turbulent Boundary Layer: The
Composite Profiles,” AIAA 2004-1287, 42nd AIAA Aerospace Sciences Meet-
ing and Exhibit, 5–8 Jan., Reno, Nevada.

�33� Kotey, N. A., Bergstrom, D. J., and Tachie, T. F., 2003, “Power Law for Rough
Wall Turbulent Boundary Layer,” Phys. Fluids, 15, 1396–1404.

�34� Flack, K. A, Schultz, M. P., and Shapiro, T. A., 2005, “Experimental Support
for Townsend’s Reynolds Number Similarity Hypothesis on Rough Walls,”
Phys. Fluids, 17, p. 035102.

�35� George, W., Castillo, L., and Knecht, P., 1996, “The Zero Pressure Gradient
Turbulent Boundary Layer,” Technical Report TRL-153 Turbulence Research
Lab., State University of New York at Buffalo.

�36� Colebrook, C. F., 1939, “Turbulent Flow in Pipes With particular Reference to
the Transition Region Between the Smooth and Rough Pipe Laws,” Proc. Inst.
of Civ. Eng. �UK�, 11, pp. 133–156.

�37� Moody, L. F., 1944, “Friction Factor for Pipe Flow,” Trans. ASME, 66, pp.
676–684.

�38� Zagarola, M. V., and Smits, A. J., 1998, “Mean Flow Scaling in Turbulent Pipe
Flow,” J. Fluid Mech., 373, 33–79.

�39� Smith, D. W., and Walker, J. H., 1958, “Skin Friction Measurements in In-
compressible Flow,” NACA TN 4231.

�40� Zanoun, E. S., Durst, F., and Nagib, H., 2003, “Evaluating the Law of the Wall
in Two Dimensional Fully Developed Turbulent Channel Flow,” Phys. Fluids,
15, pp. 3079–3089.

�41� Tennekes, H., 1968, “Outline of a Second Order Theory of Turbulent Pipe
Flow,” AIAA J., 6, pp. 1735–1740.

�42� Afzal, N., and Yajnik, K., 1973, “Analysis of Turbulent Pipe and Channel
Flow at Moderately large Reynolds number,” J. Fluid Mech., 61, pp. 23–31.

�43� Afzal, N., 1976, “Millikan’s Argument at Moderately Large Reynolds Num-
bers,” Phys. Fluids, 19, pp. 600–602.

�44� Antonia, R. A., and Krogstad, P.-A., 2001, “Turbulence Structure in Boundary
Layer Over Different types of Surface Roughness,” Fluid Dyn. Res., 28, pp.
139–157.

�45� Afzal, N., 2005, “Power Law Velocity Profile in a Turbulent Boundary Layer
on Transitional Rough Walls,” in preparation.

�46� Guo, J., 2001, “Discussion on ‘A Simple Method of Measuring Shear Stress on
Rough Boundaries,’” J. Hydraul. Res., 39, pp. 445–226.

�47� Cebeci, T., 2004, Analysis of Turbulent Flows, Elsevier, New York.
�48� Afzal, N., and Seena, A., 2005, “Alternate Scales for Turbulent Flow in Tran-

sitional Rough Pipes: Universal Log laws,” in prepartion.
�49� Afzal, N., 2005, “Alternate Scales for Turbulent Boundary Layers on Transi-

tional Rough Walls: Universal Log Laws,” in preparation.

558 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



N. Jovičić
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Anisotropy-Invariant Mapping of
Turbulence in a Flow Past an
Unswept Airfoil at High Angle
of Attack
Turbulence investigations of the flow past an unswept wing at a high angle of attack are
reported. Detailed predictions were carried out using large-eddy simulations (LES) with
very fine grids in the vicinity of the wall in order to resolve the near-wall structures. Since
only a well-resolved LES ensures reliable results and hence allows a detailed analysis of
turbulence, the Reynolds number investigated was restricted to Rec=105 based on the
chord length c. Admittedly, under real flight conditions Rec is considerably higher (about
�35–40� ·106). However, in combination with the inclination angle of attack �=18 deg
this Rec value guarantees a practically relevant flow behavior, i.e., the flow exhibits a
trailing-edge separation including some interesting flow phenomena such as a thin sepa-
ration bubble, transition, separation of the turbulent boundary layer, and large-scale
vortical structures in the wake. Due to the fine grid resolution applied, the aforemen-
tioned flow features are predicted in detail. Thus, reliable results are obtained which form
the basis for advanced turbulence analysis. In order to provide a deeper insight into the
nature of turbulence, the flow was analyzed using the invariant theory of turbulence by
Lumley and Newman (J. Fluid Mech., 82, 161–178, 1977). Therefore, the anisotropy of
various portions of the flow was extracted and displayed in the invariant map. This
allowed us to examine the state of turbulence in distinct regions and provided an im-
proved illustration of what happens in the turbulent flow. Thus, turbulence itself and the
way in which it develops were extensively investigated, leading to an improved under-
standing of the physical mechanisms involved, not restricted to a standard test case such
as channel flow but for a realistic, practically relevant flow problem at a moderate
Reynolds number. �DOI: 10.1115/1.2175162�

1 Introduction
Turbulence is one of rare unsolved problems in fluid mechan-

ics. Despite major efforts put into its investigation, we are still far
from understanding the full mechanisms involved. This includes
in particular the way in which turbulence evolves from initial
disturbances in laminar flows, which commonly is denoted the
transition process. Applying novel experimental techniques, nu-
merical simulations or theoretical considerations, numerous con-
tributions have been made to shed more light on the transition
process and the structure of turbulence in general. It is universally
accepted that the transition in a boundary layer starts with the
amplification of initially two-dimensional instability waves called
Tollmien-Schlichting �TS� waves. Then, by the development of
three-dimensional structures, streamwise vortical structures are
formed from which strong shear layers arise. Finally, turbulent
spots originate and subsequently they merge into a fully devel-
oped turbulent region �1�. Transition observed in laminar separa-
tion bubbles basically follows the scenario described above. How-
ever, initial disturbances leading to instabilities in the separated
shear layer are more strongly amplified than the corresponding
ones in a boundary layer. Hence, in such a case the transitional
region is considerably shorter. In addition, the transition process
in a separation bubble is influenced by feedback interactions, i.e.,
the flow in the reattachment region has an impact on the upstream
portions of the pre-separated flow �2�. In recent years, extensive

direct numerical simulations �DNS� of the transition process in the
boundary layer for the flow over a flat plate both with and without
separation bubbles have been performed, e.g., by Meyer et al. �3�,
Kloker and Stemmer �4� and Lang et al. �5�. In these simulations,
controlled two-dimensional disturbances �TS waves� were intro-
duced which triggered the transition process. Hence this proce-
dure allowed the analysis of the transition scenario starting from
well-defined initial conditions. Furthermore, several studies �see,
e.g., Ducros et al. �6� or Huai et al. �7�� have confirmed that
accurate predictions of transition to turbulence are also possible
based on the large-eddy simulation �LES� technique. Assuming
that an appropriate subgrid scale model such as a dynamic model
or a filtered-structure-function model is applied, the same flow
physics can be captured at a significant fraction of the DNS cost.
However, these LES predictions �6,7� have in common with the
DNS cases mentioned above, that some kind of upstream forcing
is applied to trigger the transition process.

The present paper is concerned with a different strategy. Tran-
sition to turbulence under a strong adverse pressure gradient is
allowed to happen naturally, i.e., without applying any forcing.
For the flow past a highly inclined airfoil �without leading-edge
stall�, transition normally occurs in combination with a separation
bubble. Thus, by adequately resolving the bubble using the LES
technique, the transition process for this practically relevant flow
can be observed and analyzed. Furthermore, the present investi-
gations were aimed at improving the understanding of various
types of turbulence states appearing in different regions of the
flow. These include the attached turbulent boundary layer, the free
shear layer, the recirculation region and the wake. On the one
hand, the available computing power for numerical investigations
is ever increasing, providing a solid basis for scientific work. On
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the other hand, theoretical methods have existed for a fairly long
time which have barely been exploited to their full extent. One
example is the anisotropy-invariant theory which was developed
by Lumley and Newman �8� and Lumley �9� in the 1970s. By
looking at the anisotropy of a turbulent flow, different states of
turbulence can be distinguished. At the same time, this permits a
different view at turbulence, revealing additional information
which cannot be observed in real �or physical� space.

In the recent literature, there are some contributions on the
application of anisotropy-invariant theory to extend the knowl-
edge of turbulent flows. Antonia et al. �10� have provided for the
first time detailed evaluations of anisotropic properties of the
small-scale structure of turbulence by plotting trajectories of in-
variants across the anisotropy invariant map using the databases
of direct numerical simulations of turbulent channel flows. Seidl
�11� evaluated the anisotropy tensor for the flow past a sphere to
quantify the deviation from isotropy. He demonstrated that com-
pletely different scenarios exist through the map even for small
separations in physical space. Krogstad and Torbergsen �12� ana-
lyzed the anisotropy invariants in a turbulent pipe flow. They
found that the turbulence in the core region of the pipe flow was
close to the axisymmetric state and that it asymptotically ap-
proaches the two-component state in close proximity to the wall,
i.e., turbulence was found to develop along the boundaries of the
anisotropy map. Analyzing turbulent channel flows with respect to
the anisotropy in the flow, Fischer et al. �13� have gained im-
proved insights into the dynamics of turbulence in the near-wall
region. Schenck and Jovanović �14� investigated the state of tur-
bulence in plane and axisymmetric wake flows. In both wakes,
turbulence was close to isotropy and deviated only moderately
from the axisymmetric state. With the intention of treating the
transition process in a flat plate boundary layer using statistical
tools, Jovanović and Pashtrapanska �15� applied the invariant
theory to obtain closure for the transport equations of the distur-
bances and derived the criterion for the onset of transition valid
for two-component disturbances.

Applying the anisotropy-invariant theory to well-resolved LES
allows us to study the mechanisms of turbulence for a realistic
flow problem of practical interest in more detail. Understanding
the mechanisms of turbulence is the first step towards controlling
them. Knowing why transition takes place provides us with infor-
mation about what can be done to avoid it. Thus, exploiting both
the increased possibilities of numerical simulation and advanced
theories can lead to improvements in numerous applications.

2 Anisotropy-Invariant Theory
Lumley and Newman �8� and Lumley �9� found that the state of

turbulence can be characterized by the amount of anisotropy that
prevails in the flow. The anisotropy of a flow can be derived from
the Reynolds stresses �ij =−�uiuj by subtracting the isotropic part
from �ij and normalizing with �ss=−�usus. This leads to the non-
dimensional anisotropy tensor

aij =
uiuj

2k
−

1

3
�ij , �1�

with turbulent kinetic energy k= 1
2usus and Kronecker delta �ij.

The tensor aij has three scalar invariants:

aii = 0, IIa = aijaji, IIIa = aijajkaki. �2�

By cross-plotting IIa and IIIa, the state of turbulence in a flow can
be displayed with respect to its anisotropy. If the scalar invariants
IIa and IIIa are evaluated for the case of a two-component turbu-
lence �one component of the velocity fluctuations is negligibly
small compared with the other two�, this leads to

IIa = 2
9 + 2IIIa. �3�

Doing the same for the axisymmetric turbulence �two components
are equal in magnitude� yields

IIa = 3
2� 4

3 �IIIa��2/3. �4�

Hence if relations �3� and �4� are cross-plotted, as is done in
Fig. 1, they define a narrow region called the anisotropy-invariant
map. It can be shown that all physically realizable turbulence has
to lie within this small region �9�. However, different states of
turbulence are represented by different parts of the map.

The boundaries of the invariant map describe the limiting states
of turbulence. Isotropic turbulence is found at the lower corner
point of the map �the origin in Fig. 1� where IIa=IIIa=0, hence the
anisotropy is zero. The left branch of the map �IIIa�0� describes
axisymmetric turbulence in which one component of the velocity
fluctuations is smaller than the other two. In the literature, this is
sometimes referred to as “pancake” type of turbulence. The sim-
plest example of this type is the passage of grid turbulence
through axisymmetric contraction. In contrast, the axisymmetric
turbulence on the right side �IIIa�0� is characterized by one fluc-
tuating component which dominates over the other two. This, for
example, holds for grid turbulence through axisymmetric expan-
sion and is called “cigar”-like turbulence. The remaining bound-
ary line on top of the map is the limiting case of a two-component
turbulence �see Eq. �3�� as it can be found in the direct vicinity of
walls �viscous sublayer�. Here, the wall-normal component of the
velocity fluctuations is tending towards zero, leaving only the
wall-parallel components. The corner point on the left-hand side
of the anisotropy-invariant map represents a turbulence state in
which only two fluctuating components of equal intensity exist.
This state is called two-component isotropic turbulence. Finally,
the top end of the map describes one-component turbulence,
which consists merely of one fluctuating component.

Hence the bounding states of turbulence of the invariant map
are well defined. Based on the results of numerical simulations
and experimental investigations on such kinds of turbulent flows
following the bounds of the map, Jovanović �16� was able to
formulate complete turbulence closure for all unknown correla-
tions in the transport equations of the turbulent stresses and for all
limiting states of turbulence.

3 Flow Configuration and Results

3.1 Configuration. The flow configuration considered is ac-
cording to the experimental setup of Lerche and Dallmann �17� in
which an unswept airfoil based on a NACA-4415 profile is
mounted inside a plane channel of height 3 c �c= chord length�. In
Fig. 2�a� the configuration investigated ��=18 deg;Rec=u� ·c /�
=105� is shown schematically. Upstream and downstream of the
airfoil the channel has a length of 2c and 3c, respectively. In order
to exclude the unknown effect of any wall function, no-slip and

Fig. 1 Invariant map according to Lumley and Newman †8‡

560 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



impermeability conditions are employed at the surface of the air-
foil. To save grid points, the channel walls are approximated by
slip conditions. The experimental setup was designed to yield a
flow field whose statistical quantities are independent of the span-
wise coordinate. Therefore, periodicity in the spanwise direction
is assumed and a spanwise computational domain of depth zmax
=1.0c is chosen based on a detailed investigation for the flow
around an inclined flat plate �18�. At the inlet of the computational
domain a constant velocity u� is prescribed, whereas at the outlet
of the computational domain a convective boundary condition is
applied �19,20�.

The numerical simulations were carried out based on the large-
eddy simulation approach. The LES code LESOCC is based on a
3D finite-volume method for arbitrary nonorthogonal and non-
staggered grids �19–21�. It is highly vectorized and additionally
parallelized. The simulations were carried out on a Hitachi
SR8000-F1 SMP system with a sustained performance of about
40.9 GFlops on 16 SMP nodes. The spatial discretization of all
fluxes is based on central differences of second-order accuracy. As
shown in Ferziger and Perić �22� the order of accuracy of this
scheme is retained on nonuniformly distributed grids for mild ex-
pansion factors �e.g., 	xi+1 /	xi
1.05� as used in the present
study. A low-storage, multi-stage Runge-Kutta method �second-
order accurate� was applied for time-marching. For modeling the
nonresolvable subgrid scales the dynamic approach of Germano et
al. �23� and Lilly �24� was taken into account. Hence the subgrid
scales are modeled by a Smagorinsky model �25� where the Sma-
gorinsky value is computed dynamically as a function of space
and time based on the resolved flow field. In order to stabilize the
dynamic model, averaging of the numerator and the denominator
in the relation for the determination of the Smagorinsky value
�23,24� was carried out in the spanwise homogeneous direction
and also in time using a recursive digital low-pass filter �19–21�.

The simulations were performed using a block-structured
C-type grid consisting of 16 blocks with about 16.23 million con-
trol volumes �CVs� in total, whereas 100 CVs were taken along
the spanwise direction. At the wing profile 490 CVs were used in
tangential direction, of which 360 CVs are located at the upper
side of the airfoil. A vertical cross section through the grid to-
gether with the block boundaries is displayed in Fig. 2�b�. Large
efforts were made to ensure a high grid quality, e.g., mild expan-
sion factors as mentioned above and high grid orthogonality and
smoothness. The grid points are clustered in the vicinity of the
airfoil and at the leading and trailing edges. The height of the first
layer of CVs along the airfoil surface was about 	y /c=0.0005.
This corresponds to y+�1.5 in the region close to the airfoil nose
at the upper side of the airfoil and at the entire lower side. The
remaining part of the upper side yields y+�1. In the direction
parallel to the airfoil surface the grid resolution yields x+�15 and
x+�90 on the upper and lower side of the airfoil, respectively.

A dimensionless time step 	t=8·10−5 was chosen where the
time is normalized by the ratio of the chord length and the free-
stream velocity, c /u�. The time-averaged results are based on av-
eraging intervals of at least 80 dimensionless time units and addi-

tional averaging in the spanwise direction. A careful validation
procedure was carried out for the computational results, including
a direct comparison with airfoil predictions of another group ap-
plying a completely different numerical approach and grid �26�.
Very good agreement was found for that case, providing confi-
dence in the present results.

Furthermore, to justify the present grid resolution, it is com-
pared with previous LES predictions. In �27� the flow around a
circular cylinder at Re=140,000 was studied in detail. Two grids
were applied, i.e., with 165�165�64 and 325�325�64 nodes
leading to a resolution in the 2D plane of about 27,000 and
105,000 grid points, respectively. Hence although the Reynolds
number was a factor of 1.4 higher than in the present case, even
the fine grid applied less grid points in the 2D plane �and also in
the spanwise direction� than used in the present case. Additionally,
the height of the first layer of CVs along the surface was 	y /c
=4�10−4 whereas in the present case a comparable size was used
on the grid with 16.23 million CVs. In the case of the cylinder
flow even the coarser grid delivered reliable results in close agree-
ment to the experimental measurements.

In �28� the flow around an airfoil close to stall was studied by
LES at Re=2�106. Although the Reynolds number is a factor of
20 larger than in the present investigation, a cross-sectional reso-
lution of about 176,000 nodes was used which is of comparable
size as the present one tackling Re=105. Nevertheless, the authors
�28� claim that the transition mechanism has been captured. Based
on the results of these studies an additional justification of the
present resolution is achieved.

Finally, it should be noted that enormously high resolution are
not required for the interpretation of the results of interest; quali-
tative but not quantitative insights are important at first place.
Grid refinement and especially high resolution near the wall are
important in a part of the domain where a fully developed turbu-
lent state is expected; in the transitional region the spatial resolu-
tion requirements are less critical.

3.2 Flow Results. Under the conditions considered, the flow
past the airfoil yields a trailing-edge stall including some interest-
ing flow features. As can be seen from the time-averaged flow
field in Fig. 3, the oncoming flow hits the airfoil and initially a
very thin laminar boundary layer evolves. At the airfoil nose the
flow is strongly accelerated �see Cp distribution in Fig. 4�. Shortly
after, the boundary layer separates owing to the strong adverse
pressure gradient followed by an immediate transition to turbu-
lence in the shear layer close to the wall. Thus, the turbulent flow
reattaches and a closed �short� separation bubble is formed �see
�5��. Despite the still existing adverse pressure gradient, the tur-
bulent boundary layer remains attached until at approximately
65% of the chord length c a recirculation region emerges rotating
in a clockwise direction.

In order to validate the results of the present investigation, they
were compared both with results obtained on a refined grid with
about 23·106 CVs �132 in spanwise direction� and experimental
data at the same flow conditions �29�. For the refined grid the

Fig. 2 „a… Two-dimensional sketch of the geometric configuration including block boundaries „thick
lines… and „b… x−y plane of the grid „only every 5th grid line of the coarser grid is shown…
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height of the first layer of CVs along the airfoil surface was about
	y /c=0.00025, i.e., it was halved compared to the grid with
about 16.23 million CVs. As can be seen from Fig. 5 in compari-
son with Fig. 3, similar findings are observed in all three cases.
However, from the experimental data the recirculation zone at the
trailing edge is slightly more elongated compared to that of the
predicted results.

Furthermore, to provide a quantitative comparison of the simu-
lated results and the experimental measurements, profiles of the
tangential velocity at three positions along the airfoil and one in
the wake, respectively, are presented in Fig. 6. The velocities are
normalized by the undisturbed velocity u� and the coordinates by
the chord length c, respectively. Overall, the results are in very
good agreement, although minor deviations exist. From the pro-
files at the locations x� /c=0.6 and x� /c=0.8 �The coordinate x� is

aligned with the chord starting at the nose.� it is obvious that the
flow separation on the refined grid is slightly shifted upstream
compared with the results of the present investigation. The largest
discrepancy between the predicted results and the experiment is
found in the wake of the airfoil. However, since both predictions
agree quite well, this strengthens the confidence in the simulated
results.

In contrast to a previously computed case at Rec=20,000
�26,30�, in the present case no dominating trailing-edge vortices
and no asymmetric shedding motion including a corresponding
Strouhal number could be observed. The boundary layer at the
leeward side remains attached along a large portion of the chord
and consequently the flow field does not show typical flow fea-
tures observed in bluff-body configurations.

The leading-edge separation bubble shown in Fig. 3 is an ex-
tremely shallow feature. However, it is strongly connected to the
transition process. Naturally, instabilities in the separated shear
layer which originates at the airfoil nose are strongly amplified,
leading to a laminar flow breakdown. As a result, a transitional
region occurs in the shear layer still close to the wall. The turbu-
lent flow reattaches and traps some fluid into a small recirculation
region �separation bubble�.

This kind of transition to turbulence in separation bubbles is
often observed in flows past airfoils. However, owing to the ex-
tremely small extensions of such bubbles, they are difficult to
investigate both numerically and experimentally. Hence, in order
to allow accurate predictions and analysis, the near-wall region
has to be resolved well by a large number of control volumes. In
the present predictions, the bubble itself with a thickness of about
	y /c=0.00323 was covered by at least six or twelve control vol-
umes on the grids with about 16 and 23 million CVs, respectively,
which obviously was enough to capture this feature.

Consequently, the present simulation results allow one to inves-
tigate the transition process �without any forcing� for a flow con-
figuration of practical interest. Since the transition itself is not yet
fully understood, it is also not clear whether the forcing mecha-

Fig. 3 Streamlines of the time-averaged flow field „left… and a zoomed airfoil nose region „right…; Rec=105, �=18 deg,
16.23·106 CVs

Fig. 4 Distribution of the pressure coefficient Cp= „p
−p�… / „0.5��u�

2
… of the time-averaged flow; Rec=105, �=18 deg

Fig. 5 Streamlines of the time-averaged flow field obtained on a refined grid with about 23·106 control volumes „left… and from
experimental investigations †29‡ „right…, Rec=105, �=18 deg
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nisms often applied in transition research influence this process.
Although in the present simulation the flow is well resolved in
wall-normal and mean-flow directions, admittedly this might not
sufficiently be the case in the spanwise direction �z+�20–60�.
However, owing to the high inclination angle in the present study,
an adequate lateral domain size is also important to allow uncon-
strained development and movement of the largest structures in
the flow. Hence, a compromise between spanwise resolution and
domain size had to be found �18�. Nevertheless, the present results
yield some interesting insights into the transition process which
help to improve the physical understanding.

The relative importance of the airfoil nose region also becomes
evident in the distribution of the turbulent kinetic energy k nor-
malized by u�

2 which is depicted in Fig. 7. Additionally, in Fig. 8
the distribution of the most important Reynolds stress components
u�u� , v�v� , w�w�, and u�v��again normalized by u�

2 � are shown
in order to provide information about the magnitude of these com-
ponents. The highest values of k are found in the region where

transition takes place and the separation bubble appears. This in-
dicates that turbulence is heavily generated there. This observation
is strongly supported by animations of the flow field in the vicin-
ity of the nose region. Furthermore, increased values of the turbu-
lent kinetic energy exist in the turbulent boundary layer down-
stream of the bubble, in the free shear layer of the separated
turbulent boundary layer and in the wake of the airfoil. Since
turbulence plays a significant role in these regions, it is important
to improve the understanding of its physical mechanisms. There-
fore, the turbulence states in various parts of the flow were ana-
lyzed and are interpreted in the following section.

4 Anisotropy-Invariant Mapping of the Flow Field
In order to investigate the turbulent flow in more detail, the

results were analyzed according to the invariant theory. Based on
the resolved Reynolds stresses, the invariants IIa and IIIa of the
anisotropy tensor aij were evaluated. This was done for the com-

Fig. 6 Profiles of the tangential velocity at three different locations along the airfoil and one in the wake, present data, refined
grid simulation and experimental data †29‡, Rec=105, �=18 deg „x� is aligned with the chord starting at the nose. dn denotes
the wall-normal distance from the airfoil. The velocities are normalized by the undisturbed velocity u� and the coordinates by
the chord length c, respectively.….

Fig. 7 Distribution of the resolved „nondimensional… turbulent kinetic energy k; Rec=105, �=18 deg. k is normalized by the
square of the undisturbed velocity u�.
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plete flow field, thus allowing the analysis of the development of
the anisotropy of turbulence across the anisotropy-invariant map.

In Fig. 9 a large region enclosing the airfoil including the entire
flow field of interest is plotted into the invariant map. As can be
seen, almost the entire map is covered. This demonstrates the
complexity of the investigated flow and also indicates that nearly
all possible states of turbulence occur. At the same time, this ex-
plains why most of the turbulence models used in the Reynolds-
averaged Navier-Stokes approach �RANS�, such as the standard
k-� model, fail to predict complex separated flows. The majority
of these statistical models were developed to function for nearly
isotropic turbulence and can handle anisotropic flows, e.g., close
to walls, only by either the use of wall functions or special low-Re
variants. Thus, a flow such as that investigated here with huge
variations of the anisotropy of turbulence shown in Fig. 9 cannot
be predicted well based on simplified statistical models.

Since in wall-bounded flows turbulence is generated close to
the walls, this flow region is of particular interest. Therefore, a
thin layer away from the airfoil surface �up to y+�40�, shown in
Fig. 10, was examined in more detail. After the flow attaches the
airfoil, first a thin accelerated laminar boundary layer develops in

the region marked A. The anisotropy in this portion of the flow
corresponds to the upper part of the invariant map, as can be seen
from Fig. 10�A�. However, as visible in Fig. 8 the Reynolds
stresses are extremely small in the vicinity of the stagnation point
and thus the scalar invariants predicted have to be dealt with great
care. Nevertheless, a closer examination of the instantaneous flow
field reveals that the velocity fluctuations leading to anisotropies
covering this particular part of the anisotropy map do not give rise
to any transition or breakdown to turbulence. Analyzing region B
where the separation bubble is observed and transition takes place,
leads to the trace in the anisotropy-invariant map shown in Fig.
10�B�. Large parts of the invariant map are covered, reaching from
the one-component limit at the right-hand corner of the map to the
two-component isotropic turbulence located at the left-hand cor-
ner. In the accelerated flow region covering the front part of the
separation bubble, the turbulence state is highly anisotropic and
corresponds to the portion of the map close to the one-component
limit. Further downstream within region B, the decelerated flow
separates and forms a free shear layer in which instabilities are
observed. Owing to these instabilities, the flow undergoes transi-
tion to turbulence and subsequently reattaches to the airfoil sur-

Fig. 8 Distribution of the resolved Reynolds stresses „a… u�u� „b… v�v� „c… w�w� and „d… u�v�, Rec=100,000 and �=18 deg. The
stresses are normalized by the square of the undisturbed velocity u�.

Fig. 9 Anisotropy-invariant map of the whole flow region of interest
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face. In the invariant map, this flow behavior is rendered by
anisotropies moving away from the one-component turbulence
and reaching the region close to its left corner point. This part of
the map represents a state which is highly unstable and tends to
produce turbulence very rapidly. Hence the trajectory of the in-
variants in the map which corresponds to the flow region desig-
nated �B� spans from the region in the map where no generation of
turbulence was detected to highly unstable regions where transi-
tion and breakdown to turbulence occurred. Hence, between the
one-component turbulence and the two-component isotropic tur-
bulence there must be a threshold value which quantifies the tran-
sition process from the stable laminar state towards the unstable
turbulent state. In the authors’ opinion, each transitional flow will
exhibit an invariant-map behavior such as that shown in Fig.
10�B� with large variation of anisotropy. Moreover, it is remark-
able how strongly the nature of turbulence can differ, even for a
very restricted portion of the flow. This clearly demonstrates the
difficulties in predicting transitional flows.

Downstream of the separation bubble an attached turbulent
boundary layer is formed. Plotting the invariants IIa and IIIa cor-
responding to the region C into the invariant map yields the dis-
tribution of anisotropies displayed in Fig. 10�C�. Although a rela-
tively large physical region is represented, only a comparably
small part close to the isotropic two-component limit of the map is
covered. This is contrary to the previously analyzed region of the
separation bubble. It may indicate some sort of self-similarity in
the turbulent boundary layer with respect to the anisotropy.

The near-wall region close to the trailing edge of the airfoil,
where a flow recirculation region exists, comprises the anisotro-
pies depicted in Fig. 10�D�. This flow region occupies the part of
the map close to the isotropic two-component turbulence, whereas
most of the anisotropies lie very close to the boundaries of the
map.

At the pressure side of the airfoil shown in Fig. 10�E�, an ac-
celerated laminar boundary layer exists with some fluctuations of
low amplitude. Owing to the flow acceleration, these fluctuations
are highly anisotropic and cover upper portions of the invariant
map �Fig. 10�E��. These fluctuations cannot be amplified and the
flow at the pressure side of the airfoil remains laminar.

Apart from the near-wall region, the wake region is also of
great interest. Therefore, the region enclosed by the rectangle in
Fig. 11 was evaluated in terms of anisotropy and traced across the
map. The flow in this region is slightly anisotropic. In some parts
of the rectangle where the flow from above the airfoil and that
from below interact, the flow is even perfectly isotropic. Turbu-
lence at locations in the rectangular region which deviates from
the isotropic state tends to be of axisymmetric type belonging to
the right branch of the map where one fluctuating component
dominates over the other two. Similar findings were reported by
Schenck and Jovanović �14�, who experimentally investigated the
turbulence in the plane wake behind a cylinder. They observed
that turbulence in the centerline region of a plane wake deviates
marginally from the axisymmetric state with IIIa�0.

In order to understand more precisely the dynamics of turbu-
lence for this flow field, the results were also analyzed by animat-
ing states of turbulence in the anisotropy-invariant map. There-
fore, animations were created, displaying the development of
turbulence in various regions of the flow field.2 The most interest-
ing flow feature was the transition to turbulence occurring in the
region of the separation bubble close to the airfoil nose. Hence
this portion of the flow was animated in such a way that stream-
wise positions in the physical space were subsequently transferred
into the invariant space defined by the anisotropy map. Thus, the
different states of turbulence which are observed along the stream-
wise direction in the transitional flow region can be followed in
the map. This provides a hint into the dynamic process associated
with transition and leads to an alternative scenario which can con-
tribute to an improved understanding of its mechanisms.

Figures 12 and 13 show the states of anisotropy in the transi-
tional flow region close to the airfoil nose evaluated along a
streamline of the averaged flow, which is located approximately in
the center of the shear layer. Figure 12 is based on the results
obtained on the finer grid �23 million CVs� whereas Fig. 13 de-
picts the corresponding analysis using the results obtained on the
coarser grid �16 million CVs�. This is done in order to demon-
strate, that qualitatively the same behavior in the development of
the anisotropy states is observed for both grids. Additionally �for
the fine-grid results only�, in Fig. 14 the rms values of all fluctu-
ating velocity components along the same streamline are provided

2On the web page www.lstm.uni-erlangen.de/�njovicic some of these animations
representing the flow in the anisotropy-invariant map can be found.

Fig. 11 Anisotropy-invariant mapping of the near-wake region
close to the trailing edge of the airfoil

Fig. 12 Anisotropy-invariant mapping of the transitional flow
region at the airfoil nose where the separation bubble is
formed: Certain locations along the streamline „thick white
line… are marked together with their corresponding positions in
the invariant map „grid: 23 million CVs…

Fig. 10 Anisotropy-invariant mapping of turbulence in the
near-wall region of the flow past an airfoil at high angle of
attack
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in order to support the explanations below. In a statistical sense
the flow along this streamline represents the complete transition
process, since regions of laminar, transitional, and fully turbulent
flow are covered by it. As described earlier, the flow right after the
leading edge of the airfoil is laminar. Fluctuations within this flow
region �marked �1� in Figs. 12 and 13� appear at the upper part of
the anisotropy-invariant map close the one-component limit which
is the point of maximum anisotropy. Passing the airfoil nose, the
flow soon separates forming a shear layer while it still remains
laminar. Within the shear layer �2�, the fluctuations are rapidly
increasing. The corresponding states of anisotropy closely follow
the right branch of the invariant map, which describes axisymmet-
ric type of anisotropy, where one fluctuating velocity component
is larger than the other two �urms� �vrms� �wrms� , see Fig. 14�.

Further downstream within the shear layer at the position de-
noted �3�, the spanwise component wrms� is particularly increased
towards the level of urms� fluctuations. This is due to the develop-
ment of three-dimensional disturbances in the shear layer. As a
consequence, the anisotropy in the flow along this streamline is
decreasing and thus moving towards the lower corner point of the
invariant map. At position �3� the flow is highly unstable, how-
ever, not yet fully turbulent. At the same time, the anisotropy in
the flow starts to deviate from the right border line of the map,
since the constraints of axisymmetry are not longer valid. Instead
of that, a situation arises where the individual fluctuating compo-
nents are contributing to the turbulence production with different,
however, considerable intensities �urms� �wrms� �vrms� �. At position
�4�, where the averaged flow reattaches to the airfoil surface, the
flow is obviously turbulent, otherwise it would not have reat-
tached at all. As can be seen from Fig. 14, the wrms� fluctuation
intensity has reached the level of urms� as it is usually observed in
transitional flows. In the invariant map, the corresponding states

of anisotropy are located very close to the left border of the map
which describes an axisymmetrical type of turbulence where two
fluctuating components are equal and the third one is smaller
�urms� �wrms� �vrms� �. Since the flow is turbulent at �4� whereas it is
not at �3�, consequently transition to turbulence is observed in the
anisotropy-invariant map somewhere between these two locations.
Thus, the transition process is clearly connected to a strong de-
crease of anisotropy below a certain threshold value in the
anisotropy-invariant map. It is of course difficult to specify an
exact “line of transition” in the map for such a complex flow.
However, Jovanović and Pashtrapanska �15� deduced a transition
criterion for wall-bounded flows based on boundary layer and
channel flow results.

Downstream of the reattachment point a turbulent boundary
layer flow develops. The streamline along which the anisotropy is
evaluated reaches rather close to the airfoil surface where the
wall-normal component is small compared to the other two �see
Fig. 14�. Therefore, the anisotropy in the flow at the positions �5�
and �6� is of two-component type of turbulence following closely
the upper bound of the map.

The traces of anisotropy in the invariant maps depicted in Figs.
12 and 13, respectively, do obviously deviate. However, one has
to bear in mind, that the evaluation of anisotropy in a turbulent
flow is based on higher-order statistics, which are very sensitive
with respect to many issues. This includes a possible grid depen-
dency as well as differences in the exact positions of the
streamtraces in the center of the respective shear layer. The most
striking point is the way the anisotropy develops from a highly
anisotropic state close to the one-component limit towards the left
branch of the map. It is strongly believed that a similar behavior
can be observed in other cases of transitional flows, too.

Thus, the process of laminar to turbulent transition can be ana-
lyzed by studying different states of turbulence in the anisotropy-
invariant map. This provides a supplementary view of how to
study these very complicated processes and how to support further
investigations of this flow phenomenon.

5 Conclusions
The concept of LES strongly supports that the dynamics of the

most important flow structures are captured accurately. This al-
lowed advanced interpretation of transition and breakdown to tur-
bulence using the tools of invariant theory. When applied to wall-
bounded flows as in the present case the methodology requires to
resolve all scales which are vitally contributing to the turbulent
kinetic energy budget. Because in wall turbulence the important
scales become relatively small compared with those in the outer
layer, LES predictions have to rely on a very fine DNS-like grid in
the vicinity of the wall to capture all these scales appropriately.
However, overall the grid sizes used for LES are smaller than for
DNS and thus the LES technique allows one to go beyond the
limit of previous DNS studies.

In this study, a complex turbulent flow of practical relevance,
namely the separated flow past an unswept wing, was tackled. At
a Reynolds number Rec=105 and angle of attack �=18 deg, a
trailing-edge stall is observed. Consequently, the flow in the nose
region is laminar only along a short distance. Thereafter, a tiny
laminar separation bubble is formed which triggers the transition
to turbulence. The turbulent boundary layer is able to resist the
adverse pressure gradient over a long distance but finally sepa-
rates, leading to a recirculation region in the vicinity of the trailing
edge. Owing to the very fine grid applied, highly reliable results
are obtained. The near-wall region was well resolved, thus allow-
ing us to analyze the turbulence mechanisms there in more detail.

Turbulence in a flow can be characterized by the level of an-
isotropy. Various states of turbulence with a specific behavior ex-
ist in a flow and correspond to different parts of the anisotropy-
invariant map. Hence, depending on the position in the map, a
turbulent flow behaves differently. A very interesting insight into
the transition phenomenon was found in this study by the repre-

Fig. 13 Same as in Fig. 12, however, obtained on a coarser
grid with approx. 16 million CVs

Fig. 14 Distribution of urms� , vrms� , and wrms� „normalized by the
undisturbed velocity u�… as a function of streamwise position
along the streamline shown in Fig. 12
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sentation of the transition region in the invariant map. The transi-
tion process, when projected into the anisotropy-invariant map,
starts initially from the one-component state and develops subse-
quently by decreasing the anisotropy in the velocity fluctuations
as the flow approaches the fully developed turbulent state. In final
stages of the transition process, the anisotropy settles near the
isotropic two-component state of turbulence.

Using the tools of invariant theory allows insights into turbu-
lence which are not easy to access in physical space. This enables
an improved understanding of transition and breakdown to turbu-
lence. Knowledge of the mechanisms responsible for the origin of
turbulence is necessary in order to develop techniques capable of
controlling it.
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Influence of Surface Roughness
on the Aerodynamic Losses of a
Turbine Vane
The effects of surface roughness on the aerodynamic performance of a turbine vane are
investigated for three Mach number distributions, one of which results in transonic flow.
Four turbine vanes, each with the same shape and exterior dimensions, are employed
with different rough surfaces. The nonuniform, irregular, three-dimensional roughness on
the tested vanes is employed to match the roughness which exists on operating turbine
vanes subject to extended operating times with significant particulate deposition on the
surfaces. Wake profiles are measured for two different positions downstream the vane
trailing edge. The contributions of varying surface roughness to aerodynamic losses,
Mach number profiles, normalized kinetic energy profiles, Integrated Aerodynamics
Losses (IAL), area-averaged loss coefficients, and mass-averaged loss coefficients are
quantified. Total pressure losses, Mach number deficits, and deficits of kinetic energy all
increase at each profile location within the wake as the size of equivalent sandgrain
roughness increases, provided the roughness on the surfaces is uniform. Corresponding
Integrated Aerodynamic Loss IAL magnitudes increase either as Mach numbers along the
airfoil are higher, or as the size of surface roughness increases. Data are also provided
which illustrate the larger loss magnitudes which are present with flow turning and
cambered airfoils, than with symmetric airfoils. Also described are wake broadening,
profile asymmetry, and effects of increased turbulent diffusion, variable surface rough-
ness, and streamwise development.
�DOI: 10.1115/1.2175163�

1 Introduction
Turbomachinery efficiency and operational behavior are influ-

enced in important ways by the surface roughness of the turbine
vanes and blades. This paper presents experimental results which
illustrate the effects of roughness on the aerodynamic losses pro-
duced by cambered turbine vanes, both with and without different
types of surface roughness, operating over a range of flow condi-
tions which match those used in industrial applications.

The influence of surface roughness on adjacent flow behavior
has been of interest for researchers for almost 100 years. The use
of equivalent sandgrain roughness size ks to characterize and
quantify rough surfaces was first proposed and utilized by Ni-
kuradse �1� and Schlichting �2�. This quantity represents the size
of sand grains which give the same skin friction coefficients in
internal passages as the roughness being evaluated. This measure
of roughness size continues to be used widely in empirical corre-
lation equations �which are based on experimental data� to repre-
sent rough surface behavior, and for closure models employed in a
variety of numerical prediction codes. Later re-evaluation and ad-
ditional advances in the use of equivalent sandgrain roughness are
made by many researchers, including Coleman et al. �3�, Sigal and
Danberg �4,5�, Van Rij et al. �6� and Zhang et al. �7�.

In a paper published in 1975, Bammert and Sandstede �8� de-
scribe the influences of different manufacturing tolerances and
turbine airfoil surface roughness characteristics on the overall per-
formance of turbines. Particular attention is devoted to the effects

of these parameters on efficiency, relative mass flow, enthalpy
drop, and outlet flow angle. Later work by the same authors �9�
considers the effects of the surface roughness on the boundary
layer development along blades arranged in a stationary cascade.
Momentum thicknesses are as much as three times values mea-
sured on smooth airfoils in regions of decelerating flow. Kind et
al. �10� investigate the effects of partial roughness coverage of
blade surfaces by measuring pressure distributions, profile losses,
and the flow deviations produced by a planar turbine cascade.
Different roughness heights, and different roughness element
spacings are considered. According to the authors, the largest pro-
file loss increases are produced by roughness located on the suc-
tion surface. Bogard et al. �11� analyze the surface roughness
characteristics of turbine vanes that have undergone a significant
number of hours of operation. Flat plate surfaces with cone
shaped elements are used to simulate the roughness which is
present on these vane surfaces. According to the authors, the ef-
fects of surface roughness and high free-stream turbulence are
additive along flat plates, and can produce heat transfer rate in-
creases that are as much as 100% greater than smooth surface
values. Abuaf et al. �12� quantify heat transfer and aerodynamics
performance characteristics of turbine airfoils with different sur-
face finish treatments. Experimental results show that tumbling
and polishing reduce the average roughness size and improve
overall performance. The authors also employ a Reynolds analogy
to determine skin friction coefficients, drag forces, and aerody-
namic efficiencies from airfoil surface heat transfer data. Leipold
et al. �13� employ a compressor cascade to investigate the influ-
ences of surface roughness at different inlet flow angles and Rey-
nolds numbers. The investigators indicate that surface roughness
has no effect upon the presence or location of laminar separation,
and that the roughness alters turbulent boundary layer separation
at high Reynolds numbers.
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The investigation by Sitaram et al. �14� attempts to reduce
losses by reducing the laminar separation bubble on the suction
surface of a turbine rotor blade by means of a two-dimensional
roughness element. Experimental data on wake pressure defects,
velocity, flow angle, and wake decay characteristics are obtained.
They conclude that blade static pressure distributions are little
altered by surface roughness on suction surfaces. Combined ef-
fects of surface roughness, freestream turbulence and Reynolds
number on heat transfer and laminar-turbulent transition are inves-
tigated by Stripf et al. �15�. Their results show a strong influence
of roughness on the onset of transition even for the smallest
roughness Reynolds numbers. Roberts and Yaras �16� also present
experimental results showing that transition inception location re-
mains sensitive to surface roughness with increasing freestream
turbulence.

Boyle and Senyitko �17� compare total pressure losses for
smooth and rough vanes over a range of Reynolds and Mach
numbers for three turbulence levels. Their work concentrates on
loss differences between the rough and smooth vanes, and on
approaches to predicting surface roughness effects. They indicate
that, at high Reynolds numbers, roughness nearly doubles loss
levels compared to ones which exist for the lowest Reynolds num-
ber employed. The effects of surface roughness on the aerody-
namic performance of symmetric airfoils are investigated by
Zhang et al. �18� with different inlet turbulence intensity levels.
Their results show that effects of changing the size of surface
roughness on the Integrated Aerodynamic Losses �IAL� are sub-
stantial, whereas the effects of different inlet turbulence intensity
levels are generally relatively small. In another study, Zhang et al.
�19� present experimental data on wake turbulence structure also
measured downstream of symmetric airfoils with different surface
roughness and inlet turbulence intensity levels. These authors in-
dicate that all wake profile quantities broaden and vortex shedding
frequencies decrease as either the level of surface roughness or the
turbulence intensity increases. Note that significant flow turning
from a cambered airfoil is not present in these two investigations
by Zhang et al. �18,19�.

The present investigation is different from the investigations of
Zhang et al. �7,18,19� because a cambered turbine vane is used
which produces substantial flow turning, and matches a vane con-
figuration employed in an industrial application. Considered are
the effects of surface roughness on aerodynamic losses down-
stream of the vane for three different Mach number distributions,
one of which results in transonic flow �and matches flow condi-
tions in an industrial application�. One smooth vane is employed,
along with two other vanes with three-dimensional roughness dis-
tributed uniformly over entire vane surfaces. A fourth vane is also
employed with roughness of different sizes distributed over the
vane surface �i.e., a variable rough surface� whose arrangement is
based on observations of roughened turbine vanes from industrial
applications. All four turbine vanes have the same shape and ex-
terior dimensions. These aspects of the present approach make the
present investigation unique and different from other investiga-
tions of turbine airfoil aerodynamic losses. As such, the data pro-
vide useful information to designers of turbomachinery compo-
nents for evaluation of turbine efficiency, and to individuals
developing models for CFD predictions. Wake profile data are
presented for two different locations downstream the vane trailing
edge, which illustrate the influences of varying surface roughness
and vane Mach number on local aerodynamic losses, local Mach
numbers, local kinetic energy, Integrated Aerodynamics Losses
�IAL�, area-averaged loss coefficients, and mass-averaged loss co-
efficients. Included are comparisons with results from several
other recent investigations �10,17,20–22�.

2 Experimental Apparatus and Procedures

2.1 Transonic Wind Tunnel (TWT). The University of Utah
Transonic Wind Tunnel �TWT� is used for the study because it
produces Mach numbers, pressure variations, Reynolds numbers,

passage mass flow rates, and scaled physical dimensions which
match values along airfoils in operating aero-engines and in gas
turbines used for utility power generation. The TWT blow-down
type facility consists of two main parts: �i� compressor and storage
tanks, and �ii� wind tunnel. The wind tunnel consists of five major
sub-sections: �i� flow rate and pressure level management appara-
tus, �ii� plenum tank, �iii� inlet ducting and test section, �iv� ple-
num, exit ducting, and ejector, and �v� control panel. Detailed
descriptions are provided by Jackson et al. �23� and Furukawa and
Ligrani �24�.

A Gardner-Denver Co. model RL-1155-CB compressor is used
to pressurize the array of eight tanks whose total capacity volume
is 11.9 m3. A VanAir VAS93039 model D16-5 Deliquescent des-
iccant dryer, a Pall Corp. 5EHG-4882-207 oil filter, and two Per-
manent Filter Corp. No. 13846 particulate filters are located just
downstream of the compressor to remove particulates and mois-
ture from the air. A Fisher pressure regulator with a 6�4 EWT
design sliding gate valve, a Fisher type 667 diaphragm actuator, a
3582 series valve positioner, and a Powers 535 1/4 DIN process
controller are used to regulate the pressure in the test section as
the storage tanks discharge. A plenum tank, a 30.48 cm inner di-
ameter pipe, a circular-to-square transition duct, a nozzle, and the
test section then follow. The test section is connected to a large
92.71 cm by 91.44 cm by 91.44 cm plenum with a square plastic
flange at its outlet. The plenum diffuses high speed air from the
test section exit into a reservoir of low velocity air. This plenum is
then connected to two ducts which are subsequently connected to
the atmosphere.

Experimental parameters for the three different operating con-
ditions employed in this study are tabulated in Table 1.

2.2 Test Section. The present test section is designed to
match Reynolds numbers, Mach numbers, pressure gradients, pas-
sage mass flow rates, boundary layer development, streamline cur-
vature, airfoil camber, and physical dimensions of turbine vanes in
operating industrial engines. A schematic diagram of the test sec-
tion with the cambered vane is shown in Fig. 1, along with the x-y
coordinate system used for wake profile measurements. The inlet
of the test section is 12.70 cm by 12.70 cm. The side and bottom
walls of the test section are made of steel, and top wall is made up
of acrylic. As shown in Fig. 1, two zinc-selenide windows are also
placed on both of the sidewalls, so that the entire airfoil surface is
accessible to optical, surface temperature measurement schemes
such as infrared thermography.

Appropriate cascade flow conditions are maintained, in part, by
a pair of adjustable bleed ducts which are located on the two side
walls, as shown in Fig. 1. The flow rate of each bleed duct is
regulated using an adjustable ball valve. Following these, the test
section walls have the same pressure side and suction side con-
tours as the test vane. The exit area and exit flow direction from
the cascade test section can be altered by changing the angles of
the two exit tailboards, which are also shown in Fig. 1. Thus, �i�

Table 1 Operating conditions
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changing the total pressure at the test section inlet using the pres-
sure regulator/sliding gate valve arrangement; �ii� changing the
angular positions of the two tailboards; and �iii� adjusting the ball
valves of the bleeding system are employed to alter the Mach
number distribution along the vane in the test section, for a par-
ticular vane and test section configuration. By adjusting these
items, appropriate Mach number distributions along the test vane
are obtained, which are discussed later in the paper.

2.3 Test Vanes and Surface Roughness. Table 2 gives geo-
metric parameters of the test vanes. The coordinates of this test
vane profile were provided by personnel at Pratt and Whitney
Canada Corporation, along with appropriate operating conditions
which are used in industrial environments.

Four different vanes, all with the same exterior dimensions but
with different surface roughness characteristics, are used. One
vane has a smooth surface, two other vanes have uniform rough
surfaces, and one vane has variable roughness on the pressure
side. The roughness applied simulates the actual roughness which
develops on operating turbine airfoils, over long operating times,
due to particulate deposition and to spallation of thermal barrier
coatings �TBCs�. The roughness is applied by bonding nickel par-
ticles, manufactured by Praxair Surface Technologies, Inc., to the
test vane surfaces. The bonding is implemented using a layer of
Cotronics Corp. Duralco 132 aluminum-filled, high thermo-
conductivity epoxy. This epoxy and the roughness particles are
applied to an indented region located across the central span of
each airfoil. This approach is used to give the same exterior di-
mensions to the surfaces of all four test vanes, regardless of
whether their surfaces are smooth or rough.

A schematic diagram of test turbine vane with uniform rough
surfaces is shown in Fig. 2�a�. The vane with the uniform smaller-

sized roughness elements has Praxair T1166F particles, which
range in size from 20 to 53 �m. The vane with the uniform larger-
sized roughness elements has Praxair NI-914 particles, which
range in size from 88 to 149 �m. The vane with variable rough-
ness is shown in Fig. 2�b�. Four types of different Nickel based
powders are used on the pressure side of a test vane, while the
suction side is left smooth. Detailed information regarding the
nickel powders and surface coverage for the variable rough vane
is given in Table 3.

The arrangement of variable rough surface is based on obser-
vations of roughened turbine vanes from industrial applications.
From these observations, the suction side is more or less uniform
in roughness, and remains at or very close to the “as-cast” condi-
tion, even after very long operating times. Pressure side rough-
ness, on the other hand, is more variable. Local roughness mag-
nitudes are often the same as on suction side roughness at the
leading edge. Local roughness sizes then vary linearly to the full
roughness size, which are typically reached at about 40% of the
distance along the pressure surface. Thus, differences in surface
roughness characteristics between the suction and the pressured
sides can be very significant due to the different flow and operat-
ing conditions encountered. There is also a considerable scatter in
the roughness patterns both in qualitative and quantitative terms
that are present on vanes and blades from operating engines. The
configuration of variable roughness investigated is one typical
configuration, as shown by the data presented in Fig. 2�b� and in
Table 3.

Fig. 1 Schematic diagram of the test section, including wake
coordinate system

Table 2 Test vane geometric parameters

Fig. 2 Test section vanes with rough surfaces. „a… Vane with
uniform roughness. „b… Vane with variable roughness on pres-
sure side.

Table 3 Nickel based powders used on the test vane with vari-
able surface roughness on the pressure side
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2.4 Pressure and Temperature Measurements. As tests are
conducted, Validyne Model DP15-46 pressure transducers �with
diaphragms rated at 13.8, 34.5, or 344.7 kPa�, and calibrated
copper-constantan thermocouples are used to sense pressures and
temperatures at different locations throughout the facility. A
United Sensor PLC-8-KL pitot-static probe with an attached, cali-
brated Watlow standard type-K copper-constantan thermocouple,
and a four-hole conical-tipped pressure probe also with a similar
thermocouple are used to sense total pressure, static pressure, and
recovery temperature at the inlet and exit of the test section, re-
spectively, during each blow down. Mach numbers, sonic veloci-
ties, total temperatures, and static temperatures are determined
from these data. The four-hole probe has a tip which is 1.27 mm
in diameter, and a stem which is 3.18 mm in diameter. Each port
has a diameter of 0.25 mm. The overall response time of the pres-
sure measuring system is about 0.2 s. The conical probe is aligned
using two yaw ports placed on either side of the probe. The probe
is located downstream of the vane. The position in the streamwise
direction is adjustable. As a blow down is underway, it is tra-
versed across a full pitch using a two-axis traversing sled with two
Superior Electric synchronous stepper motors, connected to a Su-
perior Electric programmable motion controller and a Superior
Electric driver. Commands for the operation of the motion con-
troller are provided by LABVIEW 7.0 software and pass though a
serial port after they originate in a Dell Precision 530 PC work-
station. Each profile is measured through the wake from minus
y /cx locations to positive y /cx locations, and then repeated as the
probe is traversed in the opposite direction. The resulting data are
subsequently averaged at each wake measurement location.

Voltages from the carrier demodulators and thermocouples are
read sequentially using Hewlett-Packard HP44222T and
HP44222A relay multiplexer card assemblies, installed in a
Hewlett-Packard HP3497A low-speed Data Acquisition/ Control
Unit. This system provides thermocouple compensation electroni-
cally such that voltages for type T thermocouples are given rela-
tive to 0 °C. The voltage outputs from this unit are acquired by
the Dell Precision 530 PC workstation through its USB port, using
LABVIEW 7.0 software and a GPIB-USB-B adaptor made by Na-
tional Instruments.

2.5 Longitudinal Turbulence Intensity Measurements. A
single, horizontal-type platinum-plated tungsten hot-wire sensor,
with a diameter of 12.7 �m and a length of 2.54 mm, is employed
to measure the time varying longitudinal component of velocity at
the inlet of the test section. The time-averaged longitudinal veloc-
ity, and longitudinal turbulence intensity are then determined from
these measurements. The measurement location is one axial chord
length upstream of the vane leading edge. The hot-wire probe is
driven by a Disa 55M10 constant-temperature hot-wire anemom-
eter bridge with an overheat ratio of 1.6. The analog signal from
this bridge is then processed using a Dantec 56N20 signal condi-
tioner with a low-pass, anti-aliasing filter set to 100 kHz. The
time-varying output voltage signal is then sampled at a 200 kHz
rate using a DATEL PCI441D I/O board installed in the Dell
Precision 530 PC workstation. During each measurement,
2,000,000 voltage values are sampled over a time period of 10 s.
Data are acquired using LABVIEW 7.0 software and then processed
further using MATLAB 6.1 software. The entire measurement sys-
tem, including the hot-wire sensor, is calibrated in the free-stream
of the TWT. A Kiel type pressure probe, wall static taps, and a
copper-constantan thermocouple are used to measure and deter-
mine the total pressure, static pressure, recovery temperature, and
velocity at the inlet of the test section as the calibration is con-
ducted.

2.6 Experimental Uncertainties. Uncertainty estimates are
based on 95% confidence levels, and determined using procedures
described by Kline and McClintock �25� and by Moffat �26�.
Mach number uncertainty is 0.002. Uncertainty of temperatures is
0.15°C. Pressure uncertainty is 0.25 kPa. Uncertainties of

Cp ,Me /Me�, and KE are 0.0013 �0.07�, 0.0023 �0.96�, and
0.03�0.90�, respectively, where typical nominal values of these
quantities are given in parenthesis. IAL uncertainty is
0.04 N/cm�0.800 N/cm�. Magnitudes of IAL, determined from
replicate runs, are always within IAL uncertainty ranges.

3 Experimental Results and Discussion

3.1 Test Section Flow Characteristics and Mach Number
Distributions. During each blow-down test, the total pressure,
Reynolds number, and turbulence level at the test section inlet are
maintained in a continuous and steady fashion for 45 s long time
intervals. Such characteristics are not only due to the TWT design,
but also to the excellent performance characteristics of the TWT
mainstream air pressure regulator and its controller. The total
pressure and static pressure show excellent spatial uniformity at
the inlet of the test section. Here, total pressure and static pressure
values vary by less than 0.5% of mean values as measurements
are made at five different pitchwise locations. Magnitudes of inlet
turbulence intensity, based on longitudinal velocity fluctuations,
are 1.1% for Mex=0.71, 1.2% for Mex=0.50, and 1.6% for Mex
=0.35. The measurement location for these values is one chord
length upstream of the vane leading edge.

Table 1 gives experimental conditions for the three different
operating conditions which are employed in this study. Figure 3
shows the Mach number distributions along the turbine vane pres-
sure side and along the vane suction side for each of these three
operating conditions. Each different operating condition is pro-
duced by setting a different stagnation pressure at the test section
inlet using the TWT mainstream air pressure regulator. Note that
the exact same positions of the tailboards and the same flow set-
tings on the bleeding system �shown in Fig. 1� are used for each
flow condition. The data shown in Fig. 3 are based upon measure-
ments of total pressure at the test section inlet, and vane mid-span
static pressures. These are measured using two different airfoils
which are constructed especially for this task: �i� A smooth vane
�ks /cx=0�, and �ii� a vane with uniform roughness �ks /cx
=0.00108�. Each of these vanes has five pressure taps on the
pressure side, and five pressure taps on the suction side, as well as
one pressure tap located on the leading edge at the vane midspan.
As shown in Fig. 3, one Mach number distribution employed in
this study is transonic on the vane suction side and subsonic on
the pressure side, and the other two operating conditions are com-
pletely subsonic. Note that a strong adverse pressure gradient is

Fig. 3 Mach number distributions along the test vane
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present on the suction side of the vane when Bx /cx�0.80 for
Mex=0.71. Figure 3 also shows that the Mach number distribu-
tions on pressure and suction sides for all three exit Mach num-
bers are in excellent agreement with data from operating gas tur-
bine engine environments.

Figure 3 also shows that the Mach number distributions for the
roughened vane with ks /cx=0.00108 and the smooth vane are in
excellent agreement for two of the experimental conditions corre-
sponding to Mex=0.71 and Mex=0.35. This means that: �i� the
roughness has little effect on the airfoil Mach number and surface
static pressure distributions, and �ii� the contour shapes of the
smooth vane and uniformly roughened vane with ks /cx=0.00108
are the same. This first result is consistent with data from Bam-
mert and Sandstede �9� and Kind et al. �10�, who also show that
roughness has only small effects on the turbine airfoil pressure
distributions. Note that the trailing edge area is not accessible for
measurement because static pressure tap tubes cannot be installed
in the portion of the vane with such a small trailing edge diameter.
However, numerical predictions by Zhang et al. �7� show that
static pressures are only slightly different near the trailing edges
of symmetric airfoils with smooth and uniformly roughened
surfaces.

Figure 4 presents distributions of acceleration parameter K. For
each flow condition, considerably higher acceleration parameters
are present on the pressure side �K�2�10−6�. The resulting ac-
celeration is expected to produce thinning of the turbulent bound-
ary layers accompanied by a suppression of boundary layer turbu-
lence.

3.2 Comparison With Results From Ames and Plesniak.
To verify experimental data obtained and procedures employed, a
comparison is made with results from Ames and Plesniak �27�. To
do this, a total loss coefficient � is determined, which is defined
using

� =
Poi − Poe

Poi − Pse
�1�

The Ames and Plesniak data are taken approximately 0.3 axial
chord lengths downstream of a smooth vane with Mex=0.27. The
vane used by Ames and Plesniak is two times the size of vanes
from present study, and has an exit angle of 72.4 deg, compared to
an exit angle of 62.75 deg for the present investigation. The
present data used for comparison are obtained for Mex=0.35 at a
measurement location of 0.25 axial chord length downstream of
the trailing edge of a smooth vane. Figure 5 shows that the two
sets of data have similar magnitudes and similar qualitative distri-
butions. The small quantitative differences are due to slightly dif-
ferent vane configurations, flow conditions, and measurement lo-
cations relative to the vane trailing edges. Overall, the agreement
between the two data sets provides verification of procedures and
results from the present study. Note that no significant freestream
losses are present in either study at these experimental conditions

because they entail the use of low inlet turbulence intensities and
relatively low subsonic Mach numbers.

3.3 Rough Surfaces Measurement and Characterization.
Magnitudes of equivalent sandgrain roughness are determined for
all surfaces under investigation using procedures described by Van
Rij et al. �6�. The first step in this process is determination of
detailed surface contour coordinates using a Wyko high-resolution
Optical Surface Profilometer. Figure 6�a� shows an enlarged im-
age of a portion of the test rough surface which is comprised of
nickel powder T1166F, obtained from such optical profilometry
data. The image of a rough surface from the pressure side of a
turbine vane from a utility power engine is shown in Fig. 6�b�.
This particular sample is obtained from a location on the surface
which is located close to the trailing edge area, which is rough-
ened due to surface particulate deposition. The qualitative and
quantitative similarity of the two images is apparent, including the
distributions, irregularity, nonuniformity, and three-dimensional
nature of the roughness elements. Equivalent sand grain rough-
ness size of this real turbine vane surface is about 62.3 �m, which
is close to 52.59 �m, the size for the test surface with Nickel
powder T1166F. Table 4 also shows the similarity of other surface
roughness statistics from the utility power engine turbine vane to
test surfaces comprised of Nickel powders T1166F and NI-914.

The second step in the procedure is numerical determination of
a modified version of the Sigal and Danberg roughness parameter
�s �4–6�. According to van Rij et al. �6�, the modified version of
�s is defined using

�s = � S

Sf
��Sf

Ss
�−1.6

�2�

where S is the reference area, or the area of the smooth base
surface before adding on the roughness, Sf is the total frontal area
over the rough surface, and Ss is the windward wetted surface area
of all of the roughness elements on the surface. S /Sf is then a
roughness density parameter, and S /Ss is a roughness shape
parameter.

In the third part of the procedure, with �s known, the ratio of
equivalent sandgrain roughness size to mean roughness height,
ks /k, is determined using a correlation for three-dimensional, ir-
regular roughness with irregular geometry and arrangement. Ac-
cording to van Rij et al. �6�, ks /k is given by

Fig. 4 Distributions of acceleration parameter K

Fig. 5 Comparison of smooth vane wake total pressure loss
coefficient profile with similar data from Ames and Plesniak
†27‡
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ks

k
= �1.584 � 10−5�S

5.683 �S � 7.842

1.802�S
0.0304 7.842 � �S � 28.12

255.5�S
−1.454 28.12 � �S

�3�

The mean roughness height k is estimated as the distance between
the maximum point of the ensemble-average of all of the rough-
ness peaks in any roughness sample, and a base height. Determi-
nation of this base location is based on analytic procedures which
are also given by Van Rij et al. �6�.

With this approach, magnitudes of equivalent sand grain rough-

ness size for the three-dimensional, irregular roughness of the
present study are determined. Resulting values are given in Table
4, where each is based on an average of measurements from eight
separate profilometry scans of each surface.

3.4 Local Aerodynamic Performance. Here, the effects of
surface roughness and exit Mach number on the local wake pro-
files are presented and discussed. To provide an appropriate stan-
dard of comparison, each profile is measured over one complete
exit pitch spacing �or one complete exit vane spacing�. In addi-
tion, the inlet total pressure is always kept constant as different
vanes are employed for the same operating condition.

Figures 7 and 8 show the effects of surface roughness on nor-
malized local total pressure losses Cp, normalized local Mach
numbers Me /Me,� and normalized local kinetic energy KE for
Mex=0.71. These data are measured in the wake at 0.25 chord
lengths and one axial chord length downstream of vanes, respec-
tively. The different profiles provide information on local wake
deficits of total pressure, Mach number, and kinetic energy. Data
are given for a smooth vane, and vanes with uniform small-sized
roughness �ks /cx=0.00108�, uniform large-sized roughness
�ks /cx=0.00258�, and variable roughness. The inlet total pressure
is kept constant at 106 kPa to maintain the same operating
condition.

The wake profiles shown in Figs. 7 and 8 are asymmetric. Suc-
tion side wakes �at negative y /cx� are thicker than the pressure
side wakes �at positive y /cx�. The asymmetry in the wake is due
to loading on the vane surface, and the past history of the flow. In
addition, the growth and development of boundary layers on the
suction and pressure sides are different. On the suction side,
where local freestream velocities are higher, the boundary layers
continue to become thicker up to the trailing edge. The thicker
boundary layers then separate from the suction surface of the
vane, which affects wake behavior immediately downstream of
the trailing edge. In contrast, on the pressure side, boundary layers
decrease in thickness in the back section of the vane contour as a
result of locally higher flow acceleration. Bammert and Sandstede
�9� report data showing the boundary layer on the suction side is
considerably thicker than on the pressure side. According to them,
wake profile losses are determined more by suction side events by
a factor about 2.5–3.5 times compared to events originating near
the pressure side.

Figure 7 shows that total pressure losses, Mach number deficits,
and deficits of kinetic energy all increase at each y /cx location
within the wake as ks /cx increases, provided the roughness on the
surfaces is uniform. The boundary layers along the vane surfaces
are thickened as ks /cx increases, which is accompanied by higher
magnitudes of Reynolds stress tensor components, higher magni-
tudes of local turbulent transport, and higher surface skin friction
coefficients. The broader wakes with increased roughness size in
Fig. 7 are then the result of: �i� different boundary layer develop-
ment with various roughness, �earlier laminar-turbulent transition
might be caused by surface roughness, as discussed by Stripf et al.
�15� and Roberts and Yaras �16�.�; �ii� augmentations mixing and
turbulent transport in the boundary layers which develop along the

Fig. 6 Three-dimensional Wyko profilometry traces of por-
tions of the rough surfaces. „a… Simulated rough surface with
small-sized roughness elements. „b… Rough surface from the
pressure side of a turbine vane with particulate deposition from
a utility power engine.

Table 4 Characteristics of rough surfaces investigated
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roughened vanes; �iii� thicker boundary layers at the trailing edges
of the roughened vanes; and �iv� increased turbulent diffusion in
the transverse direction within the wake as it advects downstream.

Compared with the results in Fig. 7, the profiles in Fig. 8 �mea-
sured one chord length downstream of the vane� are broader �i.e.,
spread over a wider range of y /cx�, with lower peak values. This
is mostly a result of transverse turbulent diffusion of streamwise
momentum as the wake advects from 0.25 to one axial chord
length downstream. Figures 7 and 8 additionally show that in-
creased thickening of the wake is especially apparent as surface
roughness size becomes larger. This is especially apparent and
more substantial within the wake at negative y /cx values, or
downstream of the suction sides of the vanes. In contrast, the
effects of surface roughness are much less apparent for positive
y /cx values, or downstream of the pressure sides of the vanes.
This is especially evident in Fig. 8 since profiles for all three ks /cx
values �0, 0.00108, 0.00258�, as well as for the variable roughness
vane, are similar for y /cx�0.05. This is partially due to the dif-
ferent growth of boundary layers on the pressure and suction sides
for different amounts of surface roughness.

Figures 7 and 8 also include measurements made downstream
of the vane with variable roughness shown in Fig. 2�b�. In most
cases, variable surface roughness profile points in Figs. 7 and 8 lie

between the profiles measured with ks /cx=0, and ks /cx
=0.00108 for y /cx�−0.1. This is partially due to different rates
of boundary layer development as different levels of roughness
are encountered along the vane pressure surface. This gives dif-
ferent magnitudes of boundary layer mixing and losses, and a
different wake initial condition near the vane trailing edge, com-
pared to vanes with uniformly roughened surfaces. These changes
produced on the vane pressure side appear to have some influence
on initial wake behavior downstream of the vane suction side. As
a result, suction side wake profiles at y /cx�0 downstream of the
vane with a variable rough surface are widened. Thus, suction side
wake profiles in Figs. 7 and 8 are also widened somewhat for the
vane with variable roughness, even though this vane has a smooth
suction side. Overall, the wakes are pushed toward smaller y /cx
values as they are advected downstream �i.e., towards the vane
suction side�, regardless of the level, uniformity, or variability of
the roughness along the surfaces of the vanes.

Figures 9 and 10 show the effects of surface roughness on Cp
profiles in the wake which are measured one axial chord length
downstream of test vanes at Mex=0.50 and 0.35, respectively.
From these two figures, the asymmetry, widening and broadening
wake with roughness are quite similar to results which are given

Fig. 7 Profiles measured at 0.25 axial chord length down-
stream of the test vane for Mex=0.71. „a… Normalized local total
pressure losses. „b… Normalized local Mach numbers. „c… Nor-
malized local kinetic energy.

Fig. 8 Profiles measured at one axial chord length down-
stream of the test vane for Mex=0.71. „a… Normalized local total
pressure losses. „b… Normalized local Mach numbers. „c… Nor-
malized local kinetic energy.
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in Fig. 8�a�. For example, as the level of surface roughness in-
creases, losses increase substantially at negative y /cx values �i.e.,
downstream of vane suction sides�, whereas smaller variations
with changing surface roughness are evident at positive y /cx val-
ues �i.e., downstream of vane pressure sides�. Comparing results
in Figs. 10, 9, and 8�a� shows that peak values of total pressure
loss coefficients increase dramatically as Mex increases. For ex-
ample, peak values are approximately 0.03 at Mex=0.35, 0.06 at
Mex=0.50, and 0.15 at Mex=0.71. The wakes also become wider
as Mex increases. Wider Cp profiles are a result of higher advec-
tion speeds, as well as increased diffusion within the wake. The
change of the Mach number distribution along the vane for differ-
ent Mex also affects the pressure gradient imposed on the bound-
ary layer. At higher exit Mach numbers, greater losses are created
due to higher rates of turbulence mixing with higher stain rates.
Compressibility, which becomes more important at higher exit
Mach numbers, also produces additional alterations to the charac-
ter and development of boundary layers.

Figures 9 and 10 also show wake shifting towards more nega-
tive y /cx values with streamwise development. This becomes
more substantial as the level of surface roughness increases, or as
the exit Mach number decreases. For example, the data in Fig. 9
for Mex=0.50 indicate that the roughened vanes with ks /cx
=0.00108 and ks /cx=0.00258 have flow deviation angles esti-
mated to be 0.7 and 1.5 deg, respectively. Figure 10 for Mex
=0.35 shows that roughness produces even larger deviation angles
of approximately 1.3 and 2.9 deg for ks /cx=0.00108 and ks /cx
=0.00258, respectively. Deviation angles thus appear to increase
as Mex decreases or as ks /cx increases. Larger flow deviations are
more apparent at lower exit Mach numbers probably because of
earlier flow separation near the suction side trailing edge.

3.5 Integrated Aerodynamic Losses. Dimensional magni-
tudes of Integrated Aerodynamic Loss, IAL, are determined by
integrating profiles of �Poi− Poe� with respect to y in the transverse
flow direction across the wake for one single vane spacing, from
−p /2 to p /2.

IAL =�
−p/2

p/2

�Poi − Poe�dy �4�

In the present study, IAL magnitudes are mostly the result of two
phenomena. These are: �i� the losses resulting from formation of
the boundary layers along the vane surfaces, and �ii� the flow
separation, recirculation zone, and wake mixing losses that are
initially present just downstream of the vanes.

IAL magnitudes are determined from profiles that are measured
25% of one axial chord length, and one axial chord length down-
stream of the turbine vane. Such IAL magnitudes are presented in
Fig. 11 as dependent upon the normalized equivalent sandgrain
roughness size for three exit Mach numbers. The overall trends of
the data in this figure illustrate the dominating influences, first, of
the Mach number distribution along the airfoil �as designated by
exit Mach number�, and second, of the surface roughness �as char-
acterized by normalized equivalent sandgrain roughness size�. For
each value of ks /cx, dramatic and important IAL magnitude in-
creases are present as higher Mach numbers are present along the
airfoil. This is mostly due to higher advection speeds, increased
diffusion, and probably earlier laminar to turbulent boundary layer
transition of the boundary layers at higher Mach numbers, noting
that Reynolds numbers and Mach numbers are not independent in
the present study. IAL magnitudes also increase almost linearly as
ks /cx increases for each profile measurement location and for
each value of exit Mach number. The IAL differences obtained at
each Mex for 1cx and 0.25cx are relatively small compared to
overall IAL loss magnitudes. This is a result of how momentum
and turbulence kinetic energy are conserved through the wake.
Near the vane trailing edge, most turbulence in the wake is ini-
tially produced in the separated and recirculating flow zones,
which give the initial condition for wake profile development, as
well as initial values of turbulence at the beginning of the wake.
As the wake continues to develop downstream, turbulence decays
with streamwise distance because turbulence production is less
than diffusion and advection. As a result, the shape of momentum
deficit changes mostly due to the transverse diffusion of momen-
tum. Overall magnitudes of total pressure deficits and momentum
deficits then do not change greatly as the wake is advected in the
streamwise direction because not much mean streamwise momen-
tum is converted into turbulence by local shear and turbulence
production. Such trends in the present data are consistent with
results presented by Mee et al. �28�, who suggest that most en-

Fig. 9 Normalized local total pressure loss profiles measured
at one axial chord length downstream of the test vane for Mex
=0.50

Fig. 10 Normalized local total pressure loss profiles measured
at one axial chord length downstream of the test vane for Mex
=0.35

Fig. 11 Comparison of normalized integrated aerodynamic
loss as dependent upon the normalized equivalent sand grain
roughness size
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tropy increases take places close to the trailing edge of the airfoils.
Additional mixing losses are then only a small fraction of overall
loss magnitudes.

IAL data are normalized using the test section passage pitch p
and test section inlet stagnation pressure Poi in Fig. 12, which
shows how IAL data vary with exit Mach number for different
values of ks /cx. IAL values increase as the exit Mach number
increases for each value of ks /cx. Note that dramatic increases in
IAL magnitudes are observed as the exit Mach number increases
from 0.50 to 0.71. This is due in part to the flow diffusion zone
which is present for Bx /cx�0.80 on the suction side of the Mex
=0.71 vane. The overall data trend is consistent with results from
Zhang and Ligrani �20�, whose data for a symmetric airfoil are
included in Fig. 12 and show similar qualitative trends. When
compared at the same exit Mach number, the present normalized
IAL data for cambered test vanes are then much higher than data
obtained downstream of straight symmetric airfoils without flow
turning. This is due to different flow diffusion-separation zones,
and different flow development over the symmetric and cambered
airfoils from different pressure gradients and different amounts of
streamline curvature which are imposed on airfoil boundary lay-
ers. Such imposed pressure gradients are a result of airfoil shape,
the imposed Mach number distribution, and streamline curvature
and flow turning in the flow outside of the boundary layers. Over-
all, these results show that greater losses are present with flow
turning and cambered airfoils.

One data point is included in Fig. 12 for the vane with variable
roughness. As mentioned, different wake behavior is tied to dif-
ferent rates of boundary layer development �especially on the
vane pressure side�, different magnitudes of boundary layer mix-
ing and losses, and a different wake initial condition near the vane
trailing edge �on both pressure and suction sides�, compared to
vanes with uniformly roughened surfaces. As a result, the corre-
sponding normalized IAL value in Fig. 12 is between values for
the ks /cx=0.00108 and ks /cx=0.00258 uniformly roughened
vanes for an exit Mach number of 0.71.

3.6 Comparisons With Loss Data From Other Research
Groups. Different loss coefficient definitions are generally em-
ployed by different research groups. Of these, Boyle and Senyiko
�17� and Boyle et al. �21� employ an area averaged loss coeffi-
cient, YA, in their analysis, which is defined using an equation of
the form

YA =
Poi − Poe,A

Poi − Pse,A
�5�

Here, Poe,A and Pse,A are area averaged exit total pressure and
static pressure, respectively. These are determined using equations
given by

Poe,A =�
−p/2

p/2

Poed�y/p� �6�

and

Pse,A =�
−p/2

p/2

Psed�y/p� �7�

respectively. Boyle and Senyiko �17� employ vanes with 5.18 cm
axial chord length and 75 deg flow turning angle. Their data are
based on measurements made 0.35 of an axial chord length down-
stream of their vane. In the same experimental facility, Boyle et al.
�21� employ vanes with 4.445 cm axial chord length and approxi-
mately 80 deg flow turning angle in their investigation. Figure 13
shows comparisons of their data with results from the present
study over a range of exit Mach numbers and different ks /cx
values. These data indicate that higher YA losses are generally
observed as either exit Mach number or surface roughness in-
creases. Of particular interest is the dramatic increase in present
YA magnitudes that occurs as the exit Mach number increases
from 0.5 to 0.7 for the airfoils with ks /cx magnitudes of 0 and
0.0108. Note that YA magnitudes from smooth vanes from Boyle
and Senyiko �17� and Boyle et al. �21� are somewhat different
from each other because of different vane configurations and dif-
ferent operating conditions in the two investigations. Such differ-
ences also partially account for some of the differences between
these data and results from the present investigation. In other
cases, the present results show agreement with some of the results
from Refs. �17,21�.

Kind et al. �10� employ a mass averaged loss coefficient, Yp in
their turbine cascade investigation, which is defined using

Yp =
Poi − Poe,m

qe,m
�8�

where poe,m and qe,m are mass-averaged exit total pressure, and
mass-averaged dynamic pressure, respectively. These two param-
eters are defined with equations that are given by

Fig. 12 Comparison of normalized integrated aerodynamic
loss magnitudes as dependent upon exit Mach number, and
measured one chord length downstream of the airfoils

Fig. 13 Comparison of area averaged loss coefficient with
Boyle and Senyitko †17‡, and Boyle et al. †21‡
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Poe,m =

�
−p/2

p/2

	uPoedy

	�u�p
�9�

and

qe,m =

�
−p/2

p/2

	uqedy

	�u�p
�10�

respectively. Data from Kind et al. �10� are presented and com-
pared with some data from the present investigation in Fig. 14.
Their data are measured 0.4 of an axial chord length downstream
of their airfoil. In Fig. 14, Yp loss coefficient data are given as
they vary with normalized mean roughness height k /c since
sandgrain roughness height, ks, is not available from Kind et al.
�10�. Yp loss coefficient results from the present study as well as
from Kind et al. �10� increase as the normalized mean roughness
height becomes larger. Similar magnitudes of Yp for the two stud-
ies are evident for k /c=0 �i.e., smooth vane surfaces�. However,
differences are evident between the two data sets when k /c�0,
which are most likely due to different surface roughness charac-
teristics. For example, the Kind et al. �10� roughness with k /c of
0.002, may be comprised of roughness elements with different
density compared to ones employed in the present study. Such
roughness could thus give different Yp loss coefficient magnitudes
even though mean roughness heights may be comparable.

4 Summary and Conclusions
The effects of surface roughness on the aerodynamic perfor-

mance of a turbine vane are investigated for three Mach number
distributions, one of which results in transonic flow. All three
Mach number distributions and the vane configuration match ar-
rangements employed in industrial applications. One smooth vane
is employed, along with two other vanes with three-dimensional
roughness distributed uniformly over entire vane surfaces. A
fourth vane is also employed with roughness of different sizes
distributed over the vane surface �i.e., a variable rough surface�
whose arrangement is based on observations of roughened turbine
vanes from industrial applications. All four turbine vanes have the
same shape and exterior dimensions. This is verified for the
smooth vane and the vane with uniform ks /cx=0.00108 roughness
since the same Mach number distribution is present with each.

The nonuniform, irregular, three-dimensional roughness on the
tested vanes is employed to match the roughness which exists on
operating turbine vanes and blades subject to extended operating
times with significant particulate deposition on the surfaces. This
is verified by detailed three-dimensional optical profilometry
traces and rough surface statistics �such as equivalent sandgrain
roughness size� which are similar for the roughness from a power
engine turbine blade and the test surfaces employed in this study.

Total pressure losses, Mach number deficits, and deficits of ki-
netic energy all increase at each y /cx location within the wake as
ks /cx increases, regardless of the level, uniformity, or variability
of the roughness along the surfaces of the vanes. The wakes also
become broader with increased roughness size or with increased
exit Mach number Mex due to higher advection velocities, aug-
mentations of mixing and turbulent transport, thicker boundary
layers, earlier laminar-turbulent transition and increased turbulent
diffusion. Peak values of total pressure loss coefficients also in-
crease dramatically as Mex increases. In general, these profiles are
asymmetric because the effects of surface roughness are much less
apparent for positive y /cx values, downstream of the pressure
sides of the vanes. This is due to different loading, different
boundary layer growth, and different susceptibility to flow sepa-
ration on the different vane surfaces, which also causes the suction
side wakes �at negative y /cx� to be thicker than the pressure side
wakes �at positive y /cx�. Overall, the wakes are pushed toward
smaller y /cx values as they are advected downstream �i.e., to-
wards the vane suction side�, regardless of the level, uniformity, or
variability of the roughness along the surfaces of the vanes. Aside
from this, the data from a vane with variable surface roughness
show different quantitative and qualitative trends compared to
profiles measured downstream of vanes with roughness spread
uniformly over the surfaces. This is partially due to different rates
of boundary layer development as different levels of roughness
are encountered along the vane pressure surface.

For each value of ks /cx, dramatic and important IAL magnitude
increases are present as higher Mach numbers are present along
the airfoil. IAL magnitudes also increase almost linearly as ks /cx
increases for each profile measurement location and for each
value of exit Mach number. When the exit Mach number is 0.71,
the normalized IAL value for the variable roughened vane is be-
tween values for the ks /cx=0.00108 and ks /cx=0.00258 uni-
formly roughened vanes. In contrast, the IAL differences obtain-
ed at each Mex for 1cx and 0.25cx are relatively small compared
to overall IAL loss magnitudes. This is because not much mean
streamwise momentum is converted into turbulence by local shear
and turbulence production as the wake is advected in the stream-
wise direction. When compared at the same exit Mach number,
the present normalized IAL data for cambered test vanes are much
higher than data obtained downstream of straight symmetric air-
foils without flow turning. Overall, this means that greater losses
are present with flow turning and cambered airfoils, than with
symmetric airfoils.

Magnitudes of area-averaged loss coefficients YA generally in-
crease as either exit Mach number or equivalent sandgrain rough-
ness size increases. The increases in YA magnitudes are especially
substantial as the exit Mach number increases from 0.5 to 0.7 for
the smooth vane and the uniformly roughened vane with ks /cx
=0.0108. Mass-averaged loss coefficients Yp show similar trends,
since they also increase as normalized mean roughness height
becomes larger for a particular value of vane exit Mach number.
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Fig. 14 Comparison of mass averaged loss coefficients with
similar results from Kind et al. †10‡
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Nomenclature
Bx 
 normal coordinate measured from vane leading

edge
c 
 true chord length

cx 
 axial chord length
Cp 
 local total pressure coefficient, �Poi− Poe� / Poi

IAL 
 integrated aerodynamic losses
Me 
 exit local Mach number

Me,� 
 exit free-stream Mach number
k 
 roughness height
K 
 dimensionless acceleration parameter,

�v /U�
2 ��dU� /ds�

KE 
 normalized local kinetic energy,
�Poe− Pse� / �Poe− PSe��

ks 
 equivalent sand grain roughness
p 
 passage pitch

Po 
 stagnation pressure
Poe 
 exit local stagnation pressure

Poe,m 
 mass averaged exit stagnation pressure
Poe,� 
 exit freestream stagnation pressure
Poe,A 
 area averaged exit total pressure
Pse,A 
 area averaged static pressure

Pse 
 exit local static pressure
Poi 
 inlet stagnation pressure
PS 
 pressure side
qe 
 exit local dynamic pressure

qe,m 
 exit mass-weighted dynamic pressure
s 
 blade surface length from leading edge of the

vane
S 
 rough surface flat reference area

Sf 
 total roughness frontal area
Ss 
 total roughness windward wetted surface area
SS 
 suction side

u 
 exit local streamwise velocity
U� 
 freestream velocity over the vane surface

v 
 kinematic viscosity
x 
 linear distance from vane trailing edge in di-

rection of vane trailing edge camber line
y 
 normal coordinate measured from line tangent

to vane trailing edge camber line
YA 
 area averaged loss coefficient used by Boyle et

al. �17�
YP 
 mass averaged loss coefficient used by Kind et

al. �10�, �Poi− Poe,m� /qe,m
�s 
 Sigal and Danberg roughness parameter
� 
 total pressure loss coefficient used by Ames

and Plesniak �27�,�Poi− Poe� / �Poi− Pse�
	 
 exit local density

Subscripts
A 
 area-averaged
e 
 exit

M 
 mass-averaged
� 
 freestream
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The Importance of the Mean
Elevation in Predicting Skin
Friction for Flow Over Closely
Packed Surface Roughness
The discrete-element surface roughness model is used to provide insight into the impor-
tance of the mean elevation of surface roughness in predicting skin friction over rough
surfaces. Comparison of experimental data and extensive computational results using the
discrete-element model confirm that the appropriate surface for the imposition of the
no-slip condition is the mean elevation of the surface roughness. Additionally, the use of
the mean elevation in the Sigal-Danberg approach relating their parameter to the equiva-
lent sand-grain roughness height results in replacing three different piecewise expres-
sions with a single relation. The appropriate mean elevation for closely-packed spherical
roughness is also examined. �DOI: 10.1115/1.2175164�

Introduction
Historically, the two dominant methods for evaluating the ef-

fects of surface roughness on drag and heat transfer have been the
equivalent sand-grain roughness model and the discrete-element
model. The equivalent sand-grain roughness model, first proposed
by Schlichting �1�, is an empirical model in which rough surfaces
with various features are compared to data from Nikuradse �2�
concerning flow in pipes with varying sizes of sieved sand glued
to the wetted surface. Rough surfaces are assigned a value of
equivalent sand-grain roughness height based on comparisons
with Nikuradse’s fully rough data. Recent literature on the equiva-
lent sand-grain roughness method has involved seeking correla-
tions for equivalent sand-grain roughness height based on rough-
ness metrics such as height, shape, and density. Dvorak �3�,
Simpson �4�, Dirling �5�, Sigal and Danberg �6�, and Bons �7�
have all proposed functions to predict the effective sand-grain
roughness height based on parameters involving the roughness
height, shape, and density.

Several disadvantages of the equivalent sand-grain method
have been noted. A detailed discussion of these disadvantages is
presented by Taylor �8�. The Sigal-Danberg parameter is deter-
mined using the relationship

�s =
Spa

Sf
�Af

As
�−1.6

�1�

where Spa is the plan area �as seen from above� of the surface and
Sf is the total frontal area of the roughness elements, Af is the
frontal area of the elements, and As is the windward wetted sur-
face area of the roughness elements. While the Sigal-Danberg
parameter has demonstrated the most promise for correlating the
available equivalent roughness height data, the best correlation
based on the parameter is still limited. Bons �7� has also shown

that �1� the Sigal-Danberg parameter is difficult to define for
roughness elements with random spacings, shapes, and heights,
�2� wind tunnel measurements of equivalent sand-grain roughness
heights for randomly rough surfaces can vary as much as 40%
from predicted heights using logarithmic data curve-fits based on
the Sigal-Danberg parameter, and �3� different correlations are
required for randomly rough surfaces and for three-dimensional
uniform roughness.

Attempts to use one value of equivalent sand-grain roughness
height to predict both skin friction and heat transfer have been
unsuccessful. In fact, there is no reason that two surfaces with the
same skin friction coefficients, which implies that they would
have the same equivalent sand-grain roughness value from a fric-
tion standpoint, should have the same Stanton numbers.

The discrete-element model is an alternative to the equivalent
sand-grain model. While the equivalent sand-grain model is based
completely on empirical correlation, the discrete-element model
evaluates the effects of roughness by considering the physical
characteristics of the roughness elements in the solution of the
boundary-layer equations. The discrete-element model is semi-
empirical in the sense that the relationships used to determine the
local drag on the roughness elements are based on empirical data
including Schlichting’s 1937 data set.

The basis for the discrete-element model was also described by
Schlichting in his 1937 paper. In attempting to explain the effect
of roughness element density on the effective sand-grain height,
Schlichting suggested that the total drag on a rough surface is the
sum of the skin friction on the flat part of the surface and the form
drag on the individual roughness elements. Methods to solve the
boundary-layer equations for flow over rough surfaces, such as
Finson �9�, Adams and Hodge �10�, and Lin and Bywater �11�,
incorporated momentum sink terms into the boundary-layer equa-
tions based on Schlichting’s suggestion. The form of the discrete-
element roughness model presented in this paper originated in the
work of Finson �9� and was rigorously derived by Taylor �8�.

The discrete-element model has been validated using many data
sets for surfaces with ordered roughness elements with the same
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shape �Taylor �8�, Scaggs et al. �12�, Hosni �13�, Chakroun �14��.
Taylor et al. �15� have validated the discrete-element model for
ordered roughness elements with varying shapes for completely
rough flow in pipes. In most of the validation cases however, the
roughness elements were sparsely spaced, and agreement between
predictions and experimental measurement was better for the
sparsely spaced-element rough surfaces than for the few closely
packed element rough surfaces.

The discrete-element model �DEM� was also recently adapted
to predict skin friction and heat transfer for flows over randomly
rough surfaces �16�. In McClain et al. �16�, two surfaces were
generated for wind-tunnel testing that were developed from real
gas-turbine surfaces with fuel deposit and erosion roughness as
measured using a three-dimensional profilometer. The surface pro-
files were scaled and created so that when the surfaces were tested
in the wind-tunnel, the ratio of roughness height to boundary-layer
thickness was similar to that found during turbine operation.

In McClain et al. �16�, major modifications to the discrete ele-
ment model for randomly rough surfaces were the use of the mean
elevation as the location of the no-slip plane and the incorporation
of the element eccentricity in local roughness element drag deter-
mination. The use of the mean elevation as the location of the
no-slip plane presents a significant implication for closely packed
cone surfaces. Since the application of the mean elevation as the
location of the no-slip surface produced excellent agreement be-
tween skin friction measurements and predictions for randomly
rough surfaces, applying the mean elevation as the no-slip surface
should also be applicable and appropriate for predicting skin fric-
tion for flows over surfaces with closely packed, ordered elements
with the same shape.

For this study, skin friction measurements were made for two
surfaces with conical roughness elements. On one of the surfaces,
the elements were very closely packed. The roughness elements
on the other surface were moderately packed as compared to sur-
faces tested by Schlichting �1�, Scaggs et al. �12�, Hosni �13�,
Chakroun �14�, and Taylor et al. �15�. The two cone-roughness
surfaces were created with characteristics congruent with the real
random roughness described in the works by Bons �7� and Mc-
Clain et al. �16�. Measurements of skin friction for turbulent flow
over the conical roughness surfaces were made for comparison to
predictions using the discrete-element model.

Since the DEM has been extensively validated for the afore-
mentioned data sets and since the DEM captures the relevant
physics �in the spatially averaged sense� of a wide range of rough-
ness geometries, the DEM provides a proven tool for analysis and
design procedures for turbulent flow over rough surfaces. Hence,
given a detailed description of the surface roughness, the DEM
has been shown to posses the capability to properly account for
the surface geometry effects on the surface measurables. When
incorporated into a design code the DEM will capture the salient,
spatially averaged effects of the surface roughness.

The Discrete-Element Model
The discrete-element model is formulated for roughness ele-

ments with three-dimensional shapes for which the element cross
section can be defined at every height, y. The differential equa-
tions including roughness effects are derived by applying the basic
conservation statements for mass and momentum to a control vol-
ume such as that shown in Fig. 1. Basic to this approach is the
idea that the two-dimensional, time-averaged turbulent boundary-
layer equations can be applied in the flow region below the crests
of the roughness elements. The flow variables are spatially aver-
aged over the transverse �z� direction and the streamwise �x� di-
rection. The physical effects of the roughness elements on the
fluid in the control volume are modeled by considering the flow
blockage, the local element heat transfer, and the local element
form drag. The void factors, �, are defined as the fraction of the
area open to flow. The form drag force on the control volume is

due to the portion of the roughness elements penetrating the con-
trol volume and is expressed using a local drag coefficient as

FD = 1
2�u2�y�

i=1

Nr

CD,idi�y� �2�

Where Nr is the number of roughness elements in the control
volume at the given height.

Using the above concept, the continuity and momentum equa-
tions for a steady, Reynolds averaged, two-dimensional turbulent
boundary layer with ordered distributions of nonuniform rough-
ness are

�

�x
���xu� +

�

�y
���y�� = 0 �3�

�x�u
�u

�x
+ �y��

�u

�y
= −

�

�x
��xP� +

�

�y
��y��

�u

�y
− �u����	

−
1

2
�

u2

LpLt
�
i=1

Nr

CD,idi �4�

The turbulence model is not modified to include roughness ef-
fects since the physical effects of the roughness on the flow are
explicitly included in the differential equations. In this study, the
Prandtl mixing length with van Driest damping is used for turbu-
lence closure. Hence

− �u��� = �lm
2 � �U

�y
�
 �U

�y

 �5�

where

lm = �0.41y�1 − exp�− y+/26�� for lm � 0.09�

0.09� otherwise
�6�

In addition to the usual turbulence modeling closure require-
ments for −�u��� and u�2, the roughness model has closure re-
quirements for CD. CD is formulated as a function of the local
roughness element Reynolds number

Red =
�u�y�d�y�

�
�7�

thus directly including information on the roughness element size
and shape. The functional forms for CD used in this study for
circular roughness elements is

CD = �� Red

1000
�−0.125

Red � 60,000

0.6 Red 	 60,000

�8�

The functional form for CD was determined by extensive calibra-
tions using a number of deterministic surface roughness data sets
�8,17�.

Fig. 1 The discrete-element roughness model control volume
schematic
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For ordered, sparse distributions of roughness elements, the
boundary conditions imposed on the boundary-layer equations are

y = 0:u = � = 0

y → 
 :u = Ue �9�
Once the fluid velocity and temperature profiles are found, the
skin friction relationship is

Cf =

�1 − ���
du

dy
y=0 +
1

2

1

LtLp



0


 ��u2�
i=1

Nr

CD,idi�dy

1

2
�Ue

2

�10�

DEM Modifications for Randomly Rough Surfaces
In McClain et al. �16�, the discrete element was adapted for

flows over randomly rough surfaces. The adaptation made for
flows over random roughness that is relevant to this study is the
adoption of the mean elevation as the datum or location of the
no-slip surface. Figure 2 presents a three-dimensional representa-
tion of a randomly rough surface. The most obvious difference
between the surface depicted in Fig. 2 and the cone surface rep-
resented in Fig. 1, is that there is no “flat” part of the randomly
rough surface from which to reference the discrete-element
boundary-layer equations.

A reference or datum is needed for the application of the
boundary conditions in solving the boundary-layer equations. A
reference surface at the minimum elevation makes sense for the
blockage-fraction evaluation, but the roughness model needs both
blockage-fraction and blockage-diameter distributions. For ran-
dom roughness with closely-spaced roughness features below the
mean elevation, the concept of a blockage diameter is not appro-
priate. Because all of the blockage elements are connected, the
effective diameter of the blockages becomes the length of the
profilometer trace as the minimum elevation is approached.

McClain et al. �16� determined that the mean elevation serves
as the computational location of the no-slip surface for randomly
rough surfaces. Since the mean elevation is the mean location of
the no-slip surface, applying the no-slip surface at the mean el-
evation is consistent when using a spatially averaged model such
as the discrete-element model. Using the mean elevation as the
location of the no-slip surface produced very good agreement with
experimental measurements of skin friction for turbulent flows
over randomly rough surfaces.

When the mean elevation is used as the datum, the boundary
conditions used to solve the discrete element boundary-layer
equations are

y = yme:u = � = 0

y → 
 :u = Ue
�11�

where yme is the height of the mean elevation. Once the boundary-
layer equations are solved, the skin friction coefficient is then
calculated using

Cf =

�1 − ���
du

dy
y=yme
+

1

2

1

LtLp



yme


 ��u2�
i=1

Nr

CD,idi�dy

1

2
�Ue

2

�12�

Surface Creation and Descriptions
Since the use of the mean elevation as a datum is effective for

randomly rough surfaces, using the mean elevation should also
applicable for rough surfaces with closely packed and ordered
roughness elements of the same shape. To test the hypothesis, the
skin friction coefficients were measured for two surfaces with
close to moderately close arrangements of conical roughness ele-
ments. Discrete-element predictions were then made using the flat
surface elevation as datum and also using the mean elevation as
the datum.

Two cone surfaces were studied. The cone surfaces were gen-
erated to have characteristics congruent with two randomly rough
surfaces created from scaled profilometer traces taken from real
gas turbine surface roughness �7,16�. The conical roughness ele-
ments on Surface 1 were created with a height equal to three times
the rms roughness height, Rq, of the deposit surface described by
McClain et al. �16�. The rms roughness height, Rq is determined
using

Rq =� 1

N�
i=1

N

yi
2 �13�

where yi is measured from the mean elevation of the surface. The
height multiplier of three is a nominal value based on the discus-
sion by Tolpadi and Crawford �18� regarding the relationship be-
tween the statistical parameters of a randomly rough surface and
its equivalent sand-grain height.

For the deposit surface, the correlation length, �c, was found
using Fourier decomposition. The dominant frequencies were
found and the correlation length was calculated as the distance at
which the autocorrelation function falls to a value of 0.1. The
diameter of the cones on Surface 1 was set to one-half the corre-
lation length, and the spacing was set equal to the correlation
length.

The roughness elements on Surface 2 were created with a
height equal to three times the Rq of the erosion-2 surface as
described by McClain et al. �16�. The diameter of the elements on
Surface 2 was set as twice the correlation length for the erosion-2
surface. The spacing of the cones was set so that distance between
the rows of cones in the direction of the flow equaled the base
diameter of the cones.

The two cone surfaces were generated using the three-
dimensional �3D� printer and studied in the wind tunnel. A Strata-
sys Genisys Xs three-dimensional printer was used to create cou-
pons of the cone roughness surfaces. The Genisys Xs printer
generates 3D models with a resolution of 0.33 mm using a durable
polyester. The printed surface coupons were fitted and connected
together to make roughness panels to be placed in a wind tunnel
for testing. Table 1 presents the measured characteristics of the
cone surfaces from the three-dimensional printer.

Fig. 2 A randomly rough surface
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The height of the cones above the mean elevation and the di-
ameter of the cone at the mean elevation, as depicted in Fig. 3, are
calculated using Eqs. �14� and �15�, respectively.

keff = k −

d0

2k

12LpLt
�14�

d0,eff = d0
keff

k
�15�

The heights and diameters of the Surface 1 cones above the mean
elevation are 4.093 and 5.527 mm, respectively. The heights and
diameters of the cones on Surface 2 above the mean elevation are
1.485 and 3.466 mm, respectively.

Skin Friction Measurements
The wind tunnel used in this study is housed at the Air Force

Research Laboratory �AFRL� at Wright-Patterson Air Force Base
in Dayton, OH. The wind tunnel is an open-loop tunnel with a
nominal cross section of 0.24 m by 0.38 m in the test section. For
the tests presented here, the wall was adjusted to produce zero
freestream acceleration �7�. Flow enters the test section through a
main conditioning plenum and an entry section. As the flow exits
the entry section and just before the flow enters the test section of
the tunnel, the boundary layer is bled from the flow using a knife-
edge boundary-layer bleed and a boundary-layer suction blower.
This creates the situation where the boundary-layer thickness is
zero at the entry of the test section. For all skin friction measure-
ments, the flow was tripped turbulent using a 1.6 mm diameter
cylinder placed 2.54 cm from the knife-edge. Roughness panels,
0.32 m in length, were placed 1.04 m from the knife-edge of the
test section. The tunnel then continues 0.62 m beyond the trailing
edge of the roughness panels. The freestream turbulence intensity,
Tu=urms� /Ue, was measured using a hot-wire anemometry system
and was found to be consistently 0.9% for all of the skin friction
measurements.

The skin friction coefficients were determined by suspending
the roughness panels in the wind tunnel using wires attached to
the wind-tunnel framing and measuring the downstream move-
ment of the panels during a test. Detailed information on the wind
tunnel and the average skin friction coefficient determination tech-
nique can be found in Bons �7�. Bons �7� reports a systematic
uncertainty �bias� of 0.00022 in the measured skin friction coeffi-
cients with a 2.8% random uncertainty �repeatability�. Detailed
information on the simulations and their comparisons to the ex-
perimental data can be found in McClain �19�.

Skin friction measurements were made for each surface at two
Reynolds numbers based on the distance from the leading edge to
the center of the roughness panel: A high Rex around 1,000,000

and a low Rex around 500,000. Table 2 summarizes the boundary
layer and freestream conditions for the rough-surface skin friction
measurements. The momentum thickness and boundary-layer
thickness were not measured directly in the experiments. The val-
ues of Re� and k /� presented in Table 2 are based on the
boundary-layer code predictions considering the roughness ef-
fects.

The Reynolds numbers’ designations as “high” or “low” are
compared only to the Reynolds numbers used in this study. A
typical turbine blade chord Re is 500,000 to 2,000,000. The finite
range used in this study is in the low to mid-range of typical
gas-turbine chord Reynolds numbers.

Results and Discussion
The discrete-element model was run for the cone surfaces using

each of the following options:

�1� the full cones placed on the surface floor with shear
acting on the surface floor

�2� the partial cones referenced to the mean elevation with
shear acting on the area not blocked at the mean
elevation

The discrete-element predictions using the floor of the cone sur-
face as a reference, Cf ,fl, the discrete-element predictions using
the mean elevation as a reference, Cf ,me, and the experimentally
measured skin friction coefficients, Cf ,meas, are presented in Table
3 for the high Reynolds number data and in Table 4 for the low
Reynolds number data.

The Cf predictions for the smooth surface are within 3.5% of
the experimentally measured values. Tables 3 and 4 also show that

Table 1 Summary of surface characteristics

Surface
k

�mm�
d0

�mm�
S

�mm�
Lp

�mm�
Lt

�mm� S /d0

Surface 1 4.420 5.969 12.065 10.449 12.065 2.021
Surface 2 1.905 4.445 5.207 4.509 5.207 1.171

Fig. 3 Mean elevation of the cone surfaces

Table 2 Boundary-layer characteristics for the skin friction co-
efficient measurements for the rough surfaces

Rex Re� k+ k /�

Surface 1 944,000 2600 300.8 0.20
Surface 1 525,000 1600 171.2 0.18
Surface 2 923,000 2300 107.4 0.09
Surface 2 517,500 1400 59.0 0.08

Table 3 Comparison of the cone and smooth surface skin fric-
tion results and discrete-element predictions at high Reynolds
numbers

Surface Rex̄ Cf ,meas

Cf ,me
�% diff�

Cf fl
�% diff�

Surface 1 944,000 0.01450 0.01396
�−3.72�

0.01514
�4.41�

Surface 2 923,000 0.01040 0.01003
�−3.56�

0.01278
�22.88�

Smooth 917,500 0.00349 n/a 0.00356
�2.0�

Table 4 Comparison of the cone and smooth surface skin fric-
tion results and discrete-element predictions at low Reynolds
numbers

Surface Rex̄ Cf ,meas

Cf ,me
�% diff�

Cf fl
�% diff�

Surface 1 525,000 0.01519 0.01373
�−9.61�

0.01491
�−1.84�

Surface 2 517,500 0.01000 0.00922
�−7.8�

0.01201
�20.10�

Smooth 525,900 0.00377 n/a 0.00390
�3.4�
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the discrete-element predictions using the mean elevation as the
reference elevation are all within 10% of the measured skin fric-
tion coefficients. While 10% agreement may not be considered
acceptable for the prediction of Cf over smooth surfaces, a 10%
agreement with experimental data provides a good metric for the
accuracy of the DEM in comparison to the alternative prediction
techniques for flows over rough surfaces.

For Surface 2, the discrete-element predictions using the floor
of the cone surface as a reference overestimate the skin friction
coefficients by a minimum of 20%. Using the mean elevation as a
reference under predicts the skin friction coefficient by as much as
7.8% for Surface 2. Since the Surface 2 cones are closely packed,
the amount of over prediction by the discrete-element model using
the flat surface as a reference suggests that using the mean eleva-
tion as a reference is appropriate for closely packed surfaces.

For Surface 1, using the mean elevation underestimates the skin
friction coefficients. At the low Reynolds number, using the mean
elevation underestimates Cf ,meas by over 9%. At the high Reynolds
number, referencing the flow to the flat part of the cone surface
produces less than 5% difference from the measured skin friction
coefficient. At the low Reynolds number, referencing the model to
the flat part of the cone surface under predicts the skin friction
coefficient by 2%.

Because using the mean elevation as a reference underestimates
the skin friction coefficients for Surface 2 and because referencing
the model to the flat part of the Surface 1 underestimates Cf ,meas
by more than the experimental uncertainty, other factors must be
influencing the flow over the cone surface as tested in the experi-
mental apparatus. One possible cause for the higher measured skin
friction coefficients is the change in mean elevation as the flow
transitions from smooth surface to rough surface and back to
smooth surface along the wind tunnel model. Figure 4 shows the
configuration of the random roughness panels and the cone rough-
ness panels in the experimental facility.

The randomly rough surfaces studied by Bons �7� and McClain
et al. �16� were placed in the wind tunnel such that the mean
elevation of the roughness panels was at the same elevation as the
flat surface of the upstream Plexiglas floor of the wind tunnel.
Discrete-element predictions were within ±7% of the experimen-
tally measured skin-friction coefficients for the randomly rough
surfaces �16�. However, the cone surfaces were installed in the
wind tunnel with the floor of the cone surfaces at the same eleva-
tion as the upstream Plexiglas. For the cone surfaces, the place-
ment of the roughness elements creates a situation where the mean
freestream velocity accelerates as the flow transitions from
smooth surface to rough surface. The freestream velocity then
decelerates at the downstream portion of the roughness panel as
the flow transitions from rough surface back to smooth surface. If
the deceleration is strong enough, the flow will separate as found
by Pinson and Wang �20� when they studied the effects of a step

decrease in roughness height on the transition of flow from lami-
nar to turbulent flow. Even if the flow does not separate, the ac-
celeration of the fluid at the beginning of the roughness and the
deceleration of the fluid at the end of the roughness creates an
increase in form drag on the cone roughness elements.

Neither the effects of the extra form drag on the upstream ele-
ments below the mean elevation nor the effects of flow separation
are considered in the discrete-element predictions. Taylor �8� cali-
brated the discrete-element model using Schlichting’s corrected
data and compared the discrete-element predictions to the experi-
mental data of Healzer �21�, Pimenta �22�, and Coleman �23�. In
each of the cases studied by Taylor, the roughness started at the
“knife-edge” or start of the wind or water tunnel. Skin friction
measurements were then determined using the momentum-defect
method or using the measured Reynolds stresses and mean veloc-
ity profiles. In those test cases, the flow did not transition from
smooth surface to rough surface and back to smooth surface. The
changes in mean elevation experienced by the cone surfaces of
this study cause some of the differences between the discrete-
element predictions and the experimentally measured skin friction
coefficients.

Implications for the Equivalent-Sand Grain Roughness
Model

Since the effects of the mean elevation are clearly evident in the
discrete-element predictions for flows over closely packed cone
surfaces, the same effect should be evident in the data used in the
equivalent sand-grain roughness approach. The most widely used
correlation for using the physical characteristics of a surface to
predict the equivalent sandgrain roughness height is based on the
Sigal-Danberg parameter, �s.

Figure 5 presents the ratio of the equivalent sand-grain height
over the ratio of the roughness element height �ks /k� versus �s as
traditionally defined by Sigal and Danberg �6� for the classical set
of surfaces with ordered, three-dimensional roughness elements
from Schlichting �1��1, as corrected in Ref. 24� and for the cones
studied by Bogard et al. �25�. To investigate the effects of the
mean elevation on surfaces with ordered roughness elements of
the same three-dimensional shape, the Sigal-Danberg parameters
were recalculated for the classical surface set using the character-
istics of the roughness elements above the mean elevation. Figure
6 presents the ratio of the equivalent sand-grain roughness height
to the effective height of the roughness elements above the mean
elevation �ks /keff� versus the Sigal-Danberg parameter evaluated
using the characteristics of the roughness elements above the
mean elevation ��s,eff�.

Figure 6 demonstrates that when the mean elevation is consid-
ered in the determination of the Sigal-Danberg parameter, the val-
ues of ks /keff correlate well with an exponential function based on

Fig. 4 Comparison of mean elevation for the random and cone roughness panels
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�s,eff. While really only four points are significantly affected when
considering the roughness characteristics above the mean eleva-
tion, those four points are moved in-line with the other data points
in Fig. 6.

Considering the mean elevation also explains why the ks /k de-
creases with decreasing values of �s below �s=20 in Fig. 5.
Schlichting �1� noticed that for roughness elements of a constant
shape but with variable spacing, the maximum equivalent sand-
grain roughness height did not occur at the most dense spacing but
at a considerably larger spacing. Once that critical spacing was
reached, the equivalent sand-grain roughness height decreased as
the spacing was increased.

To explain this decreasing ks as the spacing increased, Schlich-
ting �1� postulated that the total drag force �F� on a rough surface
was the sum of the skin friction of the flat part of the surface �Fs�
and drag on the roughness elements �FR�.

F = FR + Fs �16�

Schlichting �1� then identified a resistance coefficient, CR, of the
roughness elements as

CR =
FR

1

2
�uk

2Sf

�17�

Where uk is the velocity of the fluid at the highest elevation of the
roughness elements and Sf is the projected frontal area of all of

the roughness elements. Schlichting �1� found that the value of CR
was independent of the roughness density and the value predicted
for drag coefficients of the roughness element shapes in free flow.

Following Schlichting’s logic, a skin friction coefficient for the
rough surface may be defined as

Cf =
FR + Fs

1

2
�U


2 Spa

�18�

Substituting for FR and rearranging yields

Cf = CR� Sf

Spa
�� uk

U

�2

+ Cf ,s�Asm

Spa
� �19�

Inspecting Eq. �19�, at a set location on a surface with roughness
elements of the same size, as the roughness elements are spaced
further apart, the dominant term affecting the skin friction is the
ratio of the frontal area of roughness elements over the plan-form
area of the surface. For a set element size, the value of Sf /Spa
decreases as a function of the square of the average element spac-
ing. While uk /U
 will change as the elements are spaced further
apart, the value of uk /U
 ranges from 0 to 1.0, and the changes
will not be as big as the dramatic decrease in the value of Sf /Spa.

Figure 7 demonstrates the expected variation of the skin friction
coefficient at a set location on a rough surface with a fixed rough-
ness element shape as the spacing between the roughness ele-
ments increases. If the effective height of the elements above the
mean elevation were not relevant, Eq. �19� implies that the skin
friction coefficient of a rough surface would start at a high value
for the most closely packed configuration, then decrease as the
square of the average spacing decreases. If the effective height is
important, the roughness elements would appear to be much
shorter to the flow than the actual height of the elements for the
most closely packed configuration. Thus, the effective projected
frontal area would be much less than the actual projected frontal
area of the roughness elements, and uk /U
, would also be signifi-
cantly lower. As the roughness element spacing is increased, the
combined effects of the increasing frontal area and the increasing
uk /U
 outpace the increases in Spa until the critical spacing is
reached. When the spacing increases beyond the critical spacing,
the skin friction coefficient then begins to decrease. Recalling that
for a constant element shape that �s varies proportional to the
square of the element spacing and realizing that the equivalent
sand-grain roughness height is directly related to the skin friction
coefficient, the curve reflecting the effect of keff on Cf in Fig. 7
explains the trends exhibited by the data in Fig. 5.

Figure 6 also demonstrates that for the surfaces with closely
packed spherical roughness studied by Schlichting �1�, the fluid is
skimming over the roughness elements. In Fig. 6, there are two
sets of points connected by arrows. The set of connected points

Fig. 5 ks /k vs �s for three-dimensional roughness elements

Fig. 6 ks /keff vs �s evaluated using the characteristics of the
roughness elements above the mean elevation

Fig. 7 Variation of skin friction coefficient and effective rough-
ness height as functions of the roughness element spacing
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labeled “B” represent the surface with the closest possible spacing
of spheres. The spheres for the set labeled “A” have an average
spacing over diameter ratio of 1.5. The closed-circle points at the
beginnings of the arrows represent the values of ks /keff and �s
evaluated for the surfaces with closely packed spheres when ref-
erenced to the mean elevation above the wall. The open-circle
points at the end of the arrows represent the values of ks /keff and
�s evaluated as referenced to the mean elevation above the cen-
terline of the spheres. Figure 8 demonstrates the differences in the
mean elevation used for the sets of points for the surface most
closely spaced spheres.

The open-circle points referenced to the mean elevation above
the sphere centerline were calculated after the values of ks /keff and
�s for the most closely packed spheres based on the mean eleva-
tion above the wall were found to occur in almost the same loca-
tion in Fig. 6 as do the points for the closely packed hemispheres
in Fig. 5. The fact that the open-circle points line up very well
with the trend of the other data representing surfaces more
sparsely spaced roughness elements confirm that the flow below
the centerline elevation is not contributing to skin friction. For the
closely packed spheres, the flow is skimming over the spheres.
Morris �26� elaborates on skimming flows similar to the flow over
the closely packed spheres.

Comparing the predictions from the discrete-element model and
the equivalent sand-grain model would be useful and enlighten-
ing. For the experimental situation studied, however, equivalent
sand-grain model predictions could not be made using the avail-
able correlations for skin friction coefficient based on equivalent
sand-grain height. In the experiments, the flow transitioned from
smooth surface, to rough surface, and then back to smooth sur-
face. The correlations available, such as the one provided by
Schlichting �27�,

Cf = �2.87 + 1.58 log� x

ks
�	−2.5

�20�

were developed for flows over surfaces with constant surface
roughness. As discussed earlier, at the beginning of the roughness
section, the skin friction is elevated as the flow adjusts to the
roughness elements. At the end of the roughness section, the flow
may separate depending on the magnitude of the change in mean
elevation from the rough region to the smooth region. Because the
correlations were not constructed to capture the transition of sur-
face roughness, skin friction coefficient predictions constructed
with the correlations for the current experimental data are much
lower than either the discrete-element prediction or the experi-
mentally measured skin friction coefficient. For example, for Sur-
face 2, the effective Sigal-Danberg parameter is 37.38 and the
corresponding value of ks /keff 2.2 from the correlation provided

on Fig. 6. From Eq. �20�, the expected skin friction coefficient is
0.008, which is 20% lower than the measured skin friction coef-
ficients at either Reynolds number tested.

Conclusions
Skin friction coefficients were measured for two cone surfaces

at two turbulent Reynolds numbers. Discrete-element model pre-
dictions were made using the modifications to the DEM made for
randomly rough surfaces, the most important of which being the
use of the mean elevation as the location of the no-slip plane. The
effects of considering the mean elevation in the evaluation of the
equivalent sand-grain roughness heights and in the calculation of
the Sigal-Danberg roughness density parameters was also ex-
plored. From the investigation, four major conclusions were
made:

�1� The relevant surface datum for the evaluation of turbu-
lent boundary layer skin friction over rough surfaces
with either the equivalent sand-grain or the discrete-
element method is the mean elevation. This is true for
randomly rough and ordered roughness surfaces, though
the result only becomes significant as the ordered sur-
face elements become more closely packed.

�2� Accounting for the mean surface elevation allows for a
unification of all previous ordered three-dimensional
roughness element data in the literature. This implemen-
tation replaces the three different equations relating ks /k
to �s, as reported by Sigal and Danberg, with one uni-
versal relation.

�3� The mean elevation must be accounted for in experi-
mental research with densely packed roughness surfaces
when there are abrupt transitions from the smooth to
rough wall condition. Unless some accommodation is
made, fluid acceleration over the rough wall region will
create elevated levels of skin friction relative to simula-
tions using a zero freestream velocity gradient assump-
tion.

�4� For roughness elements that do not have continuously
decreasing cross section away from the wall �e.g.,
spheres�, close packing renders the portion of the ele-
ment below the maximum cross-section insignificant for
Cf determination.
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Nomenclature
Af � frontal area of the roughness elements
As � windward wetted surface area of roughness

elements
Asm � plan area of the surface minus the plan area of

the roughness elements
CD � local element drag coefficient
Cf � skin friction coefficient
CR � resistance coefficient

F � force
d�y� � maximum transverse width of roughness ele-

ment as function of distance from wall
d0 � cone diameter at surface floor
k � roughness element height

lm � mixing length
Lp � element spacing parameter in direction of flow
Lt � element spacing parameter transverse to the

flow direction
Nr � number of roughness elements
P � pressure

Rq � root-mean-square roughness height
Re � Reynolds number

S � diagonal or average element spacing
Spa � plan area of the surface
Sf � total frontal area of roughness elements

t � time
Tu � freestream turbulence
Ue � freestream velocity

u � local streamwise velocity
uk � fluid velocity at the crest of the roughness

elements
v � local velocity normal to wall
x � streamwise flow direction
y � direction normal to wall

y+
� nondimensional y; �y /�� ���w /��

Greek
� � blockage fraction
� � void fraction, 1−�
� � boundary-layer thickness

�s � Sigal-Danberg parameter
� � von Karman constant
� � dynamic viscosity
� � kinematic viscosity
� � density
� � shear

�w � shear at the no-slip surface

Superscripts
� � turbulent fluctuating values

Subscripts
D � drag

eff � effective
fl � floor

me � mean elevation
meas � measured

rms � root-mean-square

S � flat surface
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Airfoil Performance at Low
Reynolds Numbers in the
Presence of Periodic
Disturbances
The boundary-layer separation and wake structure of a NACA 0025 airfoil and the effect
of external excitations in presence of structural vibrations on airfoil performance were
studied experimentally. Wind tunnel experiments were carried out for three Reynolds
numbers and three angles of attack, involving hot-wire measurements and complementary
surface flow visualization. The results establish that external acoustic excitation at a
particular frequency and appropriate amplitude suppresses or reduces the separation
region and decreases the airfoil wake, i.e., produces an increase of the lift and/or de-
crease of the drag. The acoustic excitation also alters characteristics of the vortical
structures in the wake, decreasing the vortex length scale and coherency. Optimum exci-
tation frequencies were found to correlate with the fundamental frequencies of the natu-
rally amplified disturbances in the separated shear layer. The results suggest that acous-
tic waves play a dominant role in exciting the separated shear layer of the airfoil.
Moreover, low-frequency structural vibrations are found to have a significant effect on
airfoil performance, as they enhance the sound pressure levels within the test section.
�DOI: 10.1115/1.2175165�

Keywords: boundary-layer separation, low-Reynolds-number flow, wake formation, vor-
tex shedding, flow control, acoustic excitation

1 Introduction
The performance of airfoils at low Reynolds numbers has been

of interest in connection with a wide range of applications, includ-
ing the operation of aircraft at low speeds and the design of micro
air vehicles, compressor blades, wind turbines, and inboard sec-
tions of helicopter rotors. Several investigators have studied air-
foil performance in the low Reynolds number region �e.g., �1,2��.
Their findings indicate that serious aerodynamic problems occur
below Reynolds number of about 200,000. Specifically, the lami-
nar boundary layer on the upper surface of the airfoil is subjected
to an adverse pressure gradient, even at low angles of attack. This
often results in laminar boundary-layer separation and formation
of a shear layer. At lower Reynolds numbers, the separated shear
layer does not reattach to the airfoil surface, and a large wake is
formed. In contrast, at higher Reynolds numbers, the separated
shear layer may reattach to the airfoil surface, resulting in the
formation of a separation bubble. It should be stressed that, in
both cases, laminar separation has a significant detrimental effect
on airfoil lift and drag. Therefore, it is of interest to improve
airfoil performance by introducing a flow control mechanism to
energize the boundary layer sufficiently to overcome the adverse
pressure gradient and reduce or suppress the separation region.
One method of flow control excites the boundary layer with an
acoustic source. A number of studies have demonstrated that
acoustic excitation applied at an appropriate frequency and ampli-
tude reduces the separation region and improves airfoil character-
istics �3–11�. However, the complex physical mechanism respon-
sible for this is not yet known in detail.

At angles of attack below and in the vicinity of the stall angle,
some experimental results �4–7� suggest that the optimum effect

occurs when the excitation frequency matches the instability fre-
quency of the separated shear layer. However, at angles of attack
well above the stall angle, Hsiao et al. �7� have found that the
most effective excitation frequency matches the vortex shedding
frequency in the airfoil wake. Thus, the effect of the excitation
and the corresponding control mechanism appear to be different
for different ranges of the angle of attack. Furthermore, it has been
concluded �5–9� that the effect and the effective frequency range
of the excitation �i.e., the range of frequencies producing improve-
ment of the airfoil characteristics� depend strongly on the excita-
tion amplitude.

Zaman �10� has reported significant differences in the optimum
excitation parameters obtained in the various experiments. The
results presented show a disagreement among the experimental
data, with optimum Strouhal numbers varying by as much as an
order of magnitude in some cases. An increase of the external
excitation amplitude was found to result in a shift of the optimum
effect towards the lower Strouhal numbers. Moreover, these
Strouhal numbers were much lower than those predicted by linear
instability theory. Zaman �10� concluded that this is due to non-
linear and viscous effects, especially in the presence of the sepa-
ration bubble. However, no analysis has yet been done to support
such a conclusion.

In most of the previous experimental studies cited above, atten-
tion was concentrated on lift and drag measurements and
boundary-layer behavior. Wake measurements, if any, were done
at a single downstream location, involving only the streamwise
velocity component, and were only briefly related to the improve-
ment of airfoil performance. However, wake structure is also an
important aspect of airfoil performance. Recent experimental re-
sults of Huang and Lin �12�and Huang and Lee �13� suggest that
vortex-shedding development and characteristics are closely re-
lated to boundary-layer behavior and shear-layer instability. In
fact, Yarusevych et al. �14� show that optimum values of the con-
trol parameters may be correlated with airfoil boundary-layer
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and/or wake characteristics. It should be noted that the effect of
airfoil vibrations has not been addressed in any of the cited refer-
ences, even though such vibrations are likely to take place in most
of the experiments involving acoustic excitation. In the light of
this, the focus of the present work is to examine the effect of
external acoustic excitation in the presence of structural vibrations
on the boundary-layer separation and wake structure of a NACA
0025 symmetrical airfoil for various Reynolds numbers and
angles of attack and to relate this effect to the improvement of
airfoil performance.

2 Experimental Setup
Experiments were performed in a low-turbulence recirculating

wind tunnel. The 5-m-long octagonal test section of this tunnel
has a spanwise extent of 0.91 m and a height of 1.22 m. The flow
enters the test section through seven screens and a 9:1 contraction.
The operating velocity U0 is adjustable from 2.8 to 18 m/s, with
a free-stream turbulence intensity level less than 0.1% within the
bandwidth from 0.1 to 2500 Hz. One wall of the test section is
made of plexiglas for operational and visualization purposes. Dur-
ing the experiments, the free stream velocity was monitored by a
pitot-static tube, with precision uncertainty estimated to be less
than 2.5%.

The performance of a symmetrical NACA 0025 aluminum air-
foil with a chord length c of 0.3 m and a span of 0.88 m was
examined for a range of chord Reynolds numbers �Rec� and three
angles of attack ���. A schematic diagram of the test sections is
shown in Fig. 1. The airfoil was mounted horizontally in the test
section, 0.4 m downstream of the contraction. A Cartesian coor-
dinate system was used, with x and y defined as shown in Fig. 1
and the origin at the centre of rotation of the airfoil.

Sound excitation was provided by means of a 250 W loud-
speaker mounted on the test section floor, under the leading edge
of the airfoil. The presence of the loudspeaker did not produce any
measurable effect on the airfoil wake within the region of interest.
The loudspeaker was driven through an amplifier by a variable-
frequency wave generator and a foam-rubber pad could be in-
stalled to isolate the speaker from the test section floor. Thus, the
mounting could be adjusted so as to either introduce vibrations to
the structure along with sound waves or minimize the mechanical
vibrations of the structure produced by the loudspeaker. A micro-
phone and an accelerometer were employed to quantify sound
excitation and airfoil surface vibrations, respectively. Based on the
precision of the instruments for a frequency range of
40 to 1000 Hz, the uncertainty of the microphone measurements
is approximately ±0.3 dB, and that of the accelerometer data is
less than 3%.

Airfoil wake velocity data were obtained with constant tem-
perature anemometers �Dantec 56C01 main units equipped with

56C17 CTA bridges�. A Dantec 55P11 normal hot-wire probe and
a Dantec 55P61 cross-wire probe were used separately to traverse
vertical planes downstream of the airfoil. The probes were
mounted on a remote-control traversing gear with a spatial reso-
lution of 0.8 mm. For accurate detection of vortex-shedding fre-
quencies, the probe was positioned in the upper part of the wake
at the y /c locations corresponding to approximately one-half of
the maximum velocity deficit for each Reynolds number and
angle of attack. All hot-wire measurements were carried out in the
vertical midspan plane of the tunnel. Based on the results of
Kawall et al. �15�, the maximum hot-wire measurement error was
evaluated to be less than 5% and is attributed to the high turbulent
intensities in the separated shear layer and near wake. Spectral
analysis of the free-stream velocity signals with the model in-
stalled in the test section established that there was no periodicity
associated with the approach flow.

For the spectral analysis of the velocity data sampled at
5000 Hz, the duration of a sampled signal segment was chosen to
be sufficiently large to provide a frequency resolution bandwidth
of 0.61 Hz, adequate for resolving narrow peaks in the spectrum.
Based on the number of averages involved in obtaining the veloc-
ity spectra, the uncertainty of the spectral analysis was evaluated
to be approximately 4.5%.

To qualitatively visualize boundary-layer behavior, two rows of
nylon tufts were installed on the airfoil surface 0.2 m away from
the midspan. Each row contained ten 2-cm-long tufts equally
spaced from the leading to the trailing edge. The rows were sepa-
rated by 2 cm in the spanwise direction and offset in the cordwise
direction to increase spatial resolution.

3 Experimental Results

3.1 Flow Without Excitation. The results presented are for
Reynolds numbers �Rec� of 150�103, 100�103, and 57�103

and angles of attack ��� of 10, 5, and 0 deg. All three values of
Rec are within the low Reynolds number region, i.e., Rec�200
�103�1,2�.

The surface flow visualization, which provided a qualitative
picture of the boundary-layer behavior, showed that boundary-
layer separation took place over a substantial portion of the upper
surface of the airfoil at all three angles of attack for Rec=57
�103 and Rec=100�103, with no boundary-layer reattachment.
The separation occurred over approximately the aft 40% of the
chord at �=0 deg, increasing to 50% at �=5 deg, and reaching
60% at �=10 deg for these two Reynolds numbers. However, for
Rec=150�103, no clear evidence of boundary layer separation
was found at �=0 deg and �=5 deg, and only a small separation
region was detected at the trailing edge, over the aft 10% of the
chord, at �=10 deg. It should be noted that detailed boundary-
layer measurements reported in �16� suggest that for this Reynolds
number, the boundary layer separates on the upper surface of the
airfoil and reattaches downstream to form a separation bubble
over approximately 25% of the cord at all three angles of attack
examined.

As a result of extensive boundary-layer separation for the two
lower Reynolds numbers, wide wakes are formed behind the air-
foil. Figure 2 depicts typical mean wake velocity profiles, i.e.,

plots of �U0− Ū� /U0 versus y /c, for all the three Reynolds num-
bers investigated at �=10 deg. It is evident that the mean profiles
for Rec=57�103 and Rec=100�103 differ significantly from the
mean profile for Rec=150�103. Specifically, the maximum ve-
locity deficit of 0.24U0 for Rec=57�103 decreases to 0.21U0 as
the Reynolds number increases to Rec=100�103. As the Rey-
nolds number reaches 150�103, the wake narrows significantly
with the maximum velocity deficit decreasing to 0.17U0. More-
over, for Rec=150�103, the location of the minimum velocity in
the wake follows the incline of the trailing edge, similar to wakes
of symmetrical airfoils at high Reynolds numbers. In contrast, for
the two lower Reynolds numbers examined, the vertical location

Fig. 1 Tunnel test section
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of the minimum velocity in the wake is shifted upwards. This is
attributable to boundary-layer separation on the upper surface of
the airfoil, which governs wake formation and structure.

To gain insight into the airfoil wake structure, spectra of the
wake velocity data are considered. Each of these spectra is nor-
malized by the variance of the corresponding velocity component,
so that the area under each spectrum is unity.

Figure 3 depicts spectra of the streamwise velocity component
�Euu� at x /c=2 for all Reynolds numbers and angles of attack
examined. Frequency is scaled with global parameters to form a
Strouhal number, Std= fd /U0, where d is the vertical length of the
airfoil projection on a cross-stream plane. For the case of Rec
=57�103, a spectral peak centered at approximately Std=0.21
�8 Hz� at all three angles of attack is clear evidence of the exis-
tence of frequency-centered activity in the airfoil wake �Fig. 3�a��,
attributable to vortex shedding. As the Strouhal numbers pertain-
ing to the spectral peaks do not vary with angle of attack and
compare well with the values reported for a circular cylinder
�Std�0.2�, vortex shedding for this Reynolds number appears to
be similar to that of a bluff body.

The spectral results for Rec=100�103 �Fig. 3�b�� reveal a de-
gree of dependency of the vortex-shedding characteristics on
angle of attack. At �=0 deg, a broad peak with a maximum at

Std=0.29 �20 Hz� is evident. As the angle of attack increases to
5 deg, a sharp peak centered at approximately Std=0.29 �20 Hz�
occurs. Finally, at �=10 deg, the vortex shedding appears to be
similar to that in the wake of a circular cylinder, with the domi-
nant spectral peak centered at Std=0.22 �15 Hz�. This indicates an
increase in the length scale of the vortices, estimated as the ratio
of free-stream velocity and the vortex-shedding frequency �U0 / f�.

A detailed wake survey carried out by means of a normal hot-
wire sensor did not reveal any evidence of frequency-centered
activity in the airfoil wake for Rec=150�103 at any angle of
attack, with no distinct peaks revealed in the corresponding Euu
spectra �Fig. 3�c��. This, however, does not rule out the existence
of coherent structures; i.e., some sort of organized turbulent mo-
tion within the wake. As shown later for the two lower Reynolds
numbers, the spectra of the vertical velocity component �Evv� are
more sensitive to frequency-centered activity in wakes than spec-
tra of the streamwise velocity component �Euu�. Therefore, in an
effort to determine whether some type of frequency-centered ac-
tivity exists in the airfoil wake for Rec=150�103, Evv spectra
were measured at x /c=3. These spectra, presented in Fig. 4, dis-
play broad peaks, centered at approximately Std=0.66 �68 Hz� at

Fig. 2 Mean-velocity profiles, x /c=1, �=10°

Fig. 3 Euu spectra, x /c=2

Fig. 4 Evv spectra for Rec=150Ã103, x /c=3
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all three angles of attack, revealing the presence of weak
frequency-centered activity in the airfoil wake. It can be inferred
that the coherence and length scale of the corresponding coherent
structures are much lower than those of shed vortices detected for
the two lower Reynolds numbers.

A distinct Reynolds number dependency of the wake structure
characteristics can be detected from a comparison of Figs. 3 and
4. The vortex-shedding frequency steadily increases and length
scale decreases as Reynolds number increases. Vortices become
more diffuse and shedding less periodic, as peaks in the corre-
sponding Euu spectra become broader and less defined with an
increase of Reynolds number. Finally, the formation of the sepa-
ration bubble on the airfoil surface for Rec=150�103 results in
the formation of much weaker coherent structures in the airfoil
wake than the vortices observed for the two lower Reynolds num-
bers. Huang and Lin �12� and Huang and Lee �13� found a similar
tendency in experiments with a NACA 0012 airfoil and reported
the existence of a similar “transitional” regime of vortex shedding.

3.2 Excitation Parameters. Two types of excitation were
considered: �i� “pure” acoustic excitation, with the loudspeaker
isolated from the tunnel working section, and �ii� acoustic excita-
tion with mechanical vibrations superimposed on the airfoil via
the loudspeaker.

Since the effect of acoustic excitation depends on both excita-
tion frequency and amplitude, wind tunnel resonance characteris-
tics were examined at U0=0. A microphone, positioned 40 mm
above the upper surface at x /c=0 in the midspan of the airfoil,
was used to measure sound pressure. Airfoil vibrations were
monitored with an accelerometer mounted on the airfoil surface
directly under the microphone. Sound pressure �SP� and vertical
airfoil acceleration �a� were acquired with constant input voltage
to the speaker and varying excitation frequency �Fig. 5�. The re-
sults in Fig. 5�a� show substantial modulations in sound pressure
at frequencies from approximately 280 to 700 Hz for both types
of excitation examined. Distinct peaks located within this fre-
quency range are associated with cross-resonances within the test
section. A significant amplification of vibrations occurs at fre-
quencies above 500 Hz �Fig. 5�b��, where acoustic resonance fre-
quencies match natural frequencies of the model. Both sound
pressure and acceleration variations are less substantial at frequen-
cies below 280 Hz.

Results in Fig. 5�b� suggest that the amplitude of airfoil surface

vibrations for the case of acoustic excitation with structural vibra-
tions is at least double that for the case of pure acoustic excitation
in the range of 40 to 280 Hz. However, the results show no sub-
stantial difference in acceleration for the two types of excitation at
frequencies above 280 Hz, where acoustic resonances take place.
This is because vibrations at low frequency are less attenuated in
the test section than those at higher frequencies. As a result,
acoustic excitation with superimposed mechanical vibrations pro-
duces higher sound pressures at frequencies below about 100 Hz
�Fig. 5�a�� and there is no substantial difference in sound pres-
sures at higher frequencies.

To study the effect of acoustic excitation on airfoil perfor-
mance, it is important to select an adequate parameter to quantify
excitation amplitude. However, the choice of such a parameter is
very problematic, as shown by Zaman et al. �5�. For example,
their results question the suitability of sound pressure level or
velocity fluctuations within the test section, as both are strongly
affected not only by the resonances but also by the choice of the
reference location, influence of the flow, and other factors. Fol-
lowing the approach taken in �4,8,9�, the effect of excitation fre-
quency in the present study was investigated with a constant volt-
age supplied to the speaker, as it enables assessment of the effect
of structural vibrations.

The effect of external acoustic excitation on the separated
boundary layer was first examined by means of flow visualization.
The flow was excited at different frequencies with constant-
amplitude voltage supplied to the speaker, in the presence of me-
chanical vibrations. For each of the cases examined, a range of
frequencies �an effective-frequency range� was found to effect
suppression of the separation region. As the amplitude of the ex-
citation decreased, this range narrowed with boundary-layer reat-
tachment finally occurring only at some “optimum” excitation fre-
quency. Chang et al. �6� reported similar dependency of the
effective-frequency range on the amplitude of the acoustic excita-
tion. Moreover, a significant hysteresis in the suppression of the
separation region by excitation was observed. Once reattachment
occurred, the excitation frequency could be changed slightly from
the optimum value or the excitation amplitude could be substan-
tially lowered, with the boundary layer remaining fully attached.

The results summarized in Table 1 suggest that the optimum
excitation frequency increases as Reynolds number or angle of
attack increases. The effective-frequency range increases with an

Fig. 5 Test section resonance characteristics: „a… sound pressure and „b… airfoil surface acceleration
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increase of Reynolds number, in agreement with �11�, or a de-
crease of the angle of attack, similar to the trend reported in �7�.
Note that all results in the table were obtained with a constant
power input of 24 W to the speaker. Lack of correlation between
the optimum excitation frequencies in Table 1 and acoustic reso-
nance frequencies �Fig. 5�a�� suggest that excitation effect is not
due to acoustic resonances in the test section. It should be noted,
however, that the effective-frequency range results for Rec=150
�103 might be influenced by the acoustic resonances that occur
between 400 and 500 Hz.

The optimum excitation parameters obtained in the present
study are in good agreement with those reported by Zaman and
McKinzie �11� at low angles of attack ���6.5 deg�. However,
Strouhal numbers based on the optimum excitation frequency vary
with Reynolds number and angle of attack �Table 1� and do not
match corresponding values obtained for the vortex shedding fre-
quency, being approximately an order of magnitude higher.

In order to gain insight into the control mechanism, spectra of
the boundary layer velocity data were examined. Data were ac-
quired in the unexcited flow at several x /c locations within the
transition region in the separated shear layer at y /c positions that

correspond to 0.5Ū /U0. Figure 6 depicts spectra of the streamwise
velocity for Rec=100�103 and Rec=150�103 at �=10 deg ob-
tained downstream of the separation. For Rec=100�103 �Fig.
6�a��, a flat laminar flow spectrum is observed shortly past the
separation point. As a separated shear layer develops downstream,

a band of unstable Fourier components, sometimes referred to as a
wave packet, occurs centered at Std=2.44, based on the funda-
mental frequency of the disturbances f0=170 Hz. Further down-
stream, disturbances in this frequency band are substantially am-
plified and the band itself broadens, remaining centered at Std
=2.44; in addition, harmonics are generated. Rapid transition fol-
lows and a “classical” turbulent velocity spectrum is finally ob-
served. A similar transition process is observed for Rec=150
�103 �Fig. 6�b��, with the band of naturally amplified distur-
bances observed at Std=3.89 �f0=410 Hz�.

To investigate a possible correlation between the acoustic exci-
tation frequencies presented in Table 1 and those of the naturally
amplified disturbances in the separated shear layer, the margins of
the corresponding effective-frequency ranges are shown by
dashed lines in Fig. 6. For both Reynolds numbers, the effective-
frequency range contains the frequencies of naturally amplified
disturbances in the separated shear layer. Similar results were ob-
tained for all the cases examined, suggesting that excitations at
frequencies within the band around the fundamental frequency are
effective. Moreover, the Strouhal numbers based on the funda-
mental frequencies correlate well with the corresponding values of
Std based on the optimum excitation frequency �Table 1�. For all
the cases examined, the maximum deviation of the optimum fre-
quency from the fundamental frequency did not exceed 10%, with
the exception of Rec=10�104 at �=0 deg, where they differ by
20%. It should be noted that these discrepancies are likely due to

Table 1 Effective-frequency ranges and optimum frequencies of acoustic excitation in pres-
ence of mechanical vibrations

Rec

�=0 deg �=5 deg �=10 deg

Effect.
freq.
range
�Hz�

Optimum
freq. Std

Effect.
freq.
range
�Hz�

Optimum
freq. Std

Effect.
freq.
range
�Hz�

Optimum
freq. Std

57�103 40–88 65 1.71 70–80 75 1.97 75–85 80 2.07
100�103 45–205 117 1.70 75–220 162 2.35 115–230 169 2.42
150�103

¯ ¯ ¯ ¯ ¯ ¯ 370–600 450 4.27

Fig. 6 Separated shear layer spectra, �=10 deg; vertical dashed lines indicate the margins of the effective frequency ranges
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the combination of several factors, such as experimental uncer-
tainties, rather than resulting from acoustic resonance alone.
Therefore, it is concluded that matching the excitation frequency
with the frequency of the most amplified disturbance in the sepa-
rated shear layer is the optimum method of improving airfoil per-
formance at a given Reynolds number and angle of attack. How-
ever, acoustic resonances should be taken into account, as they
may influence the results if they are present within the frequency
range of interest.

3.3 Excitation Effect. The effect of the two types of excita-
tion on the airfoil performance and wake characteristics is consid-
ered below. Note that only results pertaining to excitation applied
at the optimum frequencies �Table 1� and a constant power input
of 24 W are considered henceforth.

Figure 7 shows �U0− Ū� /U0 profiles with and without acoustic
excitations for Rec=57�103 at x /c=2. Acoustic excitation with
superimposed mechanical vibrations significantly narrows the
wake. Moreover, at �=5 deg and �=10 deg, the wake is shifted
down following the incline of the trailing edge. For example, at
�=10 deg �Fig. 7�c��, the maximum wake deficit is decreased by
the excitation from 0.24U0 to 0.2U0 and its position is shifted
from y /c=0.1 to y /c=−0.2. Pure acoustic excitation is much less
effective in narrowing the wake for this Reynolds number. Com-
parison of the profiles in Fig. 5 suggests that this type of excita-
tion affects mainly the lower part of the wake. The wake is more
affected at �=0 deg; i.e., it is diminished in size on both the upper
and lower parts �Fig. 7�a��. At �=5 deg �Fig. 7�b��, this effect is

only seen on the lower half of the flow with the upper half unaf-
fected; at �=10 deg �Fig. 7�c��, the effect is slight. Comparison of
the mean profiles for Rec=100�103 at x /c=2 in Fig. 8 reveals
significant narrowing of the wake at all three angles of attack for
both types of excitation studied. In addition, the wake shifts down
following the incline of the trailing edge at �=5 deg and �
=10 deg �Figs. 8�b� and 8�c��, as in the case of the excitation with
superimposed vibrations for Rec=57�103. There is no significant
difference in the effect from the two types of the excitation on the
profiles in Fig. 8. Similar results were obtained for Rec=150
�103 at �=10 deg and x /c=2. However, the extent of the effect
was significantly smaller for this Reynolds number due to the
suppression of a smaller separation region.

A quantitative analysis of the effect of acoustic excitation on
airfoil performance is based on the drag coefficient results pre-
sented in Table 2. Sound pressure levels �SPLs� and normalized
surface accelerations �a /g� measured at the reference locations are
also presented in the table. To facilitate data analysis, SPL and
a /g values shown for the two lower Reynolds numbers are aver-
ages based on measurements at the corresponding optimum fre-
quencies. The drag coefficients are obtained by integration of the
mean-wake profiles, as described in �17�, with an uncertainty es-
timated to be less than 5%. Note that the presence of the minor
decrease of the freestream velocity at the lower part of the tunnel,
which is less than 3% of U0, was accounted for in calculating the
drag coefficients. Moreover, results presented in Table 2 represent
the relative reduction of airfoil drag coefficients �Cd� with respect

Fig. 7 Effect of excitation on mean profiles for Rec=57Ã103, x /c=2

Fig. 8 Effect of excitation on mean profiles for Rec=100Ã103, x /c=2
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to the corresponding values of the drag coefficients calculated for
the unexcited flow �Cd0�, thus minimizing the effect of experimen-
tal uncertainty.

Clearly, the drag coefficients are lowered by either of the two
types of excitation for all the cases examined. Note that acoustic
excitation in the presence of structural vibrations produces higher
sound pressure levels and more pronounced surface vibrations.
There is a substantial difference between the effects of the two
excitation methods for Rec=57�103, with the acoustic excitation
in the presence of structure vibrations being more effective. For
instance, at �=10 deg, acoustic excitation of the flow with me-
chanical vibrations results in a decrease of the drag coefficient by
64%, whereas pure acoustic excitation results in a decrease of
only 6% �Table 2�.

In contrast, for Rec=100�103, the results suggest that there is
little difference between the effects of two types of excitation on
the airfoil performance. This correlates with insignificant depen-
dency of the sound pressure level on the excitation type in this
case. The most significant reduction of the drag coefficient is
achieved for this Reynolds number, as the drag coefficient is re-
duced by 75% by both types of excitation at �=10 deg. Note that
higher vertical accelerations that occur in the case of acoustic
excitation with structural vibrations do not have a measurable ef-
fect on drag coefficient.

The results demonstrate that pure acoustic excitation is more
efficacious for Rec=100�103 than for Rec=57�103, despite
equivalent sound pressure levels in the test section for both Rey-
nolds numbers. This implies that higher amplitude excitations are
needed to influence the airfoil performance at lower Reynolds
numbers. In addition for the two lower Reynolds numbers, the
drag coefficient decrease, with the exception of the result for
Rec=57�103 at �=0 deg, becomes more pronounced as the
angle of attack increases �Table 2�. This trend is due to the sup-

pression of the separation region, which increases as angle of
attack increases. Ahuja and Burrin �9� reported a similar trend
with respect to the effect of acoustic excitation on the lift
coefficient.

The improvement of the airfoil performance for Rec=150
�103 is less significant than it is for the two lower Reynolds
numbers. Nevertheless, a 24% decrease of the drag coefficient is
achieved for both types of excitation. As in the case of Rec
=100�103, both types of excitation produce equivalent sound
pressure levels.

The results discussed above suggest that improvement of the
airfoil performance is due to the amplification of the natural dis-
turbances in the separated shear layer by periodic excitation ap-
plied at the fundamental frequency of these disturbances, which
leads to boundary-layer transition and subsequent reattachment.
Based on the comparative analysis of the velocity fluctuations
introduced into the separated shear layer as a result of the airfoil
surface vibrations and those due to acoustic excitation, it is con-
cluded that acoustic waves have a dominant role in exciting the
flow. However, structural vibrations need to be taken into account
if acoustic excitation is utilized, as they can result in a higher
sound pressure levels within the test section. This is especially
important for flow control at lower Reynolds numbers, where
higher excitation amplitudes and relatively low frequencies are
required to influence airfoil performance.

To assess the effect of acoustic excitation on coherent structures
in the airfoil wake, v-component velocity spectra are considered.
It should be noted that peaks centered at the excitation frequencies
and their harmonics appear in the Evv spectra for the excited flow.

Typical Evv spectra for Rec=57�103 at x /c=3 are shown in
Fig. 9. The sharp peak at Std=0.21 �8 Hz� in the unexcited flow at
0 deg angle of attack �Fig. 9�a�� is attenuated by the pure acoustic

Table 2 Normalized airfoil drag coefficients with excitation at optimum frequencies

Rec

SPLa

�dB�
SPLb

�dB� aa/g ab/g

�=0 deg �=5 deg �=10 deg

Cd0−Cd

Cd0

a Cd0−Cd

Cd0

b Cd0−Cd

Cd0

a Cd0−Cd

Cd0

b Cd0−Cd

Cd0

a Cd0−Cd

Cd0

b

57�103 86 93 0.06 0.45 0.38 0.52 0.15 0.51 0.06 0.64
100�103 86 87 0.19 0.35 0.30 0.44 0.61 0.61 0.75 0.75
150�103 110 109 0.19 0.17 ¯ ¯ ¯ ¯ 0.24 0.24

aAcoustic excitation only.
bAcoustic excitation with mechanical vibrations.

Fig. 9 Effect of excitation on Evv spectra for Rec=57Ã103, x /c=3
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excitation and is shifted to Std=0.37 �14 Hz�. An increase of the
angle of attack to 5 deg �Fig. 9�b�� results in a slight attenuation
of the peak, and it shifts to Std=0.26 �10 Hz� from Std=0.21
�8 Hz�. A further increase of the angle of attack to 10 deg results
in the spectrum being only slightly altered by the acoustic excita-
tion, with the peak shifted to Std=0.22 �8.5 Hz� �Fig. 9�c��. These
observations suggest that excitation at optimum frequencies
causes a decrease of the vortex length scale and coherence. The
weakening of this effect with an increase of angle of attack is in
good agreement with the results of Hsiao et al. �7�. As for the
mean-wake velocity profiles, the effect of acoustic excitation with
mechanical vibrations differs significantly from the effect of pure
acoustic excitation for this Reynolds number �Fig. 9�. The corre-
sponding spectra, which are shown as long dashed curves, display
diminished peaks centered at Std=0.43 �16.5 Hz�, Std=0.41
�15.5 Hz�, and Std=0.39 �15 Hz� at 0, 5, and 10 deg angles of
attack, respectively. The angle-of-attack effect is substantially re-
duced in this case, as the energy and the frequency of the peaks do
not change significantly with an increase of �.

Figure 10 shows Evv spectra for Rec=100�103 at x /c=3. The
peaks in the spectra associated with the unexcited flow are attenu-
ated, broadened, and shifted to higher Strouhal numbers by either
of the two types of the excitation studied. Note that the extent of
these effects is much greater for this case than for the Rec=57
�103 case. The peaks corresponding to 0, 5, and 10 deg angles of
attack that are centered at Std=0.29 �20 Hz�, Std=0.29 �20 Hz�,
and Std=0.22 �15 Hz� are strongly attenuated and shifted to Std
=0.44 �30 Hz�, Std=0.58 �40 Hz�, and Std=0.57 �40 Hz�, respec-
tively. These peaks resemble those obtained in the unexcited flow
for Rec=150�103 �Fig. 4�. Hence, due to the suppression of the
separation region, the vortices shed in the airfoil wake when there
is no excitation are replaced by coherent structures of substan-
tially smaller length scale and coherence. As in the case of the
mean velocity profiles, spectra for both types of excitation show
significant overlap in Fig. 10 at corresponding angles of attack.
This suggests that there is no substantial difference in the effect of
these two types of excitation on the wake structure. The effect of
the acoustic excitation on the vortex shedding for this Reynolds
number is similar to the effect on the drag coefficient, as a more
significant diminishment of the peaks in the spectra is achieved
for higher angles of attack.

The results for Rec=150�103 at x /c=3 and 10 deg angle of
attack are presented in Fig. 11. As for Rec=100�103, the broad
peak centered at Std=0.66 �68 Hz� in the spectrum pertaining to
the unexcited flow is attenuated by both types of the excitation
and is shifted to Std=0.76 �80 Hz�.

From the comparison of the spectral results and the drag coef-
ficient results discussed previously, it is concluded that the mag-

nitude of the acoustic excitation effect on the vortex shedding in
the airfoil wake correlates with the improvement in the airfoil
performance. Evidently, comparison of spectral results obtained
with and without excitation can provide an assessment of the ef-
fect of acoustic excitation on airfoil performance.

4 Conclusions
Performance of a NACA 0025 airfoil at low Reynolds numbers

was studied experimentally by means of hot-wire velocity mea-
surements and complementary surface flow visualization.

Boundary-layer separation occurs on the upper surface of the
NACA 0025 airfoil for all Reynolds numbers and angles of attack
examined. For Rec=150�103, the separated boundary layer reat-
taches to the airfoil surface, forming a laminar separation bubble.
However, for Rec=57�103 and Rec=100�103, the separated
shear layer fails to reattach to the airfoil surface, leading to the
formation of much wider wakes compared to the case for Rec
=150�103.

Coherent structures were detected in the airfoil wake for all
Reynolds numbers and angles of attack examined. The character-

Fig. 10 Effect of excitation on Evv spectra for Rec=100Ã103, x /c=3

Fig. 11 Effect of excitation on Evv spectrum for Rec=150
Ã103 at �=10°, x /c=3
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istics of these structures depend strongly on boundary-layer be-
havior and Reynolds number. Specifically, for the two lower Rey-
nolds numbers examined, vortex shedding occurs in the airfoil
wake at all angles of attack, with the associated Strouhal number
comparable to that for vortex shedding in the wake of a circular
cylinder. The vortex-shedding frequency increases and the charac-
teristic length scale and coherency decrease as Reynolds number
increases. Finally, the change in the boundary-layer behavior for
Rec=150�103, results in vortex shedding being replaced by the
occurrence of much weaker coherent structures of substantially
smaller length scale.

External acoustic excitation at particular frequencies and appro-
priate amplitudes with and without mechanical vibrations can sub-
stantially reduce or suppress the separation region so that a de-
crease in drag results. The effect of the excitation depends
strongly on the excitation frequency and amplitude. In particular,
the effective frequency range decreases with a decrease of the
excitation amplitude. For a constant amplitude excitation, this
range narrows with a decrease of the Reynolds number or increase
of the angle of attack. The best effect is achieved at an optimum
frequency, which increases as Reynolds number or angle of attack
increases.

The results provide a definitive correlation between the opti-
mum excitation frequencies and frequencies of naturally amplified
disturbances in the separated shear layer. It is concluded that
matching the excitation frequency with the frequency of the most
amplified disturbance in the separated shear layer is the optimum
method of improving airfoil performance at a given Reynolds
number and angle of attack. The excitation promotes transition in
the separated shear layer, effecting its reattachment, thus decreas-
ing the size of the separation region.

It is concluded that acoustic waves play a dominant role in
exciting the separated shear layer. However, low-frequency struc-
tural vibrations are found to have a significant effect on airfoil
performance for Rec=57�103, as they result in a higher sound
pressure levels within the test section, and should be considered in
future experiments involving acoustic excitations.

Acoustic excitation alters the vortex-shedding characteristics,
decreasing the vortex length scale and the coherency of the vortex
structure. Due to the suppression of the separation region, periodic
vortex shedding in the airfoil wake is replaced by the occurrence
of weak coherent structures. Moreover, the magnitude of the ex-
citation effect on the wake structure correlates with the extent of
the improvement in the airfoil performance, i.e., an increase in the
lift and/or a decrease in the drag.
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Nomenclature
a � airfoil surface acceleration

Cd � airfoil drag coefficient

c � airfoil chord
d � vertical length of airfoil projection on cross-

stream plane
Euu � normalized energy spectrum of u
Evv � normalized energy spectrum of v

f � frequency
f0 � fundamental frequency of the disturbances
g � acceleration due to gravity

Rec � Reynolds number, U0c /v
SP � sound pressure

SPL � sound pressure level
Std � Strouhal number, fd /U0
U0 � free-stream velocity in the x direction

Ū � mean streamwise velocity
u ,v � x and y fluctuating velocity components
x ,y � streamwise and vertical coordinates

� � angle of attack
v � kinematic viscosity of air
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Numerical Simulation of the
Particle Motion Characteristics in
Boundary Layer of Gas-Solid
Rotary Flow
The boundary-layer feature and the forces on the particle are analyzed in detail, and the
motion parameters of the particle in the gas-solid rotary flow are divided into two parts
according to the r-z meridian and r-� cross section. The Lagrange method is then ap-
plied, the 3-D mathematical model of particle motion in the gas-solid rotary flow is
presented, and the Gear integral method is applied to simulate the motion characteristics
of the particles. The results show that the centrifugal force and Saffman lift force play
important roles in the process of the particle being separated from the gas-solid rotary
flow in the rotary boundary layer. The velocity gradient of radial direction is the biggest,
and that of tangent direction is the smallest. For a higher density ratio of gas to solid, the
deposition performance of the particle depends not only on the inlet flow velocity but also
on the range of the particle diameter. Reasonable velocity gradient matching of the three
directions �r ,z ,�� in the gas-solid rotary flow is useful to improve the separation effi-
ciency of the rotary separators. �DOI: 10.1115/1.2175166�

Keywords: gas-solid rotary flow, particle motion characteristics, boundary layer

1 Introduction
Gas-solid rotary flows are frequently observed in industrial

equipment, such as dust catchers in power plants and rotary sepa-
rators in environmental engineering. To improve the separator ef-
ficiency is the main object for scientific researchers and engineers.
A number of investigations have been done on such gas-particle
two-phase flows to elucidate the flow phenomena, such as particle
behavior and the change in the gas flow due to the particles, but
the results are not enough to meet the demands of the optimal
designs and applications for various industrial equipment. For the
purpose of improving separator efficiency, the motion character-
istics of the particle in the gas-solid rotary flow are studied, con-
sidering the boundary-layer character.

While entering a rotary separator, most of the particles begin to
move toward the wall and part of the particles disperse in the gas
flow due to turbulence. The probability of the particle collecting
on the wall is determined by the ratio of two time scales. One is
migration time, which is the time for the particle to reach the wall
with a radial motion, and another is flow time, which is the resi-
dence time for migration. The flow time is usually defined in
terms of separate height and the average axial flow velocity, and
the migration time is defined in terms of the inlet half-width and
the average particle migration velocity. In an exact sense, the mi-
gration time defined as such represents the time of the particle
reaching the near-wall region, namely, the boundary layer, which
is not the wall surface, and most of the investigations are based on
this migration time �1–5�. The velocity in the near-wall region
changes very abruptly, so that the particle motion is not in equi-
librium with the surrounding gas velocity. The particle migration
velocity in boundary layer cannot be determined by the local con-
ditions only; it depends on many factors, such as the motion his-
tory of the particles, the separator feature �e.g., the profile and the
internal structure�, operating parameters �e.g., temperature, inlet

velocity, etc.�, and the particle diameter, and all of these factors
affect each other. Although W.S. Kim et al. �6� obtained a new
relational expression of separator efficiency based on boundary-
layer characteristics, the mathematical model was obtained only
according to Newton’s second law �Saffman, Basset, Magnus, vir-
tual mass, pressure gradient force, etc., are not included� and
could not completely present the motion characteristics of the par-
ticle for a higher density ratio of gas to solid. In addition, Basset,
Magnus, and virtual mass force should be included �7�. The sto-
chastic trajectory model of the particle in rotary flow is proposed
here, and its transient motion character is researched to study
methods of improving the efficiency of rotary separators.

2 Mathematical Model

Forces Acting on the Particle in the Gas-Solid Rotary Flow.
The rotary separator can be divided into two regions: the
turbulent-core region and the near-wall region, which is called
boundary layer. When the particle is separated, it must pass
through the boundary layer. The forces on a particle in the gas-
solid rotary flow include the following.

Viscous Resistance. The viscous resistance is the most impor-
tant force for the particle motion. While Repi= �Vfi−Vpi�dp /� f

�1, viscous resistance can be expressed as �7�:

FRi = 5.1�� fdp�1 + 0.15 Repi
0.687��Vfi − Vpi� �1�

Gravitational and Buoyant Force. The difference between the
gravitational and buoyant force can be described as:

Fgi =
�

6
dp

3��p − � f�gi �2�

Centrifugal Force. The flow in the rotary separator is strong
rotary, so that the centrifugal force is written as �7�:

Fci =
�

6
dp

3�p

V�i
2

r
= mpai �3�
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Pressure Gradient. When the diameter of a spherical particle is
dp and the pressure gradient of the gas-particle two-phase flow
field is �P /�xi, the force exerted by pressure gradient of the flow
field is expressed by L. D. Smoot �7�:

Fpi = −
1

6
�dp

3 �P

�xi
= − mf

1

� f

�P

�xi
�4�

Virtual Mass Force. When a particle is accelerated in the flow
field, not only does the velocity of the particles is increase but the
velocity of the fluid surrounding the particle is also increased. The
force that makes the particle move causes the kinetic energy of the
particle and the fluid to increase; as a result, the force is greater
than the force that accelerates particle �mpapi, where api is motion
acceleration of the particle�. The virtual mass force is given, and
experimental coefficient Kmi is obtained by F. Odar �8�:

FVmi = −
1

12
�dp

3� f�dVfi

d�
−

dVpi

d�
� = Kmimf�dVfi

d�
−

dVpi

d�
� �5�

Basset Force. While a particle moves with any velocity in a
separator, the Basset force is a transient flow resistance exerted by
the unstable flow, �9�:

FBi =
3

2
dp

2��� f� f�
−�

t 	� �Vfi

d�
−

dVpi

d�
�
�t − ��d�

=
1

4
�dp

2� fKBi�� f

�
�

−�

t 	�dVfi

d�
−

dVpi

d�
�
�t − ��d� �6�

Saffman Force. In the gas-solid flow field with a velocity gra-
dient, the Saffman force, which is the lift force exerted by the
pressure difference acted on the whole particle surface, is de-
scribed by Saffman �10�:

Fsi = dp
2Ks� f� f

0.5� �Fj

�xi
�0.5

�Vf j − Vpj� �7�

In the main flow field, Saffman force can be neglected, but in
the rotary boundary layer, it cannot be neglected because of the
high velocity gradient.

Magnus Force. The Magnus force, which causes the different
shear forces to cause the particle to be rotary, is another lift force
exerted by the collision velocity difference of the particle. The
bigger the �Vf j /�xi, the higher the rotary angular speed of the
spherical particle 	pi� . While the shear Reynolds number Repi

=dp
2
�Vf j /�xi
 /� f is lower, 	pi� = 1

2 � 
Vf j. Thus, the Magnus lift
force can be expressed as �7�:

FMi = −
�

8
dp

3� f	pi� �Vfi − Vpi� =
�

16
dp

3� f�Vfi − Vpi��dVfi

dxi
−

dVpi

dxj
�
�8�

Particle Motion Equations in the Rotary Boundary Layer.

Motion Equations of the Particle in an Unsolicited Flow Field.
According to the above analysis of the forces on the particle and
Newton’s second law, the differential equation of the particle mo-
tion in the unsolicited rotary flow field is described with Lagrange
method:

�Kmi + m̄p�
dVpi

d�
=

30.6

dp
2 � f�1 + 0.15 Repi

0.687��Vfi − Vpi� + �m̄p − 1�gi

+ m̄p

V�i
2

r
−

1

� f

�P

�xi
+ Kmi

dVfi

d�

+
3

2dp
KBi�� f

�
�

−�

t 	�dVfi

d�

−
dVpi

d�
�
�t − ��d� +

6

�dp
Ks� f

0.5� �Vf j

�xi
�0.5


�Vf j − Vpj� +
3

8
�Vfi − Vpi��dVfi

dxi
−

dVpi

dxj
� �9�

where m̄p=mp /mf =�p /� f, and Repi= �Vfi−Vpi�dp /� f �1

Governing Factors and Simplified Forms

1 Wall-effecting coefficient. The coordinated system is shown in
Fig. 1 according to the flow characteristics. If the free rotary of the
particle is not considered, the Magnus lift force can be neglected.
Brenner �11� and Maude �12� give the wall-effecting coefficient
according to the Stokes resistance at the same time.

For the main flow direction:

CM = 	1 −
9

32

dp

R − r
+

1

64
� dp

R − r
�3

−
45

4096
� dp

R − r
�4

−
1

512
� dp

R − r
�5�−1

�10�

For the normal stream direction:

CV = 1 +
9

16
� dp

R − r
� +

81

1024
� dp

R − r
�2

�11�

2 Related factors. The coefficient KB for Basset force �9�, Ks for
Saffman force �7�, and Km for virtual mass force �8� are equal to 6,
1.615, and 0.5, respectively. Because d� � /d��D� � /D�, the item
−� f�

2Vfi exerted by pressure gradient is very small and can be
neglected. Equation �12� can then be derived from Navior-Stokes
equations:

Fig. 1 The r-z meridian and r-� across section of separator
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−
1

� f

�P

�xi
=

DVfi

D�
− � f�Vfi − Ffi �12�

where Ffi is the flow mass force.

3 Particle motion equations of r-z meridian section and r-�
cross section. The 3-D motion of the particle in the gas-solid
rotary flow is divided into two 2-D flow fields, the r-z meridian
section and r-� cross section, and the particle motion equations in
turbulence boundary can be expressed as follows: For the r-z sec-
tion, the main flow direction z:

dVpz

d�
=

CM

0.5 + m̄p
�−

30.6

dp
2 � f�1 + 0.15 Repz

0.687��Vfz − Vpz�

+ m̄pg − � f
�2Vfz

�r2 +
3

2

dVfz

d�
+

9

dp

�� f

�
�

−�

t


	�dVz

d�
−

dVpz

d�
�
�t − ��d�� �13�

normal direction r1:

dVpr1

d�
=

CV

0.5 + m̄p
�−

30.6

dp
2 � f�1 + 0.15 Repr1

0.687��Vfr1 − Vpr1�

+
3

2

dVfr1

d�
+

9

dp

�� f

�

�

−�

t 	�dVfr1

d�

−
dVpr1

d�
�
�t − ��d� +

6.96

�dp
� f

0.5� �Vfz

�r
�0.5

�Vfz − Vpz��
�14�

For r-� section, the main flow direction �:

dVp�

d�
=

CM

0.5 + m̄p
�−

30.6

dp
2 � f�1 + 0.15 Rep�

0.687��Vf� − Vp�� +
3

2

dVf�

d�

+ m̄p

Vp�
2

r
+

9

dp

�� f

�
�

−�

t 	�dVf�

d�
−

dVp�

d�
�
�t − ��d�

− � f
�2Vf�

�r2 � �15�

and normal direction r2:

dVpr2

d�
=

CV

0.5 + m̄p
�−

30.6

dp
2 � f�1 + 0.15 Repr2

0.687��Vfr2 − Vpr2�

+
3

2

dVfr2

d�
+

9

dp

�� f

�
�

−�

t 	�dVfr2

d�
−

dVpr2

d�
�/�t − ��d�

+
6.96

�dp
� f

0.5� �Vf�

�r
�0.5

�Vf� − Vp��� �16�

3-D Dimensionless Motion Equations. The wall surface fric-
tion velocities are u�=��w /� f and � f, respectively, so that the vari-
ables in the above equations are written as dimensionless forms:
xi

+=xi�u� /� f�, Vi
+= �Vi /u��, �+=��u�

2 /� f�, dp
+=dp�u� /� f�, t+

= t�u�
2 /� f�, g+=g�u�

3 /� f�. The dimensionless motion equations de-
rived from Eqs. �13�–�16� are then given as follows.

For the z direction:

dVpz
+

d�+ =
CM

0.5 + m̄p


�−
30.6

dp
+2 �1 + 0.15 Repz

0.687��Vfz
+ − Vpz

+ � + m̄pg+ +
�2Vfz

+

�r+2

+
3

2

dVfz
+

d�+ +
9

dp
+� 1

�
�

−�

t+


	�dVfz
+

d�+ −
dVpz

+

d�+ �
�t+ − �+�d�+� �17�

For the � direction:

dVp�
+

d�+ =
CM

0.5 + m̄p
�−

30.6

dp
+2 �1 + 0.15 Rep�

0.687��Vf�
+ − Vp�

+ � +
3

2

dVf�
+

d�+

+
9

dp
+� 1

�
�

−�

t+ 	�dVf�
+

d�+ −
dVp�

+

d�+ �
�t+ − �+�d�+ +
�2Vf�

+

�r+2 �
�18�

For the r direction:

dVpr
+

d�+ =
CV

0.5 + m̄p
�−

30.6

dp
+2 �1 + 0.15 Repr

0.687��Vfr
+ − Vpr

+ � + m̄p

dVp�
+2

r+

+
3

2

dVfr
+

d�+ +
9

dp
+� 1

�
�

−�

t+ 	�dVfr
+

d�+ −
dVpr

+

d�+ �
�t+ − �+�d�+

+
6.96

�dp
+ 	� �Vfz

+

�r+ �0.5

�Vfz
+ − Vpz

+ � + � �Vf�
+

�r+ �0.5

�Vf�
+ − Vp�

+ ���
�19�

The Dimensionless Particle Deposition Velocity in the Ro-
tary Boundary Layer. The dimensionless particle deposition ve-
locity can be obtained when the dimensionless particle tangent
velocity Vp�

+ ��+� at some point ��+=R+−r+� is obtained �6�:

Vpd
+ = T+Vp�

+2��+�
R*+ �20�

Here, T+=�pdp
2Cu�

2 / �18� f� f�, C=1+2/ �Padu�6.32+2.01

exp�−0.1095Padu���, Pa is the absolute pressure in cm Hg, du is
the particle diameter in �m, R*+=R�u� /� f�, and R*= (�1/H����H
−h� /3��R2+B2 /4+RB /2�+R2h�)0.5.

The Flow Field in the Rotary Boundary Layer. Ideally, one
needs to know the entire Lagrange time history of the turbulent
boundary-layer flow in order to precisely track the motion of dis-
crete particle. To predict or measure such information is not prac-
tical, so the approximations are employed to specify the flow field.
In this study, the turbulent flow is simulated by a three-
dimensional, random velocity field where the mean and rms pro-
file is specified according to established experimental results. The
fluid flow is assumed to be unaffected by the momentum of the
particle phase, thus representing a dilute suspension. The mean
stream velocity component is defined by the well-known law-of-
the-wall relations for the viscous sublayer and logarithmic region
�13�:
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�Vfk
+ = r+, for viscous sublayer region, r+ � 5

Vfk
+ = 5.0 ln r+ − 3.05, for midlayer region, 5 
 r+ 
 30 �k = z,��

Vfk
+ = 2.5 ln r+ + 5.5, for logarithmic region, r+ � 30

� �21�

The buffer region velocity distribution is obtained from a cubic spline interpolation, ensuring that the velocity gradient used in the lift
force term is continuous throughout the boundary layer: �14,15�:

�Vfk
+ = − 1.076 + 1.445r+ − 0.04885r+2 + 0.0005813r+3 �k = z,��

Vfr
+ = 0.005r+2�1 + 0.002923r+2.218�−1, �0 
 r+ 
 200� � �22�

The mainstream turbulence is neglected in the numerical simu-
lation because the dominant mean velocity has little effect on the
particle. The instantaneous eddy velocity that a particle encounters
along its path is determined by randomizing the rms normal ve-
locity:

Vpr
+ = Vfr

+ Nr �23�

where NT is a random number defined by Gaussian probability
density distribution of zero mean and unity standard deviation.

3 Numerical Solution Method in the Rotary Boundary
Layer

The differential motion equations describing each particle-eddy
interaction are solved numerically by a stiff system using the Gear
integral method when the initial position and velocity of a particle
in the rotary boundary layer are given. The integrated item for
Basset force can then be calculated:

�
0

t+ �dVfi
+

d�+ −
dVpi

+

d�+ � d�+

�t+ − �+
= 2�

k=0

m−1

���t+�Vpi
+ �k + 1� − Vpi

+ �k�

− Vfi
+ �k� . ��m − k − �m − k − 1���

�24�

Here, �t+ is dimensionless time step, m is the number of calcu-
lated points, and Vi

+�k� is the particle velocity whose time is k�t+.
The position and trace of a particle can be obtained as follows
after the dimensionless velocity of a particle is decided:

xpi
+ �k� = xpi

+ �k − 1� + 1
2 �Vpi

+ �k − 1� + Vpi
+ �k�� . �t+ �25�

The particle motion characteristics along radial direction are the
composite vector of the r-z direction and the r-� direction vector.

4 Results and Discussion
The motion characteristics of the particle in the gas-solid rotary

flow ��p /� f =10� are simulated according to the above numerical
solution method. The dimensionless particle deposition velocity
Vpd

+ and gas flow tangent velocity Vf�
+ along the normal direction

of the boundary layer are shown in Fig. 2. When the particle
moves toward the wall in the boundary layer, while Vp�0

+ =Vf�0
+ , the

velocity Vpd
+ �Vf�

+ always occurs, and the difference between Vpd
+

and Vf�
+ increases quickly. The dimensionless particle deposition

velocity can also exceed the gas-solid flow velocity near the wall
region of the separator even if Vp�0

+

Vf�0

+ . All of these show that
Saffman lift force is helpful for particle deposition in the rotary
boundary layer, as also shown by Kallio et al.�15� and Roahiainen
et al.�16�. The relationship among the distance of the particle
moving along normal direction �r+�, the particle diameter �dp

+� and
the inlet velocity �Vi� is shown in Fig. 3. For the identical particle
diameter, the bigger the inlet gas-solid velocity, the longer that the
distance of the particle moving in the boundary layer, and the
higher the efficiency of the particle deposition. At the same inlet
gas-solid flow velocity, the bigger the particle diameter, the longer
the particle deposition distance, the same phenomenon described
by Kim et al.�6�. Although the inlet velocity is high, the particle
cannot reach the wall and its dimensionless deposition distance is
short when its diameter is less than 1.5; that is dp

+
1.5. All of
these results show that the deposition performance of the particle
is determined not only by the inlet gas-solid velocity, but also by
the structure of the separator. As shown in Fig. 4, the tangent
velocity Vp�

+ of a particle decreases sharply after it enters into the

separator, but the change of the tangent velocity Vf�
+ is slight. The

velocities Vp�
+ and Vf�

+ abruptly decrease in the near-wall region.

The transient characteristics of the velocities Vpr
+ and Vpz

+ are
shown in Figs. 5 and 6, respectively. The velocities Vpr

+ and Vpz
+

increase quickly from zero to maximum, but the dimensionless
times �+ at the maximum velocities are not the same �while Vpf1

+

=Vfl
+ =18.5, �r

+=25, �z
+=50�, and the maximum velocities are not

identical �Vpr
+ 
Vpz

+ �. While Vpr
+ and Vpz

+ reach their maximum, the
velocity Vpr

+ decreases sharply, the Vpz
+ decreases more slowly, and

the velocity Vp�
+ is the slowest, as shown in Fig. 4. When the

velocity Vi
+ decreases, the times �r

+ and �z
+ to reach each maximum

velocity increase. All of these show that the centrifugal force and

Fig. 2 The velocity Vf�
+ and Vpd

+
„dp

+ =2… under different r+ Fig. 3 The relationship among r+, dp
+, and Vi

+
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Saffman lift force play important roles in the process of the par-
ticle being separated from the gas-solid rotary flow in the rotary
boundary layer. The velocity gradient of radial direction is the
biggest, and the velocity gradient of tangent direction is the small-
est. When Vpr

+ =0, and Vpz
+ =0, but Vp�

+ �0, the particle cannot be
separated from the gas flow. The more reasonable the radial, axis,
and tangent velocity gradient matching, the higher the separated
efficiency. It is necessary to undertake more research of the opti-
mum separator structure to ensure that the velocity gradient dis-
tribution in the three directions is reasonable. As shown in Fig. 7,
the directions of the gas-solid flow line and the particle motion
stay almost identical in the inlet, but the direction of particle mo-
tion gradually deflects from the gas flow line, and the bigger the
diameter dp

+, the longer the deflection distance. The deflection dis-
tance in the r direction is greater than that of z direction, but their
difference decreases gradually. Because the r direction velocity
gradient is bigger than that of the z direction near the wall region
in the rotary boundary layer when �+ increases, the z direction
deflection distance may be greater than that of the r direction.

5 Conclusions

�1� It is feasible to investigate the motion character of the par-
ticle in the gas-solid rotary boundary layer according to
Lagrange and Gear integral calculation methods, consider-
ing Saffman, Basset, Magnus, virtual mass, pressure gradi-
ent force, etc.

�2� For the particle motion in the rotary boundary layer, while
Vp�0

+ =Vf�0
+ , Vpd

+ �Vf�
+ is always true, and their difference in-

creases when the particle moves towards the wall. The cen-
trifugal and Saffman lift forces are helpful for particle
deposition in the rotary boundary layer.

�3� The dimensionless tangent velocity of the particle is bigger
than that of gas phase. The dimensionless velocities of the
particle and gas phase decrease quickly near the wall.

�4� Although the inlet velocity is high, the deposition distance
of the particle �dp

+
1.5� is short and the particle cannot
reach the wall. When the density ratio of gas to solid is
high, the deposition performance of the particles depends
not only on the inlet velocity, but also on the particle diam-
eter.

�5� In the boundary layer, the velocity gradient of radial direc-
tion is the biggest, and that of tangent direction is the small-
est. The separator efficiency is high when the velocity gra-
dients in the radial, axis, and tangent directions are
reasonable and match each other.

Fig. 4 The transient characteristics of the Vf�
+ and Vp�

+
„dp

+ =2…

Fig. 5 The transient characteristics of the Vpr
+

„dp
+ =2,6… under

different Vi
+

Fig. 6 The transient characteristics of the Vpz
+

„dp
+ =2,6… under

different Vi
+

Fig. 7 The motion trace of particles on the r-z meridian and r-� across section of cyclone
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Nomenclature
a � acceleration
B � diameter of separator exit
d � diameter
F � force
g � gravitational acceleration
H � overall height of separator
h � height of separator barrel

K ,C � coefficients
m � mass
P � pressure
r � radial position of particle in separator
R � radius of separator

Re � Reynolds number
t � time
u � wall surface friction velocity
V � velocity
� � motion viscosity coefficient
� � viscosity coefficient
� � density
� � cross section force near wall, time

Subscripts
B � Basset
C � centrifugal
d � deposition
f � fluid
g � gravity

i , j ,k � tensor coordinates
M � Magnus
p � particle, pressure
R � resistance
r � meridian
V � velocity
w � wall

z � axis
� � tangent

� � dimensionless
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Miniature Single-Disk Viscous
Pump „Single-DVP…, Performance
Characterization
The development and testing of a rotating single-disk viscous pump are described. This
pump consists of a 10.16 mm diameter spinning disk, and a pump chamber, which are
separated by a small gap that forms the fluid passage. The walls of the pump chamber
form a C-shaped channel with an inner radius of 1.19 mm, an outer radius of 2.38 mm,
and a depth of 40, 73, 117, or 246 �m. Fluid inlet and outlet ports are located at the ends
of the C-shaped channel. Experimental flow rate and pressure rise data are obtained for
rotational speeds from 100 to 5000 rpm, fluid chamber heights from 40 to 246 �m, flow
rates from 0 to 4.75 ml/min, pressure rises from 0 to 31.1 kPa, and fluid viscosities from
1 to 62 mPa s. An analytical expression for the net flow rate and pressure rise, as depen-
dent on the fluid chamber geometry, disk rotational speed, and fluid viscosity, is derived
and found to agree with the experimental data. The flow rate and pressure rise of the
pump vary nearly linearly with rotational speed. The volumetric flow rate does not
change significantly with changes in fluid viscosity for the same rotational speed and
pumping circuit. Advantages of the disk pumps include simplicity, ease of manufacture,
ability to produce continuous flow with a flow rate that does not vary significantly in time,
and ability to pump biological samples without significant alteration or destruction of
cells, protein suspension, or other delicate matter. �DOI: 10.1115/1.2175167�

Introduction
There is a need to circulate or move fluid through macroscale

and/or microscale channels in many applications, including mi-
crosensors, separation devices, drug delivery systems, electronics
cooling, and other small-scale and microscale fluidic devices.
Many different micropumps are proposed to meet this need, gen-
erally to fulfill specific applications �1�. These include membrane
pumps �2–8� �both without check valves �2–5� and with check
valves �6–8��, electrohydrodynamic pumps �9–11�, electrokinetic
pumps �12,13�, viscous pumps �14,15�, rotary pumps �16,17�,
peristaltic pumps �4,18–20�, ultrasonic pumps �21,22�, and several
other types of pumps �23–26�. Many of these micropumps are
fabricated using microfabrication technology. Nonmechanical
pumps like the electrohydrodynamic and electrokinetic pumps do
not have moving parts, which increases reliability. However, such
devices are generally limited by low flow rate and pressure rise
capabilities, the applications of the pump, the working fluids that
can be pumped, and high supply voltage requirements �1�. Me-
chanical pumps like rotary pumps, peristaltic pumps, and mem-
brane pumps have a wide variety of possible working fluids and
applications. However, such mechanical micropumps are believed
to be feasible only when they are greater than a certain size �1�,
due to the large viscous forces in the fluid at small pump geom-
etries. At very small scales, the viscous forces are significant, and
result in large pressure drops over small lengths for fluid flow
through a channel �27�. One motivation of the present effort is to
employ these large viscous forces to produce a millimeter-scale
pump with an easily adjusted, constant flow rate.

Many variations of macroscale viscous pumps have been pro-
posed �28–34�. Most of these pumps have a linear relationship
between flow rate and pressure rise for a range of operating pa-
rameters and pump geometries. Viscous pumps are ideal for ap-
plications where high pressure rises, and low to moderate flow

rates are required �34�. Uses of different viscous pumps at micros-
cales are described by Sen et al. �15�, and Kilani et al. �14�. Sen et
al. �15� presents a pump that employs a shaft whose axis is per-
pendicular to the flow direction, and is positioned eccentrically in
a channel. The difference in viscous shear between the shaft and
the two channel walls produces a net pumping effect. Numerical
simulations are performed by Sharatchandra et al. �35� to deter-
mine the optimal configuration. This pump is easy to fabricate, but
has limited flow rates and pressure rise capabilities. Kilani et al.
�14� describes a spiral pump that uses one spinning disk rotating
over a single spiral channel to produce a pumping effect. Results
from a macroscale version of this pump are consistent with an
analytical expression for flow rate and pressure rise �14�. A small-
scale version of this pump may be complex to fabricate.

A new viscous micropump is presented, called the single-disk
viscous pump �single-DVP�, to achieve easily controlled flow
rates and pressure rises while maintaining simplicity and ease of
manufacturing. An analytical equation is presented, based on the
Navier-Stokes equations, which relates pressure rise and flow rate
to the pump geometry, rotational speed and working fluid proper-
ties. The predicted performance of the pump from the analytical
equation is compared to experimental data. The disk pump is
unique because it uses viscous stress to produce a pumping effect
by employing one disk and a C-shaped channel �36�. Figure 1
shows external and internal views of the single-DVP. The spin-
ning of the disk causes a net movement of fluid due to the viscous
stresses imposed on the fluid from the spinning disk. As the fluid
passage height becomes smaller, the Reynolds number decreases,
and the viscous forces become more significant than inertial
forces. Thus, one assumption employed in the flow analysis is that
the inertial or advection terms in the Navier-Stokes equations are
insignificant compared to the diffusion of momentum terms. Fol-
lowing this analysis, the development, fabrication, and testing of
the disk pump is discussed. The flow rate and pressure rise for
various rotational speeds are measured experimentally and com-
pared to analytical expressions for the flow rate and pressure rise.
Based on such results, advantages of this micropump compared to
other micropumps are identified and discussed, and include a wide
range of possible flow rates, simplicity, planar structure, well con-
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trolled flow rate, ease of manufacture, and ability to produce con-
tinuous flow with a flow rate that does not vary significantly in
time. The device also has the ability to pump biological samples
without significant alteration or destruction of cells, protein sus-
pension, or other delicate matter. This is because shear levels pro-
duced by the present device for the present range of experimental
conditions are always less than 105 l / s, which is the shear value
when red blood cells �erythrocytes� as well as types of other bio-
logical samples begin to be damaged. With this in mind, micro-
scale applications that may be suitable for a viscous pump include
pumping of biomedical fluids, drug delivery devices, �-TAS, flu-
idic sensors, and mixing devices.

Single-Disk Viscous Pump Configuration and Operation
The single-disk viscous pump �single-DVP� is comprised of a

spinning disk, and a C-shaped channel that forms the pump cham-
ber with a fluid inlet port and a fluid outlet ports located at oppo-
site ends. Figure 1 shows an external view and an internal cross-
sectional view of the single-DVP. The disk contacts the fluid
chamber walls to create a seal to minimize leakage from the pump
chamber. The height of the pump chamber is the distance between
the disk surface and the top of the pumping chamber, and is re-
ferred to as the flow passage height of the pump. The flow passage
heights used for testing in this work are 40, 73, 117, and 246 �m.
As the disk spins, a rotating Couette-type flow is induced in the
fluid chamber between the disk and the stationary top surface of
the fluid chamber.

A circumferential pressure gradient is present in the fluid cham-
ber mostly because of interactions between the fluid and the walls
at the ends of the C-shaped channel. This interaction gives a static
pressure rise with circumferential position through the pump
chamber volume, such that a region of lower static pressure is
present near the fluid inlet port, and a region of higher static
pressure is present near the fluid outlet port. This static pressure
variation then opposes the motion induced by the disk rotation and
viscous forces. If the opposing circumferential static pressure
variation is large enough, some of the fluid between the spinning
disk and top surface of the fluid chamber will recirculate in the
opposite direction of the disk rotation. For the case when the fluid
outlet port is closed �or a valve on the outlet tubing is closed�,
there is fluid movement in the pump chamber, but the net flow rate

of the fluid velocity over a cross section of the disk pump flow
passage is zero. The resulting pressure rise is referred to as the
maximum pressure rise.

Flow Analysis for the Single-Disk Viscous Pump
Derivation of an expression for pressure rise and flow rate in

terms of pump geometry, disk rotational speed, and fluid proper-
ties is required to properly design, develop, and analyze a func-
tional viscous disk pump. The analysis that follows leads to an
expression for pressure rise and flow rate as dependent upon pump
geometry, disk rotational speed, and fluid properties. Figure 2
shows a cross-sectional view of the single-DVP flow passage. The
shaded region in this figure is used for the flow analysis.

In this flow analysis, an incompressible, steady flow of a New-
tonian fluid, with constant density and viscosity is considered.
Assuming that h� �R2−R1�, edge effects near the inner radius and
outer radius can be ignored. Also assume that gravity is negligible,
and the rotational speed of the disks is slow enough such that the
body force due to centrifugal acceleration is negligible compared
to the forces produced by gradients of viscous stresses, and gra-
dients of pressure. This assumption is valid for low Reynolds
number flows. The gradients of viscous stresses are assumed to be
more significant than the inertial or advection terms in the Navier-
Stokes equation because the fluid motion is produced by viscous
forces, and because the flow passage height is small. The Navier-
Stokes equation with neglected inertial or advection terms, in cy-
lindrical coordinates, is given by �37�

1

r

�p

��
= �� �

�r
�1

r

�

�r
�rv��� +

1

r2

�2v�

��2 +
�2v�

�z2 +
2

r2

�vr

��
� �1�

Equation �1� shows that the circumferential pressure gradient �left
side� is equal to the diffusion of circumferential momentum terms
�right side�. Thus, the pressure gradient changes as the viscous
stress imposed on the fluid by the spinning disk change. Increas-
ing the viscous stresses then also increases the pressure gradient,
for example, increasing the fluid viscosity or by increasing the
disk rotational speed.

For this analysis, flow in the pumping region indicates by the
shaded area in Fig. 2 is considered. For a cylindrical coordinate
system, the velocity v��vz, so that the z component of velocity at
all locations can be approximated as vz=0. In addition, if it is
assumed that h�3R1� /2 �circumference of the inner radius of the
pump chamber�, the flow in this region can be approximated as
fully developed in the � direction. Assuming incompressible,
steady, fully developed flow, and the continuity equation becomes

Fig. 1 External and internal views of the single-disk viscous
pump

Fig. 2 Configuration of the single-disk viscous pump. The
shaded region of the pump chamber is used for the flow
analysis.
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1

r

�

�r
�rvr� = 0 �2�

From this equation, the value of rvr is equal to a constant. At r
=R1 �inner radius wall�, vr=0, which implies that vr=0 in the
entire region being considered. The pressure gradients for the z
and r directions are then given by

�p

�z
= 0 �3�

and

�p

�r
= 0 �4�

respectively. Equations �3� and �4� show that the pressure gradient
is invariant in the z and r directions.

When the gap is thin, that is h / �R2−R1��1, changes of v�

across the z direction over the distance h are much larger than the
changes of v� in the r direction over the distance R2−R1. There-
fore the first term on the right side of Eq. �1� is ignored. The
second term on the right side of Eq. �1� is ignored because of the
fully developed flow assumption made previously. The fourth
term on the right side of Eq. �1� is ignored because vr=0. The
resulting equation is then simplified as follows

1

r

�p

��
= �

�2v�

�z2 �5�

The circumferential velocity �v�� does not change with circumfer-
ential position, with the fully developed flow and incompressible
fluid assumptions mentioned previously. Thus, because mass must
be conserved, the pressure gradient on the left-hand side of Eq. �5�
must be constant in the � direction, which results in a linear pres-
sure rise in the � direction. The pressure gradient in the � direction
is then approximated using

�p

��
	

�P

��
�6�

where �P is the pressure rise over the angle ��. The pressure rise
between the two pressure ports �p2− p1� shown in Fig. 2 is de-
noted as �P2−1, and the pressure rise between the fluid inlet and
outlet ports shown in Fig. 2 is denoted as �Pout−in. In addition ��
is the angle between the pressure ports ���=� /2� or between the
inlet and outlet ports ���=1.067��, as shown in Fig. 2.

The velocity profile v��r ,z� is determined by solving the ordi-
nary differential equation given by Eq. �5�, with the following
boundary conditions for the single-DVP

v��r,h� = 0 �7�

v��r,0� = r� �8�

The resulting velocity profile is given by

v��r,z� =
h2

2�

1

r

�P

��
�� z

h
�2

−
z

h
� +

r�

h
z �9�

The volumetric flow rate is determined by integrating the velocity
profile over a radial cross section of the pump chamber, from z
=0 to z=h, and from r=R2 to r=R1 as given by

Q =

0

h

R1

R2

v��r,z�drdz =
h3 ln�R1/R2�

12�

�P

��
+

�h�R2
2 − R1

2�
4

�10�

Equation �10� describes the flow of the single-DVP as dependent
upon pressure rise ��P�, pump geometry �R1, R2, ��, and h�, disk
angular velocity ���, and fluid viscosity ���.

Pump Component Fabrication
There are three main fabricated components of the rotary shaft

pump assembly: �i� the disk, �ii� the disk shaft, and �iii� pump
chamber contained within the pump housing.

The disk surface must be flat so that it is aligned with the top
surface of the pump chamber, because any misalignment of the
disk will result in leakage and flow passage height variation across
the pump chamber. The disk surface is aligned when the disk
surface is flush against the bottom of the pump housing. The disk
is therefore designed to be self-aligning to ensure that the disk
surface is flush against the bottom surface of the pump housing,
and thus, parallel to the top of the fluid chamber �since the fluid
chamber is uniform in depth�. Figure 3 shows the back of the disk,
the disk shaft and a cross-sectional view and assembled view of
the disk and disk shaft together, all of which are designed to meet
these requirements. The disk is constructed with a 60 deg cone
indentation and is driven by meshing teeth on the disk shaft. The
point on the cone of the disk shaft transmits a single-point axial
force that holds the disk in position, while also providing a pivot
point so that the disk surface can align to the bottom surface of the
pump housing. Figure 3 also shows arrangements of the meshing
teeth of the disk and disk shaft. The meshing teeth transmit the
torque required to rotate the disk, while still allowing some move-
ment required to keep the disk flat and aligned relative to the
bottom surface of the pump housing.

Precision machining techniques are used to fabricate the disk
and disk shaft. A lathe is used to obtain the desired outside diam-
eter of the disk, and to create the disk surface. The disk is made
from PEEK plastic �Ensinger Engineering Plastics, Washington

Fig. 3 Cross-sectional view and assembled view of the disk
and disk shaft
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PA� with a final outer diameter of 10.16 mm. The cone on the disk
is made using a 60 deg scribe tool. The disk surface is polished to
produce a smooth flat surface. The meshing teeth of the disk and
disk shaft are machined with a CNC milling machine. The cone
shape on the disk shaft is made using a lathe. The disk shaft is
made using type 17-4 stainless steel.

The C-shaped channel that defines the pump chamber is ma-
chined into the pump housing. The inner and outer radii of the
C-shaped channel are 1.19 and 2.38 mm, respectively. The pump
housing is made using type 17-4 stainless steel block that is
19 mm thick. The fluid chamber is cut into the bottom face of the
pump housing using a CNC milling machine. The face of the steel
block is polished to produce a smooth flat surface. The final flow
passage height of the fluid channel is measured with a Tencor
P-10 profilometer, with a 327 �m vertical range and a resolution
of 0.195 Å. The flow passage height variation across the fluid
chamber, including roughness and flatness, is then less than
1.5 �m. Holes for the pressure ports are drilled with a 0.19 mm
diameter drill bit. Holes for the fluid inlet and outlet ports are
1.397 mm in diameter. A photograph of the machined fluid cham-
ber with fluid inlet and outlet ports, and pressure ports is shown in
Fig. 4. Four holes are drilled from the top of the pump housing,
and connect to the pressure ports and fluid inlet and outlet ports.
Tubing is press fit into these four holes on the top of the pump
housing to interface the fluid chamber with fluid reservoirs, and a
differential pressure transducer.

Experimental Apparatus and Procedures
The disk pumps are powered by an externally mounted Maxon

EC32 number 118891, brushless DC motor that is 32 mm in di-
ameter, with an 80 W power rating. The maximum speed is
25,000 rpm, with a stall torque of 0.35 N m. The brushless motor
is controlled by an Advanced Motion Controls power amplifier
�Model #BE12A6�. The power amplifier has a DC supply voltage
of 40 V, a peak current of 12 A, and continuous current rating of
6 A. A negative feedback controller is employed to maintain con-
stant speed for any variation in torque. The speed is controlled by
adjusting a 15-turn potentiometer. The rotational speed range used
for testing is 100–5,000 rpm. The motor controller determines the
rotational speed from the signal from an optical encoder attached
to the motor shaft. This apparatus produces a voltage signal that is
proportional to speed. The voltage is measured using a National
Instruments PCI-6013 data acquisition card and LABVIEW 7.0 soft-
ware.

The test setup is shown in Fig. 5 and includes an inlet reservoir
and scale reservoir, which are large enough that the water level
change during operation is negligible. The inlet reservoir is con-
nected to the fluid inlet port by means of inlet tubing, with an
inner diameter of 4.5 mm and a length of 508 mm. The inlet tub-
ing steps down to an outer diameter of 1.59 mm, with an inner
diameter of 1.397 mm, that is press-fit into the top of the pump
housing. The fluid outlet port is connected to the outlet tubing,
which starts with inner and outer diameters of 1.397 and 1.59 mm,
respectively, that is press-fit into the top of the pump housing, and
then steps up to an inner diameter of 4.5 mm. An adjustable valve
is incorporated into the outlet tubing for adjustment of the flow
rate through the fluid chamber. The outlet tubing drains to the
scale reservoir on a Mettler AE-163 microbalance with accuracy
to 0.1 mg. A siphon tube connects the water reservoir on the bal-
ance to the inlet water reservoir. A shutoff valve is incorporated
into the siphon tube to allow or stop fluid flow through the siphon
tube.

A DP-15 Validyne differential pressure transducer is used to
measure the differential pressure between the pressure ports. Two
different diaphragms are used to accommodate different ranges of
pressure differentials, with maximum gauge pressures of 872 Pa
and 13.8 kPa. The output signal from the pressure sensor is pro-
cessed using a Celesco Model number CD10D Carrier Demodu-
lator, which produces a voltage output that is proportional to pres-
sure. The voltage is read by the data acquisition board and
LABVIEW 7.0, mentioned previously.

The pump assembly is mounted to the base of a linear slide.
The brushless motor and disk shaft are mounted to the shuttle of
the linear slide as shown in Fig. 5. The disk shaft is supported
with two bearings, and the distal end of the disk shaft connects to
the motor shaft. Elastic bands are employed to exert a constant
force on the shuttle in the direction of the pump chamber to keep
the disk surface flush against the bottom of the pump housing. An
alignment fixture is used to mount the pump housing and pump
chamber, such that the axis of the disk aligns with the center point
of the pump chamber radius. The working fluids employed are
water, and 5W-30 motor oil, with properties given in Table 1.
Note that 5W-30 motor oil is slightly non-Newtonian for shear
rates greater than about 2500 s−1. Just after assembling the disk,
disk shaft, and pump chamber, and just prior to testing, the fluid
inlet and outlet tubing and pressure port tubing are press-fit into

Fig. 4 Image of the single-disk viscous pump housing con-
taining the pump chamber. The pump chamber depth or flow
passage height is 117 �m, with a pump chamber outer radius
of 2.38 mm.

Fig. 5 Test setup for the single-disk viscous pump
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the top of the pump housing. The air is then bled from the pump
chamber assembly using syringes filled with working fluid that are
attached to the end of the inlet tubing and pressure transducer. The
syringes are removed after the air is bled from the system.

After these steps are completed, testing is comprised of the
following procedures. �1� The system is flushed to ensure there are
no air bubbles or trapped particulates in the pump chamber. �2�
The shut-off valve on the siphon tube is opened until the surface
level of the inlet fluid reservoir and scale reservoir are equal. �3�
The shut-off valve on the siphon tube is closed. �4� The adjustable
valve on the outlet tubing is adjusted to achieve the desired flow
rate. �5� The motor is activated, and adjusted to produce the de-
sired speed. �6� The motor then continues to operate at constant
speed until steady state is reached. Steady state is reached when
the average pressure rise measurement is constant. �7� For testing
with a net volumetric flow rate, the time is started and the scale
display is recorded every minute for 3 min. Output signals related
to shaft rotational speed, and pressure rise �P2−1 are recorded
every minute for 3 min using the NI data acquisition card and
LABVIEW 7.0 discussed previously. The flow rate is determined by
dividing the amount of water collected �mass change multiplied
by the fluid density� by the collection time. All data are recorded,
entered, and processed using a computer.

Uncertainty Analysis
A first-order uncertainty analysis is performed using a constant-

odds combination method, based on a 95% confidence level as
described by Moffat �38�. The variation of flow passage height
across the fluid chamber contributes most to the uncertainties as-
sociated with measurement of pressure rise and flow rate, due to
the h3 term in Eq. �10�. The flow passage height variation across
the fluid chamber is less than 1.5 �m, with a measured variation
less than 1.1 �m �±0.55 �m� for h=40 �m, which is 2.75% of h.
The value 2.75% is the maximum percent variation of flow pas-
sage height for all flow passage heights tested. The resulting un-
certainty magnitudes associated with experimentally measured
pressure rise, flow passage height, fluid viscosity, disk rotational
speed, pump chamber radii, and flow rate are presented in Table 2.

Results and Discussion
The experimental results are presented in five sections. The first

section discusses pressure rise and flow rate variations for the
single-disk viscous pump �single-DVP� with a flow passage height
of 117 �m. The second section presents data showing the effects
of changes in rotational speed on the pressure rise and flow rate of
the single-DVP. The third section gives data showing the effects
of changes in flow passage height on the flow rate and pressure

rise characteristics. The fourth section presents data which illus-
trate the effects of changes in fluid viscosity on the flow rate and
pressure rise. The fifth section discusses performance of the
single-DVP relative to a variety of other types of microscale
pumps.

Pressure Rise and Flow Rate Variations. The dependence of
pressure rise on flow rate for a flow passage height of 117 �m is
illustrated by the data given in Fig. 6. These experimental data are
obtained using water as the working fluid, with rotational speeds
��� between 100 and 2500 rpm. For a constant rotational speed,
the flow rate is varied by changing the adjustable valve shown in
Fig. 5. The solid lines in Fig. 6 represent theoretical values deter-
mined using Eq. �10�. The data in Fig. 6 show that there is a linear
relationship between the pressure rise and flow rate for the single-
DVP for each different impeller rotational speed, which is consis-
tent with results from a variety of macroscale viscous pumps
�28–34�. This figure also shows that experimental data are in
agreement with Eq. �10�. The slopes of the data for each rotational
speed in Fig. 6 are approximately the same, which means that
�P2−1 versus Q slope is independent of rotational speed. The
slopes of these data are characterized by the maximum pressure
rise for Q=0, and the maximum flow rate at �P2−1=0. Similar
trends of pressure rise and flow rate are observed for flow passage
heights of 40, 73, and 246 �m. The data given in Fig. 6 also show
that the single-DVP with a flow passage height of 117 �m is
useful for applications that require pressure rises from
22 to 525 Pa and flow rates up to 1.75 ml/min.

Effects of Rotational Speed. The flow rate and pressure rise
are varied to meet application requirements by changing the rota-
tional speed. The data presented previously in Fig. 6 show that the
slopes of the pressure rise and flow rate characteristics of the
single-DVP are characterized by the maximum pressure rise and
maximum flow rate. Therefore, the maximum pressure rise varia-
tions with rotational speed for Q=0, and the maximum flow rate
variations with rotational speed for �P2−1=0 are presented.

When the flow rate is set to zero, Eq. �10� shows that the pump
pressure rise varies linearly with rotational speed. Figure 7 shows
such data for flow passage heights of 40, 73, 117, and 246 �m.
The working fluid is water, and the rotational speed ranges be-
tween 100 and 3200 rpm for each constant flow passage height.
Included is a theoretical line for each flow passage height deter-
mined from Eq. �10�. The pressure rise increases linearly with
rotational speed for each flow passage height in Fig. 7 and repre-
sents the maximum pressure rise between the pressure ports in the

Table 1 Fluid properties of water, and oil used for experimen-
tal testing

Working fluid 	 �kg/m3� � �at 30°C� �Pas�

Water 1000 0.0010
5W-30 motor oil 857 0.0630

Table 2 Uncertainties associated with experimental data

Variable
Maximum
percent uncertainty

�P2−1 �experimental� 5%
Q 2.5%
h 2.75%
� 2%
� 1.5%
R1 ,R2

1.1%

Fig. 6 Variations of pressure rise with flow rate for the single-
disk viscous pump with a flow passage height of h=117 �m.
Working fluid is water.
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single-DVP. Note that this maximum pressure is not the maximum
pressure between the inlet and outlet ports, because the pressure
continues to increase as it approaches the fluid outlet port.

Magnitudes of the viscous pump maximum pressure rise be-
tween the inlet and outlet ports ��Pout−in� are given in Fig. 8 for
zero net flow rate and a flow passage height of 73 �m. Also
included is the pressure rise between the pressure ports ��P2−1�.
The experimental pressure rise data between the inlet and outlet
ports are obtained by connecting the inlet and outlet tubing to the
ports of a differential pressure transducer, which results in a zero
net flow rate in the pump. This zero net flow condition is used
because this arrangement gives the maximum pressure rise. The
theoretical line for the pressure rise �Pout−in is obtained using
��=1.067� in Eq. �10� instead of ��=� /2, where ��=1.067�
corresponds to the angular span of the shear channel between the
edges of the fluid inlet and outlet ports. Figure 8 shows that Eq.
�10� gives a good representation of both �Pout−in and �P2−1.
Thus, the pressure rise between the inlet and outlet ports is ap-
proximately 2.13 times greater than the measured pressure rise
between the pressure ports for this pump chamber geometry, for
any given flow rate, rotational speed, or flow passage height.

Variations of maximum flow rate with rotational speed are
shown in Fig. 9 for flow passage heights of 40, 73, 117, and

246 �m. These data are obtained with a fully open adjustable
valve in Fig. 5. The solid lines in Fig. 9 represent theoretical
values determined by setting the pressure rise �P=0 in Eq. �10�.
For flow passage heights of 117 and 246 �m, experimental flow
rates deviate more significantly from theoretical flow rates as the
rotational speed increases. This more significant deviation is due
to additional experimental fluid losses through the inlet and outlet
tubing. Such loses are present for all flow passage heights tested,
but the effects are negligible for flow passage heights less than
about 100 �m. Better agreement between theory and experimen-
tal data in Fig. 9 is obtained when losses in the inlet and outlet
tubing, represented by the experimentally measured pressure rise
��P2−1�, are included in the analysis, and is shown by the dashed
lines in Fig. 9. Note that the Reynolds number for the single-DVP
with a flow passage height of 246 �m is 229.3 for a rotational
speed of 5000 rpm, where Reynolds number is defined as

Re =
	��R2 + R1�h

2�
�11�

One assumption made in deriving Eq. �10�, is that the Reynolds
number is small. The data in Fig. 9 suggest that Eq. �10� is valid
for Re
110 for a flow passage height of 246 �m, which corre-
sponds to a rotational speed of 2400 rpm. This range of Reynolds
number validity is a result of neglecting advection terms in
Navier-Stokes Eq. �1�. However, note that some of these advec-
tion terms are considered to be negligible because the flow in the
passage is maintained at or near to a fully developed condition.

Effect of Flow Passage Height. To meet application require-
ments, the flow rate and pressure rise are varied by changing the
flow passage height. The data presented previously in Fig. 6 show
that the slopes of the pressure rise and flow rate characteristics of
the single-DVP are characterized by the maximum pressure rise
and maximum flow rate. Therefore, the maximum pressure rise
variations with rotational speed for Q=0, and the maximum flow
rate variations with rotational speed for �P2−1=0 are presented.

Variations of pressure rise with flow passage height, for differ-
ent disk rotational speeds, are shown in Fig. 10. These experimen-
tal data are obtained with a net zero flow rate in order to show the
maximum pressure rise for each flow arrangement. The solid lines
represent the pressure rise determined from Eq. �10�, for the dif-
ferent flow passage heights and rotational speeds, and are in good
agreement with experimental data. Note the increase in pressure
rise as the flow passage height decreases for a particular disk

Fig. 7 Variations of pressure rise with rotational speed for the
single-disk viscous pump. Working fluid is water, and Q=0.

Fig. 8 Variations of pressure rise with rotational speed for the
single-disk viscous pump with a flow passage height of h
=73 �m. Working fluid is water, and Q=0.

Fig. 9 Variations of maximum flow rate with rotational speed
for the single-disk viscous pump. Working fluid is water.
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rotational speed. For Q=0, this pressure rise scales with flow
passage height according to the relation given by

�P2−1�Q = 0� �
1

h2 �12�

which is consistent with Eq. �10�.
Variations of maximum flow rate with flow passage height are

shown in Fig. 11 for rotational speeds ��� between
200 to 5000 rpm. Note that the flow rate decreases as flow pas-
sage height decreases for each rotational speed. The solid lines
represent flow rate determined using Eq. �10� with the pressure
rise set to zero. The dashed lines represent the flow rates deter-
mined using Eq. �10� including experimentally measured pressure
rise contributions. The experimentally measured pressure rise is
due to fluid losses through the inlet and outlet tubing. Note that
the pressure rises due to these fluid losses are insignificant for
flow passage heights less than or equal to about 100 �m. For the
zero pressure rise condition shown in Fig. 11, flow rates scale with
flow passage height according to the equation that has the form

Q��P2−1 = 0� �
1

h
�13�

which is consistent with flow rate scaling in Couette flow between
parallel plates with one translating plate �37�.

Table 3 gives the maximum and average shear rates in the pump
chamber for different pump chamber heights and rotational
speeds. The maximum shear rate occurs on the surface of the
rotating disk. The maximum and average shear rates increase lin-
early with rotational speed. The maximum shear rate increases as
the pressure rise increases. The lowest value is present for the
flow condition when �P=0, and the highest value is present for
the flow condition when Q=0. All shear rate values in Table 3 are
below 105 l / s, which is the lowest shear rate that causes hemoly-
sis of red blood cells.

Effects of Fluid Viscosity. Figure 12 shows the experimentally
measured variations of flow rates and rotational speed for the
single-DVP with water and oil as the working fluids, and a flow
passage height of 117 �m. The solid line represents flow rates
obtained using Eq. �10�. The fluid properties for water and oil are
given in Table 1. Note that the variation of dimensional volumet-
ric flow rate with rotational speed is linear and independent of
fluid viscosity. Figure 13 shows corresponding pressure rise data.
Here, pressure rises increase linearly with rotational speed, such
that values with oil as the working fluid are about two orders of
magnitude larger than the values obtained with water as the work-
ing fluid.

Fig. 10 Variations of maximum pressure rise with flow pas-
sage height for the single-disk viscous pump. Working fluid is
water, and Q=0.

Fig. 11 Variations of maximum flow rate with flow passage
height for the single-disk viscous pump. Working fluid is water.

Table 3 Shear rates for different pump chamber heights, and
disk rotational speeds

h ��m�
�

�rpm�
�max�Q=0�

�s−1�
�average�Q=0�

�s−1�
�max��P=0�

�s−1�
�average��P=0�

�s−1�

40 500 8.5
103 4.0
103 3.1
103 2.3
102

73 500 4.7
103 2.2
103 1.7
103 1.3
102

117 500 2.9
103 1.4
103 1.1
103 8.0
102

246 500 1.4
103 6.4
102 5.1
102 3.8
102

40 5000 8.5
104 4.0
104 3.1
104 2.3
104

73 5000 4.7
104 2.2
104 1.7
104 1.3
104

117 5000 2.9
104 1.4
104 1.1
104 8.0
103

246 5000 1.4
104 6.4
103 5.1
103 3.8
103

Fig. 12 Variations of maximum flow rate with rotational speed
variation for the single-disk viscous pump with a flow passage
height of 117 �m. Working fluid is water or 5W-30 oil.
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Performance of the Single-Disk Pump Relative to Other Mi-
croscale Pumps. The maximum flow rate of the single-DVP and
several different micropumps are shown in Fig. 14. The typical
size of the micropumps is defined as the membrane diameter, disk
diameter, or channel width. The size of the actuator is not in-
cluded when determining the typical size. The data points for the
single-DVP are the maximum flow rate for a flow passage height
of 40 and 246 �m, at a rotational speed of 2500 rpm, with water
or oil as the working fluid. The viscous pump data point furthest
to the right is the maximum flow rate presented by Sen �15�, and
the other viscous pump data point is the maximum experimental
flow rate data presented by Kilani �14�. The single-DVP produces
higher flow rates than many other reported micropumps of similar
size.

Figure 15 shows the variations of pressure rise and flow rate of
the single-DVP and several other micropumps with typical sizes
less than 15 mm. The single-DVP produces higher pressure rises
than many other reported micropumps for similar flow rates. The
data in Fig. 15 also show that single-DVP is good for a wide range
of flow rates, and pressure rises.

Summary and Conclusions
A pump called the single-disk viscous pump �single-DVP� is

developed and tested. The single-DVP consists of a 10.16 mm
diameter disk that rotates above a C-shaped channel with inner

and outer radii of 1.19 and 2.38 mm, respectively, and a channel
depth of 40, 73, 117, or 246 �m. Fluid inlet and outlet ports are
located at the ends of the C-shaped channel. The advantages of
this micropump compared to other micropumps and viscous
pumps include analytic tractability, a wide range of possible flow
rates, simplicity, constant flow, flow rate independent of fluid vis-
cosity, planar structure, well controlled flow rate, and the ability to
pump delicate fluids without disruption or damage. The design of
the disk pumps is simple, and can potentially be fabricated using
microfabrication technology due to the planar structure of the
pump, or using injection molding techniques. The pump chamber
is symmetric and the flow direction can be reversed by changing
the disk rotational direction. The experimental flow rates and pres-
sure rises are well represented by Eq. �10� for rotational speeds of
100–5000 rpm, fluid viscosities of 1–62 mPa s, flow passage
heights of 40–246 �m, pressure rises of 0–31.1 kPa, and flow
rates of 0–4.75 ml/min. The deviation between Eq. �10� and ex-
perimental data increases for Reynolds numbers greater than 110.

The experimental and theoretical pressure rises show a nearly
linear relationship for variation in flow rate. The pressure rise
variations with flow rate for the single-DVP are characterized by a
straight line between the maximum pressure rise �at zero net flow�
and maximum flow rate �at zero pressure rise�. For Q=0, the
pressure rise varies linearly with rotational speed. The pressure
rise also increases as the flow passage height decreases for a par-
ticular rotational speed. For �P=0, the maximum volumetric flow
rate is achieved, and is found to vary linearly with rotational
speed. The volumetric flow rate of the single-DVP is independent
of fluid viscosity for a given fluid circuit. The pressure rise
through the pump chamber can be increased by increasing the
rotational speed, increasing the fluid viscosity, increasing the cir-
cumferential span of the shear channel, or by decreasing the flow
passage height. The flow rate through the pump chamber can be
increased by increasing the flow passage height, increasing the
rotational speed, or increasing the width of the pumping chamber.

The efficiency of the single-disk viscous pump can be deter-
mined using �=�PQ /T�. A typical efficiency of the present de-
vice for a rotational speed of 1000 rpm, pump chamber height of
117 �m, and water as the working fluid is estimated to be ap-
proximately 0.25 or 25%. As such, this value does not account for
any type of motor losses.

Fig. 13 Variations of pressure rise with rotational speed for
the single-disk viscous pump data shown in Fig. 12. The flow
passage height is 117 �m, and the working fluid is water or
5W-30 oil.

Fig. 14 Volumetric flow rate and typical size for various micro-
pumps. Typical size is defined as the membrane diameter, disk
diameter, or channel width. The data points for the single-DVP
are for flow passage heights of h=40, and h=246, at a rota-
tional speed 2500 rpm †2–26‡.

Fig. 15 Pressure rise and flow rate for various micropumps.
For all points other than the single-DVP, the data corresponds
to the maximum flow rate and maximum pressure. The data
shown for the single-DVP are for 5W-30 motor oil at a rotational
speed of 2500 rpm †2–9,11,13,16–19,22–25‡.
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Nomenclature
h � flow passage height of the disk pump
p � static pressure

p1 � static pressure at pressure port 1
p2 � static pressure port 2

�P � static pressure rise
�P2−1 � static pressure rise between pressure ports= �p2

− p1�
�Pout−in � static pressure rise between the fluid inlet and

outlet ports
Q � volumetric flow rate
r � radial location

R1 � inner radius of the pump chamber
R2 � outer radius of the pump chamber
Re � Reynolds number

T � pump torque
v � fluid velocity

vr � radial fluid velocity
vz � fluid velocity in the z direction
v� � fluid velocity in the � direction
z � direction normal to disk surface

Greek Symbols
� � dynamic viscosity
	 � fluid density
� � pump efficiency

�average � average shear rate in pump chamber, �average

= �1/h�R2−R1���0
h�R1

R2�v� /�zdrdz
�max � maximum shear rate in pump chamber, gener-

ally located on the surface of the rotating disk
� � rotational speed of the disk �rad/s�
� � rotational speed of the disk �rpm�
� � angle

�� � angular span between two locations
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Turbulence Structures
Downstream of a Localized
Injection in a Fully Developed
Channel Flow
The effects of localized blowing through a porous strip on a turbulent channel were
studied experimentally. The measurements were conducted downstream of the porous
strip for three blowing rates: 3%, 5%, and 8% (of the velocity at the centerline of the
channel). It was found that the injection affects several turbulence parameters. Indeed,
blowing decreases the skin friction while it increases the turbulence intensities and the
Reynolds stresses. A study of cross-correlations in the streamwise and spanwise direc-
tion’s showed that both inclination angles in the �x ,y� and �x ,z� planes were increased
with blowing. �DOI: 10.1115/1.2175168�

Introduction
Since the coherent structures play a major role in turbulence

production and transport, the knowledge of the evolution of these
structures, especially when being manipulated, could lead to effi-
cient active control schemes for turbulence influence.

Controlling and manipulating turbulence can be achieved by
several techniques and setups. Wall injection is one of these meth-
ods. Numerous studies showed that blowing from the wall de-
creases the skin friction and increases the strength of the fluctu-
ating quantities.

Sano and Hirayama �1� found in their experiments that blowing
increases the shape parameter. Piomelli et al. �2� performed large
eddy simulations of a transpired channel flow and reported the
changes in the mean velocity and turbulence intensities. Sumitani
and Kasagi �3� performed a direct numerical simulation of a fully
developed turbulent channel flow with uniform injection at one
wall and uniform blowing at the other wall, and calculated de-
tailed energy budgets of various quantities. They also visualized
instantaneous flow fields and found that blowing stimulates the
occurrence of the coherent streamwise vortical structures. Kim
et al. �4� performed a direct numerical simulation to study the
characteristics of the wall pressure fluctuations after the sudden
application of wall blowing or suction. With blowing, they ob-
tained a reduction in skin friction, and they also mentioned the
formation of adverse pressure gradient in front of and behind the
slot, whereas the favorable pressure gradient occurred above the
slot. Park and Choi �5� conducted direct numerical simulations of
a low Reynolds number turbulent boundary layer subjected to
injection through a slot. They observed that blowing stimulated
the turbulent motion for the entire computational region down-
stream of the injection area. The main mechanism for the in-
creased turbulent activity was found to be due to tilting and
stretching of the streamwise vorticity. Krogstad and Kourakine �6�
conducted experiments to investigate the effect on a turbulent
boundary layer of weak blowing through a porous strip. They
showed that blowing increases the Reynolds stresses and the mix-
ing length. Tardu �7� performed experiments to compare a steadily
blowing system and a periodically blowing system. He showed
that both types of blowing led to a reduction in the skin friction.
Tardu attempted to explain the response of the flow to periodic

blowing in terms of physical arguments based on the vorticity
dynamics near the wall. Chung et al. �8� performed numerical
simulations to investigate the modulation of the near-wall turbu-
lence with uniform blowing and suction. They found that blowing
activates the transverse components of velocity fluctuations and
decreases anisotropy. Park et al. �9� examined experimentally the
effects of local forcing on a turbulent boundary layer, when a
sinusoidal velocity fluctuation was introduced through a spanwise
slot at the wall. They found that the periodic local forcing in-
creases the boundary layer shape factor and reduces skin friction.
With the highest forcing frequency they obtained the largest skin
friction reduction.

Although numerous studies were devoted to determine the ef-
fects of blowing on turbulence with some attempts to explain the
phenomenon occurring in the near-wall turbulence, only few stud-
ies were able to sense some of the geometrical features of the
coherent structures in near-wall turbulence. The knowledge of
these organized motions is paramount for a better understanding
of the bursting process and for a large scale control strategy of the
turbulent flows. The novelty of the present paper is the experimen-
tal determination of the effects of a local uniform blowing on the
behavior of the coherent structures. This was made possible by
determining the space-time correlations, the convection velocity
of the coherent structures and their inclinations in �x ,y� and �x ,z�
planes. This experimental study provides a large database that
should be useful for numerical prediction.

Experimental Details
The experiments were carried out on a channel flow test section

shown in Fig. 1. The dimensions of the channel cross section were
450�30 mm, providing a channel aspect ratio of 15:1. This as-
pect ratio was considered large enough �10�, and Dean �11� rec-
ommended 7:1 to ensure the required two-dimensionality of the
investigated turbulent plane-channel flows. The total length of the
channel setup was 5000 mm, corresponding to L /h�334 �L is the
total length of channel and h is the channel half-height�. The
actual measurement locations and the control device were taken at
268h from the channel inlet. This length was considered sufficient
to ensure a fully developed turbulent channel flow. The blowing
section consisted of 10 mm �170 wall units� long porous strip
spanning the entire width of the test section. The strip was made
of sintered bronze with pore sizes in 100–200 �m range. The
injected air was supplied by a compressor. Air was supplied to the

Contributed by the Fluids Engineering Division of ASME for publication in the
JOURNAL OF FLUIDS ENGINEERING. Manuscript received June 9, 2005; final manuscript
received October 19, 2005. Assoc. Editor: Phillip M. Ligrani.

Journal of Fluids Engineering MAY 2006, Vol. 128 / 611Copyright © 2006 by ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



plenum chamber by uniformly perforated tube where filter mate-
rial is filled to generate an uniform velocity distribution across the
porous strip.

The origin of the coordinate system was located at the center of
the porous strip. Measurements were performed along the center-
line of the channel at two stations x /b=11.5 and x /b=31.5 �b is
the porous strip width� downstream of the injection strip. Mea-
surements were carried out for four blowing rates: Cq=vw /Uc
=0, 0.03, 0.05, and 0.08, where vw is the exit injection velocity
and Uc the velocity at the centerline of the channel. The blowing
rates were less than 10% in order to show that the turbulent struc-
tures may be significantly affected even though the perturbations
are quite small. The ratio of momentum flux gain due to the blow-
ing and momentum flux of the incoming channel flow is defined
as �=vwb /Uc�20=Cqb /�20, where �20 is the momentum thickness
of the unperturbed flow. The corresponding values of � for Cq
=0.03, 0.05 and 0.08 are, respectively, 0.22, 0.36, and 0.58. The
local wall shear stress �w was measured with a Preston tube �the
outer diameter is 15 wall units�. Pressure variations were mea-
sured by a micromanometer �0–10±0.01 mmH2O�. The Preston
tube was calibrated in the present fully developed channel flow
according to the method described by Head and Ram �12�. The
friction velocity u� can be determined with reasonable confidence
and accuracy from relation �w=−h�dp�x� /dx�, where p�x� is the
static pressure along the fully developed channel section. Experi-
ments are carried out using DANTEC 55M10 constant tempera-
ture hot-wire anemometry �CTA� system. The output signal was
transferred by an A/D digital card connected to a PC. The
STREAMLINE soft supplied by DANTEC was used to acquire
and store data. A single-wire probe DANTEC 55P15 and X cross-
wires probe 55P61 were used. The sensors of both probes con-
sisted of platinum-tungsten wires. The length of the sensors was
17 wall units and the length of the hot-wire was about 200 times
the diameter which was sufficient to obtain accurate measure-
ments according to Ligrani and Bradshaw recommendations �13�.
The anemometer voltages were calibrated with the velocities us-
ing a fifth-degree polynomial fit with an accuracy better than ±1%
for the simple probe and ±3% for the X cross-wires. The direc-
tional calibration of the velocity with the yaw angle was per-
formed according to the technique described by Jørgensen �14�.
All calibrations and measurements were performed with an over-
heat ratio of 1.8. To ensure that the original calibration curve was
maintained during one entire set of hot-wire measurements, the
calibration curves were rechecked after each set of measurements
covering the entire range of velocities experienced in the channel
for each flow case investigated. Streamwise, vertical, and span-
wise displacements of the probes were made using a manually
controlled mechanism.

The signals from the CTA were filtered and amplified to give

signals that covered most of the ±10 V range of the A/D con-
verter. The sampling frequency was chosen to be equal to the
viscous frequency �fv=u�

2 /��.
Pressure measurements were carried out to obtain the wall

shear stress and to verify the fully development of turbulence in
the channel. For this purpose, 25 pressure trappings were set along
the test section every 20 cm. Care was taken to ensure the
smoothness of the inner surface of the channel wall. The mean
static pressure measurements were used to evaluate the static pres-
sure gradient dp /dx, which in turn was used to obtain the wall
shear stress �w and the friction velocity, u�, as follows:

�w = − h�dp

dx
� ; u� =��w

�
.

The friction velocity is obtained with an uncertainty less than
±1%. Figure 2 shows the evolution of the Reynolds number based
on the friction velocity Re u�=u�h /� as a function of the Reynolds
number based on the velocity in the centerline of the channel
Re uc=Uch /� at a section where the flow is fully developed. The
comparison of the present results in Fig. 2 with those of the lit-
erature �15–17� show good agreement. We note that all these au-
thors studied a fully turbulent flow in a two-dimensional channel
at least at 50h from the channel’s leading edge. The plot of static
pressure and statistical moments profiles �not reported here�
showed that the profiles of the mean and fluctuating velocities, the
skewness, and flatness factors are established. Indeed, the profiles
are similar at x /b=11.5 and 31.5 stations and show the same
behavior. The profiles are found to be very close to those of Durst
et al. �18�.

Experimental Uncertainties

Statistical Uncertainties Due to Finite Sample Size. The sta-
tistical errors encountered due to a finite sample size are estimated
following the approach presented by Bendat and Piersol �19�. We
used a typical sample size of 500,000 for a total sampling time of
83 s. The statistical uncertainties for mean and rms velocity mea-
surements were estimated to be ±0.05% and ±0.8%, respectively.
The uncertainty due to the calibration of the cross-wire probe was
found to be less than 3%. The overall uncertainties for the cross-
wire probe were then estimated to be ±3.05% for the mean veloc-
ity and ±3.8% for the rms velocity. In the same manner, the total
uncertainties for the single hot-wire were found to be less than
±1.05% and ±1.8% for mean and rms velocities, respectively.

Positional Accuracy. The displacement of the the hot-wire
probes is ensured by a traversing system. This system consists in
a transmission screw whose function is to produce a rectilinear

Fig. 1 Nonscaled experimental setup

Fig. 2 Global characteristics of fully developed flow
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movement. The entire revolution of the screw produces a dis-
placement of 0.5 mm. The resolution of this device is 0.01 mm.

Effects of Blowing on the Turbulent Channel Flow

One-Point Measurements

Mean Flow Field. Figure 3 shows the variations of the static
pressure at the wall due to belowing. It is seen that the static
pressure changes very quickly near the porous strip. With blow-
ing, adverse pressure gradient occurs in front of and behind the
strip. However, above the strip a favorable pressure gradient ap-
pears. These observations were also reported by Kim et al. �4� and
Park and Choi �5�.

Figure 4 shows the effect of blowing on the evolution of the
skin friction downstream of the porous strip. The measurements
were carried out by using a Preston tube. According to the study
of Sutardi and Ching �20� concerning the effect of the Preston
tube diameter on the accuracy of measuring the skin friction and
according to Antonia et al. �21�, who showed that the Preston tube
provides convenient measurements when the wall region is dis-
turbed, the present data of Cf are obtained with ±5% uncertainty.
It is seen that the skin friction without blowing remains constant

due to the establishment of the turbulent flow. In the vicinity of
the injection strip, the skin friction sharply decreases, however,
the effect of blowing is weaker far downstream of the porous
strip. It is seen that the deviation of the skin friction coefficient
from the value of the unperturbed case becomes larger with higher
blowing rates. At x /b�20, the reduction in Cf is about 20% with
the highest blowing rate Cq=0.08. The tendency of the present
distribution of the skin friction is consistent with that found in the
steady forcing cases �1,5� and the periodic blowing case �22�. Park
and Choi �5� attributed the reduction of skin friction to the liftup
of the streamwise vortices.

Figure 5 shows the mean streamwise velocity profiles, respec-
tively, at x /b=11.5 and x /b=31.5 with and without blowing. Here
the velocity profiles measured for three blowing rates have been
scaled with the friction velocity of the unforced case, so that the
part of the profile affected by injection is clearly detected �6�.

In the disturbed mean velocity profiles, especially at x /b
=11.5, a delayed flow region appears, whereas the region close to
the wall and the upper logarithmic region y+�200 seem to be less
sensitive to the effect of blowing. At x /b=31.5, the delayed flow
becomes weaker and the velocity profiles converge towards the
undisturbed one. A similar decaying tendency of the delayed pro-
files was observed in the steady blowing of Sano and Hirayama
�1�. This delayed flow is typical of the characteristic phenomena
of flows with reduced skin friction �6,9�. In Table 1, the displace-
ment thickness �1, the momentum thickness �2, and the shape
factor H increase with increasing injection rate. This observation
was also mentioned by Sano and Hirayama �1�.

Fluctuating Flow Field. In Fig. 6, the turbulence intensities of
the velocity fluctuations measured at x /b=11.5 and at x /b=31.5
are shown, and the effects of injection are clearly identified. The
turbulence intensities in the x direction are significantly modified
with blowing. The profiles of u� �prime denotes the rms value�
with wall-forcing show an increase in the turbulence intensities,
more visible when y+�50. One of the most notable features is the
appearance of a peak at y+�100 in the profiles of u�, which is in
agreement with results of Park and Choi �5�. Park et al. �9� ex-
plained that this peak denotes the center of the spanwise vortices.
For y+	50, a slight increase in the streamwise fluctuations u� is
observed.

The Reynolds stress profiles −uv are plotted in Fig. 7. At Cq
=0, the present results are in good agreement with the results of
Kim et al. �23� and Günther et al. �24�. A similar overall increase

Fig. 3 Effect of blowing on static pressure profiles: �, Cq=0;
�, Cq=0.03; �, Cq=0.05; �, Cq=0.08

Fig. 4 Effect of blowing on skin friction coefficient. Symbols are the same as
in Fig. 3.
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in Reynolds stress profiles with forcing is found as in u�. At
x /b=11.5 downstream of the porous strip, a peak appears in the
profile of −uv at y /h=0.4 from the wall. This peak occurs at the
same distance from the wall as the one observed in the profile of
u�. At x /b=11.5, the Reynolds stresses are significantly increased
in a bounded region y /h	0.9, compared to the x /b=11.5 loca-
tion, where the effect of blowing is weaker but extends over a
broad region of the profile.

Auto-correlation obtained from the hot-wire probe measure-
ments is a statistical characteristic of the turbulence. The integral
scale deduced from the auto-correlation is shown in Fig. 8. The
integral scale appears to be highly sensitive to the effect of blow-
ing. Indeed, Fig. 8 shows that the integral scale decreases with
increasing blowing rate. The decrease is clearly identified in the

region 10	y+	100. This means that blowing reduces the eddy
scale. The behavior of the integral scale profile is in good agree-
ment with the observations of Sano and Hirayama �1� and Senda
et al. �25�.

Two-Point Measurements

Correlation Measurements in Streamwise and y Directions. To
investigate the effect of blowing on the coherent structures, space-
time correlations were performed. One hot-wire probe was kept at
a fixed position on the centerline of the channel x /b=11.5 down-
stream of the porous strip at about y+=15. The free hot-wire probe
was initially positioned close to the fixed one �
Y+=7� with no
streamwise separation, as shown in Fig. 9. The free probe was
then moved downstream in 
X+=3.4 steps.

The convection speed of the coherent structures is obtained
from Fig. 10, which depicts the offset location Tmax

+ of the stream-
wise correlation �Ruu�x peaks as a function of the hot-wire sepa-
ration 
X. Plotting Tmax

+ with respect to 
X+ leads to a straight
line. The convection velocity corresponds to the slope of this line
uc

+=
X+ /Tmax
+ .

In Fig. 10, both the undisturbed and disturbed cases show the
slope leading to uc convection velocity at y+�20. In the no-

Fig. 5 Effect of blowing on mean velocity profiles. The data have been scaled with u� from the unforced case. Symbols are the
same as in Fig. 3.

Table 1 Shape parameters of channel flow

Cq �%� � �1 �mm� �2 �mm� H

0 0 2.06 1.37 1.50
3 0.22 2.31 1.51 1.53
5 0.36 2.55 1.67 1.53
8 0.58 2.85 1.85 1.55

Fig. 6 Effect of blowing on the turbulence intensities. Symbols are the same as in Fig. 3.

614 / Vol. 128, MAY 2006 Transactions of the ASME

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



blowing case, the convection velocity is found to be approxi-
mately 11u�±0.5u�. With blowing, uc is about 10.2u� and remains
fairly constant independent of the blowing rate. The value of uc
found here, is in good agreement with those reported in the litera-
ture �26–29�.

In order to determine the effect of blowing on the inclination
angle � of the coherent structures in the �x ,y� plane, further mea-
surements of the streamwise correlations were made by changing

the position of the free hot-wire probe in the y direction.
With the convection velocity uc found previously, the average

inclination angle of the coherent structures at the height between
the two hot-wire probes is given by �=tan−1�
Y+ /
X+�. Figure
11 shows the effect of blowing on the inclination angle of the
coherent structures.

For the no-blowing case, the inclination angle � is about 14.5°;
this result is consistent with that found by Labraga et al. �30�.
With blowing, the inclination angle is found to be greater. For
injection rates of Cq=0.03, Cq=0.05, and Cq=0.08, the respective
inclination angles are 17.5°, 19°, and 21° with an uncertainty of
±1°. The inclination angle in the near-wall region needs to be
investigated by using a correlation analysis between a moving
probe and a wall shear stress probe. This will be reported else-
where.

Correlation Measurements in the Spanwise Direction. Cross-
correlations between the velocity given by a fixed wire and that
supplied by a moving wire in the spanwise direction are investi-
gated. The velocity-velocity correlations were achieved by posi-
tioning the free hot-wire probe next to the fixed probe at the same
location x /b=11.5 and at y+=15 from the wall. The given span-
wise distance 
Z+ is taken from centerline to centerline of the
hot-wire probes, hence, the initial 
Z+ is 24.65. The free hot-wire
probe was traversed in steps of approximately 3.4 wall units on
one side of the channel centerline.

Plotting several cross-correlation data in the z direction for the
undisturbed and disturbed case shows the development of this

Fig. 7 Effect of blowing on Reynolds stress profiles. Symbols are the same as in Fig. 3;¼, Kim et al. †23‡; � Günther et al. †24‡.

Fig. 8 Effect of blowing on the integral scale at x /b=11.5.
Symbols are the same as in Fig. 3.

Fig. 9 Measurement procedure for acquiring cross-correlation
data

Fig. 10 Time shift of maximum correlation coefficients. Sym-
bols are the same as in Fig. 3.
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behavior.
The magnitude of the correlation decreases rapidly as the span-

wise separation of the probes increases. The most notable feature
of the spanwise space-time correlations is the emergence of a
double peak in the correlation curves. One of the peaks results
from the inclination of the structures in the �x ,z� plane at � angle.
The second peak is generated by the structures inclined at −�
angle �Fig. 12�. For Cq=0, this angle is found to be �6° with an
uncertainty of ±1°. This result is consistent with that found by
Lagraa et al. �31�, who used an array of electrochemical probes
and space-time correlations of the wall shear stress. The double
peak is detected earlier in the no-blowing case �i.e., the double
peak appears for 
Z+=24.65 when Cq=0, while it appears for

Z+�31.5 when Cq=0.08�. This suggests that a slight increase in
the inclination is observed when blowing is applied.

The inclination angle � was estimated from the spanwise sepa-
ration between the probes with the lag time of the correlation
peaks and the convection velocity. The inclination angle without
injection is found to be �� ±6°. The structures can be tilted to
one side or the other, leading to the two peaks in the spanwise
correlation curves �Fig. 13�. The value of � for Cq=0 agrees with
the results found in the literature �30–32�. In the case of blowing,
the spanwise inclination increases and reaches ±8° with the high-

est blowing rate. The slight increase in the yaw angle of the co-
herent structures when being manipulated could explain the earlier
detection of the two peaks in the spanwise correlation.

The streak spacing extent 
+ of the coherent structures can be
estimated by plotting the magnitude of the correlations �Ruu�z at
T+=0 with the corresponding spanwise separation 
Z+, as shown
in Fig. 14. Figure 14 shows that the correlation decreases rapidly
and a broad minimum is found at 
Z+�60 in the absence of
blowing, hence, the half-streak spacing of the coherent structures
is about 
+�60, which is in agreement with the results found in
the literature �31�. By applying blowing, the half-streak spacing
increases up to 
+�80 when Cq=0.03, however, for the blowing
rates of 0.05 and 0.08, the minimum is not clearly visible.

Conclusion
Injection on a fully developed turbulent channel using a porous

strip was investigated. The effect on the flow statistics as well as
the coherent structures present in the turbulent channel flow were
studied downstream the blowing strip. Hot-wire anemometry and
two-point space-time correlation measurements were performed to
characterize the flow field.

It was found that blowing reduces the skin friction by approxi-
matively 20% for the largest blowing rate at x /b=15. The pres-

Fig. 11 Effect of blowing on the coherent structures inclina-
tion angle in the „x ,y… plane. Symbols are the same as in Fig. 3.

Fig. 12 Sketch of the inclination angle of the coherent struc-
tures. „a… „x ,y… plane. „b… „x ,z… plane.

Fig. 13 Effect of blowing on spanwise cross-correlations
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sure profiles were modified by an adverse pressure gradient in
front of and behind the blowing porous strip, while a favorable
pressure gradient occurs above the injection strip.

A delayed flow clearly appears in the mean velocity profiles
downstream of the injection. The effect of blowing gradually de-
creases with an increasing distance from the porous strip. The
turbulence intensities and Reynolds stresses are strongly in-
creased, especially in the vicinity of the porous strip. The integral
scale is significantly reduced in the presence of the wall injection.

The convection velocity depends a little on blowing and is
nearly uc=11u� in the no-blowing case. It decreases up to approxi-
mately uc=10.2u� in the blowing case. The inclination angle in
�x ,y� plane was found to increase from 14% to 21% when blow-
ing was applied from 0% to 8% at the outer region.

The inclination angle of the coherent structures in �x ,z� plane
was about ±6° in the undisturbed case and increased slightly when
injection is applied. Moreover, the effect of blowing is also to
increase the streak spacing.
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The paper investigates the effect of channel aspect ratio on the flow performance of a
newly introduced spiral-channel viscous micropump. An approximate 2D analytical so-
lution for the flow field, which ignores channel curvature but accounts for a finite wall
height, is first developed at the lubrication limit. A number of 3D models for spiral pumps
with different aspect ratios are then built and analyzed using the finite volume method.
Numerical and analytical results are in good agreement and tend to support one another.
The results are compared with an approximate 2D analytical solution developed for
infinite aspect ratio, which neglects the effect of side walls, and assumes uniform velocity
distribution across the channel width. The error in this approximation was found to
exceed 5% for aspect ratios less than 10. Pressure and drag shape factors were intro-
duced in the present work to express the effect of the pressure difference and boundary
velocity on the flow rate at various aspect ratios for both moving and stationary walls.
Also, it has been found numerically that the flow rate varies linearly with both the
pressure difference and boundary velocity, which supports the validity of the linear lu-
brication model employed. �DOI: 10.1115/1.2175169�

Keywords: spiral micropumps, flow field solution, channel aspect ratio, lubrication
model

1 Introduction
Over the last decade, micromachining technologies have been

used to advance the area of microfluidic systems. These technolo-
gies have promoted the miniaturization of systems such as gas
chromatography �1�, liquid chromatography �2�, electrophoresis
�3�, polymer chain reaction �4�, chemical analysis systems �5�, and
microreactors �6�. All of these systems require the use of minia-
turized channels for liquid or gas delivery and/or chemical reac-
tions. One of the basic components in microfluidic systems is
micropumps, which are used for the controlled delivery of re-
agents within the system.

Research on micropumps was initiated in the 1980s �7�, and
their development has been governed by the physics of microscale
flow, which is characterized by large surface areas to volume ra-
tio, fast and uniform heat transfer, increased surface tension,
dominating viscous forces over inertia, large diffusion to convec-
tion ratio and laminar flows. Several different micropumps have
been developed based on different pump principles and using dif-
ferent actuation principles �8–10�. Viscous drag micropumps have
been investigated by several researchers and this investigation has
been motivated by the ability of generating significant pressure
heads in the viscosity dominated microchannels by the simple
rotation of a rigid element contiguous to the flow field �11�. A
number of analytical and numerical simulations have been con-
ducted on such pumps �12,13�. Viscous drag micropumps are at-
tractive because they are easy to fabricate, capable of handling a
wide variety of fluids, and can operate with no valves allowing
them to handle particle-laden fluids.

A spiral viscous pump which works by rotating a disk with
spiral groove at a close proximity over a stationary plate, using a

planar mechanism has recently been proposed by Kilani et al.
�14�. As illustrated in Fig. 1, the pump works with no valves, and
fluid contained in the spiral channel between the disk and the plate
is subjected to a net tangential viscous stress on its boundaries and
a positive pressure gradient is established in the direction of flow.
Two holes at either end of the spiral channel provide the required
inlet and outlet for the pumped fluid.

An approximate analytical solution for the flow field in the
spiral micropump has been presented in �14�. This approximation
neglects the curvature of the spiral and treats it as a straight chan-
nel with a stationary bottom wall and moving top and side walls.
The validity of this “unfolding approximation” for flows in curved
geometry has been first investigated by Dean in 1927 �15� who
has shown that for low values of Re the approximation is valid
when the channel width is small compared to its radius of curva-
ture. Using a perturbation analysis of the Navier-Stokes equations
it may be demonstrated that the leading-order error in the axial
velocity due to the unfolding approximation is proportional to the
square of Re, which is small in the viscosity dominated micro-
scale flow fields. Further quantitative discussion on these param-
eters is presented in �14�, and it is demonstrated that both Re and
the ratio of channel width to its radius of curvature are small for
the problem addressed in this study.

The straight channel model is further simplified using symme-
try into the 2D flow in the middle plane of the channel by con-
sidering a large aspect ratio w /h→�, which neglects the effect of
the side walls of the spiral channel. The obtained model closely
resembles the classical Couette-Poiseuille model, and was solved
analytically for the velocity and pressure fields. For a spiral pump
with channel height h, channel width w, wall thickness wt, initial
radius ro, angular span ��, polar slope k, and angular velocity �,
the modeling parameters and the performance relations of the ap-
proximate model are summarized in Tables 1 and 2.

This paper presents an analytical solution and a numerical in-
vestigation for the flow in the spiral pump which considers a finite
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wall height. Numerical simulations have been carried out using
the finite volume method for the viscous spiral micropump. The
effect of channel aspect ratio on the flow field at various pressure
gradients and angular velocities was investigated. The numerical
results were compared with the analytical solution and a very
good agreement has been shown for aspect ratios ranging from 0
to �. Shape factors that describe the effect of the pressure differ-
ence and drag velocity on the flow rate for moving walls and

stationary walls at various aspect ratios were developed to account
for the deviation of the flow rate from the simple approximate
model.

2 Analytical Formulation
To study the effect of channel aspect ratio on the flow field in a

spiral-channel viscous micropump, the basic governing equations
for mass, momentum, and energy conservation have been normal-
ized in order to reveal the nondimensional parameters relevant to
the particular flow situation. The conservation of mass �continu-
ity� equation can be written in the general form as:

��

�t
+

�

�xi
��Ui� = 0, i = 1,2,3 �1�

where � is the density, t is the time, Ui is the Cartesian velocity
components, and xi is the Cartesian coordinates.

The Navier-Stokes equations for the conservation of momen-
tum can be written as

�� �Uj

�t
+ Uj ·

�Uj

�xi
� = −

�P

�xj
+

��ij

�xi
+ �gj �2�

where P is the pressure, �ij is the shear stress term, and gj is the
gravitational acceleration in the direction xj. The shear stress term
for a Newtonian fluid can be written in general as

�ij = �� �Uj

�xi
+

�Ui

�xj
−

2

3
�ij

�Uk

�xk
� �3�

where � is the dynamic viscosity and �ij is the Kronecker delta.
The flows in a spiral-channel viscous micropump in our work

are considered as steady, incompressible homogeneous flows so
the above continuity and momentum equations can be rewritten in
indicial notations as:

�

�xi
�Ui� = 0.0 �4�

While the momentum equation can be written as:

��Uj ·
�Uj

�xi
� = −

�P

�xj
+ �

�2Uj

�xi
2 + �gj �5�

to introduce characteristic quantities for all the terms in the con-
tinuity and momentum equations, the following nondimensional
parameters can be introduced:

Fig. 1 A schematic illustration of the spiral pump design †14‡

Table 1 Straight channel model parameters

Quantity Formula

Straight channel width, w 2	k−wt

Straight channel length, l �ro+k�� /2���=ra��
Straight channel height, h h
Channel boundary velocity

uch�x� = �ro +
k�

ra
x

Channel boundary mean velocity ūch�x�= �1/ l��0
l uch�x�dx

Table 2 Performance relations for the approximate analytical model

Quantity Accelerate Couette model

Axial velocity

u = uch�x�
y

h
− � h2

2�

�P

l
+ 3�uch�x� − ūch�	


� y

h
− � y

h
	2	

Vertical velocity v=huch� ��y /h�2− �y /h�3�
Pressure

p�x� =
6�

h2 

0

x

��x�dx + �p
x

l
+ p0

Volume flow rate per
unit channel width q =

huch
−

2
−

h3

12�l
�p
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� = �o · �*; Uj = Ū · Uj
*; xi = lo · xi

*; P = �Po · P*;

� = �o · �*; and gj = gj
* · go �6�

to yield:

��Ui
*�

�xi
* = 0.0 �7�

�*�Uj
* ·

�Uj
*

�xi
* � = − � �Po

�oŪ2	 �P*

�xj
* + � �o�*

Ū�olc
	 �2Uj

*

�xi
*2 +

lcgo

Ū2
�*gj

*

�8�

Define the nondimensional numbers: Reynolds number: Re

=�Ūlo /�, Euler number: Eu=�Po /�oŪ2, and Froude number:

Fr= Ū /�golo.
Then, Eq. �8� becomes

�*�Uj
* ·

�Uj
*

�xi
* � = − Eu

�P*

�xj
* +

1

Re
�*�2Uj

*

�xi
*2 +

1

Fr2�*gj
* �9�

Multiplying Eq. �9� by Re, results in

Re · �*�Uj
* ·

�Uj
*

�xi
* � = − Re · Eu

�P*

�xj
* + �*�2Uj

*

�xi
*2 +

Re

Fr2�*gj
* �10�

In the case of the viscosity dominated flow in the microscale
channels considered in the present analysis �viscous micropump�,
the viscosity forces are considerably larger than the inertial forces.
The inertial and body terms can therefore be completely ne-
glected, so that Eq. �10� may be reduced to:

�*�2Uj
*

�xi
*2 = Re · Eu

�P*

�xj
* �11�

which is a linear differential equation. Since �P /�y=0 �P
= Pmotion is here the pressure due to the motion only�, the pressure
is therefore only dependent on x. This observation along with the
small value of Re reduces the momentum equations, respectively,
into a form of the Navier-Stokes equation known as the lubrica-
tion flow model, and is encountered in the hydrodynamic theory
of lubrication �16�, which is also characterized by narrow, thin
channels

�� �2u

�y2 +
�2u

�z2 	 =
�P

�x
�12�

Additional insight into the equations above may be reached by
comparing the inertia force to the viscous force in the channel as
follows: With reference to Eq. �10�, it may be seen that the largest
inertia force in such geometries is proportional to �Ui

* · ��Uj
* /�xi

*��,
while the viscous term is proportional to �*��2Uj

* /�xi
*2�. Hence,

the ratio between those forces is

inertia force

viscous force
=

Ui
*�Uj

*/�xi
*

v�2Uj
*/�xi

*2 =
Ū2/l

vŪ/h2
=

Ūh

v
�h

l
	 = Re �13�

The ratio is known as the reduced Reynolds number Re, and is
considered the characteristic dimensionless number in flow fields
in thin, narrow channels. In the geometry considered in the
present analysis we have Re=Reh . �h / l� and Re�1.

3 Effect of Aspect Ratio
The flow model in the solution of Table 2 assumed that w /h

→�, which allowed the solution in the plane of symmetry to be
applied across the channel. If this condition is not met, such as in
microchannels produced using deep reaction ion etching �DRIE�
technology, the effect of channel height on the flow rate becomes
significant. This effect may be estimated by accounting for
�2u /�z2 in the x momentum equation of the Stokes model, as
shown in Eq. �12�. We consider two situations, the first is when

the spiral wall is attached to the stationary plate rather than rotat-
ing with the rotating disk �stationary walls� and the second is
when the spiral wall is rotating with the rotating disk rather than
attached to the stationary plate �rotating walls�.

The boundary conditions for the stationary walls on Eq. �12�
are

u�0,z� = u�y,w� = u�y,0� = 0.0, u�h,z� = Ūch �14�

and for the moving walls are

u�y,0� = u�y,w� = u�h,z� = Ūch, u�0,z� = 0.0 �15�

An exact solution for the system above may be obtained by writ-
ing the solution as the sum of a drag component uD and a pressure
component uP as

u = uD + uP �16�

The solutions of these equations for the two situations are as fol-
lows: The PDE and B.Cs for uD in the stationary situation are

�2uD

�y2 +
�2uD

�z2 = 0 �17�

uD�0,z� = uD�y,w� = uD�y,0� = 0.0, uD�h,z� = Ūch �18�

while for uP we have

�2uP

�y2 +
�2uP

�z2 =
1

�

�p

l
�19�

uP�0,z� = uP�h,z� = uP�y,0� = uP�y,w� = 0.0 �20�

Using separation of variables, the general solution of the homo-
geneous PDE in Eq. �17� satisfying the homogeneous B.Cs in Eq.
�18� is

uD = �
n=0

�

An sinh�n	y/w�sin�n	z/w� �21�

The coefficients An are determined using the theory of Fourier
cosine series and using the nonhomogeneous B.Cs in Eq. �18�, the
solution for uD may be written as

uD = −
2Ūch

	 �
n=0

�
��− 1�n − 1�

n

sinh�n	y/w�
sinh�n	h/w�

sin�n	z/w� �22�

For uP, the solution of the nonhomogeneous PDE in Eq. �19� is
found to be:

uP�y,z� =
�p

2�l�z2 − wz −
4w2

	3 �
n=0

� � ��− 1�n − 1�
n3 	



sinh�n	y/w� + sinh�n	�h − y�/w�

sinh�n	h/w�
sin�n	z/w��

�23�

The volumetric flow per unit width

1

w
0

w

0

h

�uD + uP�dydz

is thus found to be

q =
Ūchh

2
FD −

h3�p

12�l
Fp �24�
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q* =
1

2
FD −

1

12
Re Eu Fp �25�

Equation �24� has the same general form as that of q in Table 1.
The coefficients FD and FP are shape factors that depend on the
aspect ratio w /h and are defined by

FD =
4w/h

	3 �
n=1

�
��− 1�n − 1�2

n3

cosh�n	h/w� − 1

sinh�n	h/w�
�26�

FP = �w/h�2 −
48�w/h�3

	5 �
n=1

�
��− 1�n − 1�2

n5

cosh�n	h/w� − 1

sinh�n	h/w�

�27�
In the moving wall situation the same procedure is used to derive
the drag velocity component and its shape factor, imposing new
boundary conditions, while the same results will be considered for
the pressure velocity component and shape factor since there is no
change on the B.Cs. So, the new boundary conditions for uD are
as follows

uD�h,z� = uD�y,w� = uD�y,0� = Ūch, uD�0,z� = 0 �28�
Using separation of variables, the general solution of the homo-
geneous PDE in Eq. �17�, which satisfies the B.Cs in Eq. �28�,
may be found using the superposition to be:

uD = �
n=0

�

Cn sinh�n	�h − y�/w�sin�n	z/w� − Ūch �29�

The coefficients Cn are determined using Fourier cosine series and
the nonhomogeneous B.C in Eq. �28�, which leads to the follow-
ing solution on uD:

uD = Ūch�1 +
4

	�
n=0

�
�− 1�n

�2n + 1�
sinh��2n + 1�	�h − y�/w�

sinh��2n + 1�	h/w�


sin��2n + 1�	z/w�	 �30�

Solving for the volumetric flow per unit width in Eq. �24�, FD is
found to be

FD = 2 +
4w/h

	3 �
n=1

�
��− 1�n − 1�2

n3

1 − cosh�n	h/w�
sinh�n	h/w�

�31�

while FP is still given by Eq. �27�.

4 Numerical Modeling
The computational fluid dynamics �CFD� simulations of a spiral

grooved micropump presented in this section have been carried
out using Fluent 6.1. This CFD package uses the finite volume
method �FVM� for solving the Navier-Stokes equations. It also
enables the use of different discretization schemes and solution
algorithms, together with different types of boundary conditions.

4.1 Model Setup. For the CFD simulations a full 3D model
of the spiral micropump has been built for different aspect ratios,
and at constant polar slope, starting radius, and angular span. Ob-
tained geometry was exported to the preprocessor of the CFD
package, Gambit, which is investigated to generate the mesh and
name the faces as the boundary conditions are.

4.2 Mesh Generation and Boundary Conditions. A struc-
tured grid with hexahedral elements is used. The inlet face is
firstly meshed by dividing the height and width edges into regular
divisions with one unit length which is scaled later to 1 �m. Then,
the spiral edge of the moving wall is divided into 360 units. After
that the volume is meshed with the hexahedral elements. Different

meshes were used to determine the element size, shape, and ar-
rangement to ensure grid independent solution. This independent
solution is assured by increasing the number of edge grid points
by 10% or 20% per trial until the outlet mass fluxes and the
velocity components through the micropump channel varied by
less than 0.2%. For example, when w /h=0.5 the number of grid
points was increased from 18,000 to 23,760 and the flow rate
varied by less than 0.154%.

The boundary conditions were defined for Fluent 5 /6 at the
inlet to the spiral channel to be pressure inlet, and pressure outlet
at the exit. For the moving situation, the upper, interior and exte-
rior walls were defined as a wall, labeled moving and the bottom
wall was also defined as a wall, but labeled stationary as shown in
Fig. 2, while for the stationary situation the upper wall was de-
fined as a wall, labeled moving and the bottom, interior and exte-
rior walls were also defined as a wall, but labeled stationary. After
saving the models, they have been exported to fluent.

4.3 Physical Modeling. After reading the mesh file and scal-
ing it to the micrometer scale, a check for the grid was carried out
to ensure that no negative minimum volume value existed. Then
the model is employed to be steady, viscous, laminar, without
considering the energy equation, and the solver to be segregated.
SAE10W30 motor oil with 825 kg/m3 density and 0.0901 kg/m s
viscosity were defined as the interior fluid. In the boundary con-
ditions menu the values for the outlet pressure and moving walls
were assigned for each case. The Simple-Consistent algorithm
was used for the pressure velocity coupling, which has the same
steps as the SIMPLE algorithm �17�, with the difference that the
momentum equations are manipulated so that the SIMPLEC ve-
locity correction equations omit terms that are less significant than
those omitted in SIMPLE. In addition, a second order upwind
scheme was used for the momentum equations while a second
order pressure interpolation scheme is used for pressure.

In the present work the scaled residual for the continuity and
momentum equations was used because it is much simpler to
judge the convergence of the scaled over the unscaled equations
and it is an appropriate indicator for most problems. The solver
iterated the equations until the scaled residuals were less than 10−5

or until it stabilized at a constant value, which is still small
enough to ensure convergence, this can be best viewed by plotting
the residuals of the simulation versus the iterations for the conti-
nuity equation and the velocity components as appeared in Fig. 3.
In the segregated solver, the mass imbalance is used to monitor
the convergence of the solution. This quantity should be small
compared to the average mass flow rate. For example, when
w /h=0.5 the mass imbalance was 6.729
10−8 nl/ s while the in-
let mass flow rate was 0.4815 nl/ s and this value is very small
compared to inlet mass flow rate.

Also, for the purpose of judging convergence together with grid
independence the area-weighted average values was estimated at a
surface with �=90 deg from the inlet. For the x velocity this quan-
tity was found to be 5.0053
10−10 in dimensionless form with
respect to the velocity of the perimeter of the disk. The grid was
then adapted and the solution was reconverged. It was noticed that
the area-weighted average became closer to 5.0371
10−10. This
verifies the convergence of the solution and indicates that it is grid
independent.

5 Results and Discussion
To investigate the effect of aspect ratio on pump performance,

an analytical solution has been developed, which accounts for the
aspect ratio in the spiral channel, and a number of 3D finite vol-
ume numerical models were built with different aspect ratios. Ob-
tained numerical results can be used to verify the assumptions
employed in the analytical solutions. By examining the axial ve-
locity field at different cross sections along the channel, as illus-
trated in Figs. 4�a� and 4�b�, it may be seen that the axial velocity
contour plots are symmetric around the axial middle plane of the
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channel for different values of pressure head. Such a profile is
repeated for different sections along the channel, and verifies that
the flow field is symmetric around the middle axial plane of the
channel.

A plot of two streamlines taken along the channel from the inlet
to the outlet is shown in Fig. 5. It is seen that the streamlines are
parallel to one another and parallel to the channel boundary. This
verifies that the curvature of the spiral can be neglected, which
allowed neglecting the centrifugal forces in the analytical solu-

tion. If the curvature effect was significant, then the centrifugal
forces would shift the stream lines in Fig. 5 close to one another at
the end of the channel.

Table 3 present a comparison between the dimensionaless ana-
lytical flow rates obtained from Eq. �26�, and the corresponding
values obtained from the numerical simulations for the stationary
walls situation, while Table 4 presents the same comparison for
the case of moving walls. Figures 6 and 7 show a graphical rep-
resentation of these results. Numerical and analytical predictions

Fig. 2 Three-dimensional flow model

Fig. 3 Residuals of the numerical simulations after 1000 iterations
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are in very good agreement for the full range of aspect ratios
considered, and show that the effect of sidewalls could be ne-
glected when w /h�10. For w /h�10, neglecting the effect of
sidewalls leads to an error in the analytical flow rate predictions
which exceeds 5%. The approximate 2D analytical solution �14�
developed for infinite aspect ratio, neglects the effect of side walls
and assumes uniform velocity distribution across the channel
width and has such an error. The error of the analytical solution
presented in this study is summarized in Tables 3 and 4 for the
cases of stationary and moving walls and is found to be less than
4% for the whole range of w /h.

The value of the acceptable error in flow rate predictions de-
pends on the specific applications for which the micropump is
used. For example, the accuracy required in pharmaceutical and
medical microdevices will generally be higher than that needed in
electronics cooling or inkjet printing applications. The aspect ratio
achievable depends on the used fabrication technology. For ex-
ample, surface micromachining allows very shallow channels usu-
ally less than 10 microns in height giving an aspect ratio value
larger than 10. Deep reactive ion etching �DRIE�, on the other
hand, allows very deep channels reaching hundreds of microns in
height and an aspect ratio of 0.5 or less may easily be achieved.

For both the stationary and moving wall situations, Figs. 6 and
7 show that the flow rate varies linearly with both the pressure
difference and boundary velocity. This is consistent with the linear
lubrication model employed. On the other hand, as w /h→0.0, the
values of q* approaches zero for the stationary walls situation and
approaches the plug flow value �q*=1� for the moving walls situ-
ation for the whole range of Re Eu. When w /h→�, q* drops
linearly from a value of 0.5 at Re Eu=0.0 to a value of zero at
Re Eu=6.0 in both the stationary and the moving walls solutions.

The available experimental data for the macroscale model �14�
has a high viscous dissipation effect which causes a temperature
rise in the pumped fluid and in turn decreases its viscosity. This
causes the experimental flow rate to be lower than that the ana-
lytical or numerical predictions, particularly for high values of
Re Eu. Figure 8 shows the experimental, analytical, and numerical
flow rates for w /h=3.2 for the case of moving walls. The figure
shows a close agreement between the experimental and the theo-
retical results for low values of Re Eu. At high values of Re Eu, a
large deviation between the experimental and the theoretical re-
sults is observed. This deviation can be attributed to the effect of
viscous dissipation and the effect of cross flow in the gap below
the spiral wall in the scaled up model, which is increased with
increasing pressure difference.

The differences between the approximate 2D analytical solution
for infinite aspect ratio and the numerical solution is referred to
the approximations considered in the approximate analytical solu-
tion that neglects the curvature of the spiral and replaces it with an
equivalent straight channel, which is further simplified using sym-
metry into the 2D flow in its middle plane. The three-dimensional
consideration in solving the Navier-Stokes equations numerically

Fig. 4 „a… Contour lines for the axial velocity field across the
channel „w /h=2, �=500 rpm, and �P=0.0 kPa…. „b… Contour
lines for the axial velocity field across the channel „w /h=2, �
=500 rpm, and �P=1750 kPa….

Fig. 5 Streamline plots along the channel

Table 3 Volumetric flow rates for different values of w /h and Re Eu „stationary wall…

w /h Re Eu qnum
* qana

* % error w /h Re Eu qnum
* qana

* % error

0.1 0.0 0.017 0.027 37.04 2.00 0.0 0.366 0.364 0.55
1.5 0.016 0.026 38.46 1.5 0.278 0.279 0.36
3.0 0.014 0.025 44.00 3.0 0.191 0.193 1.036
4.5 0.013 0.024 45.83 4.5 0.103 0.108 4.63

0.5 0.0 0.137 0.135 1.48 5.00 0.0 0.447 0.445 0.45
1.5 0.113 0.114 0.877 1.5 0.336 0.336 0
3.0 0.090 0.092 2.174 3.0 0.224 0.227 1.322
4.5 0.066 0.071 7.042 4.5 0.113 0.118 4.2373

1.0 0.0 0.251 0.250 0.40 10.0 0.0 0.475 0.471 0.8493
1.5 0.196 0.197 0.508 1.5 0.415 0.413 0.4843
3.0 0.142 0.145 2.07 3.0 0.355 0.354 0.2825
4.5 0.087 0.092 5.435 4.5 0.236 0.237 0.4219
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is also a source of results differences. So, the 2D analytical solu-
tion can be applied for aspect ratios of 10 or greater.

It is also interesting to consider the case where the direction of
disk rotation is reversed while the pressure at the inlet and outlet
are maintained the same. This situation may be encountered for

examples in situations where the pump is used to accelerate a
naturally occurring flow from high to low pressure. Considering
the assumptions used to arrive at Eq. �24� for the volumetric flow
rate and Eq. �30� for the velocity distribution; it is noted that
reversing the direction of the disk rotation will only reverse the

Table 5 Effect of channel aspect ratio on the drag and pressure shape factors. Analytical and numerical results are compared.

Moving walls Stationary walls
Moving and

stationary walls

w /h Fd,num Fd,ana % error Fd,num Fd,ana % error Fp,num Fp,ana % error

0.5 1.734 1.7297 0.249 0.274 0.2703 1.369 0.1703 0.1715 0.6997
1.0 1.506 1.5003 0.38 0.502 0.4997 0.460 0.4365 0.4217 3.510
2.0 1.276 1.2711 0.386 0.732 0.7289 0.425 0.6858 0.686 0.029
5.0 1.112 1.1107 0.117 0.894 0.8898 0.472 0.8921 0.8739 2.082
10.0 1.058 1.0575 0.047 0.95 0.9425 0.796 0.9568 0.9371 2.102
15.0 1.03 1.041 1.057 0.958 0.959 0.104 0.9976 0.9588 4.047

Fig. 6 Flow rate versus pressure head „stationary walls…

Table 4 Volumetric flow rates for different values of w /h and Re Eu „moving wall…

w /h Re Eu qnum
* qana

* % error w /h Re Eu qnum
* qana

* % error

0.1 0.0 0.987 0.973 1.44 2.00 0.0 0.638 0.636 0.315
1.5 0.985 0.972 1.34 1.5 0.550 0.550 0.00
3.0 0.980 0.971 0.93 3.0 0.462 0.464 0.431
4.5 0.980 0.969 1.14 4.5 0.375 0.379 1.06

0.5 0.0 0.867 0.865 0.23 5.00 0.0 0.556 0.555 0.18
1.5 0.843 0.843 0.00 1.5 0.445 0.446 0.224
3.0 0.820 0.822 0.243 3.0 0.334 0.337 0.89
4.5 0.796 0.801 0.624 4.5 0.222 0.228 2.63

1.0 0.0 0.753 0.750 0.40 10.0 0.0 0.529 0.529 0.00
1.5 0.698 0.698 0.00 1.5 0.410 0.412 0.485
3.0 0.644 0.645 0.155 3.0 0.290 0.295 1.70
4.5 0.589 0.592 0.507 4.5 0.171 0.178 3.93
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sign of Ūch. If the disk rotates in the clockwise �CW� direction
instead of counterclockwise �CCW� direction, the nondimensional
flow rate equation becomes

q* = −
1

2
FD −

1

12
Re Eu Fp �32�

which indicates that reversing disk rotation will merely shift the
flow lines in Figs. 6 and 7 by −Fd along the y-axis. This is shown
in Fig. 9 for the moving wall situation both numerically and ana-
lytically.

Table 5 presents the effect of aspect ratio on the drag and pres-
sure shape factors for the analytical and numerical results at the
moving and stationary walls situations. Those results are also
shown graphically in Figs. 10 and 11. Theoretical results showed
that the drag shape factor approaches unity as w /h→�, and that
the numerical results are best fitted with that. It is also shown that

as w /h→0, Fd has a value of 2 in the moving walls case and a
value of zero at the stationary case. Meanwhile Fp has the same
trend in both cases since there is no effect of moving boundary on
this shape factor. Figure 11 shows that the value of FP increases
with increasing w /h, and goes to unity at high values of aspect
ratio. Numerical values for Fd and FP are in very good agreement
with the analytical values.

In the 3D straight channel flow problems, the flow may be
treated as a 2D flow when the channel height is very small com-
pared to its width. In the present study, the numerical solution has
been carried out on the full 3D geometry, taking into account the
effect of sidewalls and the spiral curvature for the whole range of
aspect ratios �0�w /h���. In the analytical solution, however,
the flow field in the middle cross plane was analyzed, and the
boundary conditions for the top and sides were taken from their
value in that plane. The y- and z-coordinates in Eq. �12� represent

Fig. 7 Flow rate versus pressure head „moving walls…

Fig. 8 Experimental, numerical, and analytical flow rate ver-
sus pressure head „moving walls…

Fig. 9 Flow rate versus pressure head for CW and CCW disk
rotation „moving walls…
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the width and height of the channel, respectively. Equation �26�
provides a general analytical solution for the flow rate through the
spiral channel for the full range of aspect ratios in terms of pres-
sure and drag shape factors Fd and Fp. The flow rate values given
by this equation were found in very good agreement with the
numerical solutions for the considered assumptions on Re and the
spiral curvatures. Figures 10 and 11 show the analytical values of
Fd and Fp for the full range of w /h and the numerical values of
these parameters for w /h=0.1, 0.5, 1.0, 2.0, 5.0, and 10.0 at mov-
ing and stationary walls.

When w /h→�, the basic difference between the channel
model investigated in this study, and that of the classical Couette-
Poiseuille model, is that the upper boundary velocity is not con-
stant but is a function of axial distance along the channel. How-
ever, since the flow field in this problem is described by the linear
lubrication model, the flow rate is found to be equivalent to that of
a Couette-Poiseuille flow with an upper boundary velocity equal
to the average velocity of the spiral channel.

To investigate the range of Reynolds number where the analyti-
cal model can be successfully applied, Table 6 shows the numeri-
cal and analytical values of q* for various values of Re at w /h

=1 and at w /h=5. The table shows that the analytical solution can
be successfully applied for Re
1, where the error is less than
6%. For Re=10, the error in the analytical solution reaches 12%.

6 Conclusions
Viscous drag micropumps are attractive because they are easy

to fabricate, capable of handling a wide variety of fluids, and can
operate with no valves allowing them to handle particle-laden
fluids. This paper has presented an investigation for the effect of
channel aspect ratio on the flow performance of a newly intro-
duced spiral-channel viscous micropump. Both stationary walls
and moving walls configurations were studied. Based on the as-
sumption that the inertia terms are negligible compared to the
viscous terms, the Navier-Stokes equation could be reduced into
the linear form known as the lubrication model. This assumption
was verified numerically for the full range of aspect ratios inves-
tigated, and an analytical solution for the flow field was devel-
oped, which accounts for a finite wall height. The analytical flow
rates were compared with those obtained from a numerical finite
volume solution for several 3D models of the spiral pump at dif-
ferent aspect ratios, and were found in good agreement and tend to
support one another. The results are also compared to an approxi-
mate 2D analytical solution developed for infinite aspect ratio,
which neglects the effect of sidewalls, and assumes uniform ve-
locity distribution across the channel width. The error in this ap-
proximation was found to exceed 5% for w /h
10. The deviation
of the flow rate from the 2D approximate solution could be ex-
pressed analytically using pressure and drag and shape factors,
which describe the effect of pressure difference and boundary ve-
locity on the flow rate at various aspect ratios. Also, it has been
found that the flow rate varies linearly with both the pressure
difference and boundary velocity, which supports the validity of
the linear lubrication model employed. Comparing numerical and
analytical values of q* for various values of Re and w /h shows
that the developed analytical solution can be successfully applied
for Re
1, where the error is less than 6%.
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Nomenclature
Eu � Euler number
Fr � Froude number

FD � drag shape factor
FP � pressure shape factor

g � gravitational acceleration
h � height
k � polar slopeFig. 11 Effect of aspect ratio on the pressure shape factor

Fig. 10 Effect of aspect ratio on the drag shape factor „moving
and stationary walls…

Table 6 Effect of Re on analytical and numerical flow rates

w /h Re qnumerical
* qanalytical

* % error

1.00 0.05 0.753 0.75 0.400
0.20 0.751 0.75 0.133
0.50 0.745 0.75 0.667
1.00 0.733 0.75 2.267
6.25 0.681 0.75 9.200
8.50 0.669 0.75 10.80
10.0 0.660 0.75 12.00

5.00 0.05 0.556 0.555 0.180
0.20 0.553 0.555 0.360
0.50 0.543 0.555 2.162
1.00 0.524 0.555 5.586
6.25 0.505 0.555 9.01
8.50 0.495 0.555 10.81
10.0 0.487 0.555 12.25
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l � spiral curvature length
q � volume flow rate per unit width
P � pressure
r � spiral radius

Re � Reynolds Number
t � time
u � x-velocity component

uch � channel boundary velocity
uD � drag velocity component
uP � pressure velocity component
U � fluid velocity

Ūch � average channel velocity
v � y-velocity components
w � channel width
wt � wall thickness

x ,y ,z � Cartesian coordinates

Greek Symbols
�ij � Kronecker delta
� � difference operator
� � fluid density

�ij � shear stress tensor
� � dynamic viscosity
� � angular velocity
� � spiral angle

Subscripts
a � average

ch � channel
i , j ,k � coordinate direction indices

D � drag
o � initial/characteristic
P � pressure

Superscript
� �* � nondimensional variable
� �� � first derivative

�̄ � � average/reduced
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Introduction
Flows in the boundary layer are retarded due to skin friction at

the body surface. This, in the case of an adverse pressure gradient
being present in the flow, leads to boundary layer separation �air-
plane wings, engine diffusers, axial compressors�. To prevent or at
least delay this phenomenon, the streamwise momentum of air
particles in the boundary layer should be continuously supple-
mented with the momentum of external flow. Numerous investi-
gations conducted hitherto show that the streamwise vortices gen-
erated at the surface appear to be a favorable means of transverse
streamwise momentum exchange. Due to such vortices, fluid par-
ticles with high momentum are swept toward the surface to mix
with the retarded air at the surface, which in turn is swept away
from the surface. The mean streamwise momentum of the fluid
particles in the boundary layer is thereby increased. Various vor-
tex generators were employed to induce partially helical flow at
the boundary layer. Fixed solid vortex generators of both the vane
and wing types were used over a long period because of their
simplicity and low cost �1–7�. They form an array of small plates
or wings projected normally �in the former case� or parallel to the
surface �in the latter case� at an angle of incidence to the flow.

Low-profile vortex generators in the form of triangular ramps
�Wheeler generators, �8,9�� and the like have been developed in
recent years to reduce parasitic drag. Low-profile generators have
been observed to possess drag about twice as low as the conven-
tional vane-type generator of the same relative height �h /�=0.4,
where � is boundary layer thickness�.

Streamwise vortices were generated also by means of normal
and oblique air jets injected through the wall to the main flow
�10,11�. It was observed that this injection is more efficient when
normal jets are vigorously swirled to induce the vortex breakdown

phenomenon �12� �in each jet�. As a result of this, the air of the
jets spreads around the orifices, and in this way disturbs only the
flow, which is close to the wall.

In the present experimental study a fixed solid generator in the
form of semi-circular rods settled on the surface at an oblique
angle to the main stream is considered. It is expected that a gen-
erator of this type demonstrate high efficiency. This supposition
results from following observations: �i� Air particles which pass
over the top of the rod �like over a bump� accelerate and reach
velocity larger then the external flow velocity. �ii� The streamwise
momentum of air locally enhanced in this way, is transferred with
a streamwise vortex to the near wall flow region.

The considered generator was examined in delaying the bound-
ary layer separation at a convex cylindrical surface. Such a sur-
face is appropriate to the present basic investigations because the
flow over the cylindrical surface is separated for each Reynolds
number, which is of practical significance.

Apparatus and Measuring Technique
The experiments were conducted in an open circuit wind tunnel

of rectangular cross section 1�1 m. In its aft section there was a
bump composed of two cylindrical surfaces joined together with a
plane surface �Fig. 1�. Due to this location, the flow which sepa-
rated at the downstream cylindrical surface �test surface� did not
reattached to the tunnel floor. The fully developed turbulent
boundary layer of 18 mm in thickness existed at the end of the
plane surface of the bump.

In the majority of experiments the semi-circular rods used to
generate streamwise vortices were set up in a continuous tooth
line �tooth generator�. Several tests were also conducted with an
array of V-generators of various pitch distance. In both cases the
generators were settled on the trailing part of the plane section
preceding the cylindrical surface.

The main of results, which enabled the authors to estimate the
effect of the vortex generator, were obtained from pressure mea-
surements at several points distributed along the cylindrical sur-
face in the symmetry plane of the test section of the tunnel.
Complementary data were collected from surface visualization
with a suspension of titanium white in oil.

Results
Figure 2 shows streamwise pressure distributions along the cy-

lindrical surface for several values of Reynolds number, based on
the radius of the cylindrical surface, in the case when the vortex
generator was absent �here, p is the relative pressure related to p�

and q=�V�
2 /2�. As can be seen in this figure, the surface pressure

initially decreases, reaches a minimum and then increases again as
long as the boundary layer is attached to the cylinder surface.
There are two opposite reasons for this behavior. The first one is a
result of the air particles that initially move parallel to the plane
section of the bump, and then turn to follow the cylinder surface.
As a result, the pressure increases across the streamlines in a
radial direction, and as a consequence of this the wall pressure
drops below the pressure in the preceding plane section. The sec-
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ond reason is a result of the divergence of streamlines; this results
in an increase in wall pressure. The former is dominant over the
latter one in the leading section of the cylinder. It can be noted
that the streamwise pressure distribution and thereby location of
separation remains independent of the Reynolds number in the
range under consideration. Analogous behavior shows the flow
over a free cylinder in the case of turbulent boundary layer sepa-
ration.

Pressure distribution p��� changes considerably when the tooth
vortex generator is installed ahead of the cylindrical test contour
�Fig. 3�. The minimum pressure decreases and its location shifts
downstream. Simultaneously the maximum positive pressure gra-
dient decreases. In this way the site where the surface pressure
reaches pressure in infinity p� is delayed. The delay increases as
the height �h� of the generator is increased within the range of
0–0.5 of boundary layer thickness; for higher generators the delay
remains nearly constant. This effect is justified when the flow
velocity profile in the boundary layer at x=0 is taken into account
where the flow velocity at z /�=0.5 reaches 95% of external flow
velocity.

The curve marked “SCR” in Fig. 3�b� displays the time mean
pressure distributions obtained in the case when a semi-cylindrical
rod of a diameter d=24 mm was settled across the flow, instead of
a tooth generator. In this case, spanwise vortices in shear layer are
generated and shed downstream; now the flow is separated prac-
tically at the entire cylindrical surface.

Taking into account the pressure distribution p��� for any case
�with or without a vortex generator of any height�, we estimate the
separation forepart to be the point where the tangential for the
maximal dp /d� crosses the line p=0. Figure 4 shows the angular

coordinate of a point defined as above �called below as the sepa-
ration angle �s� obtained in this way as a function of the height of
the tooth generator for two cylinders R=500 and R=680 mm.

It is observed for both cylinders that the separation angle in the
case when the vortex generator was absent does not show any
distinguishable difference, and it is about 22°. In the case when
the vortex generator is used, �s is slightly larger for R=500 mm
than �s for R=680 mm. This occurs because the distance at which
the vortex decays is, to some extent, independent of the cylinder
radius. The same distance corresponds to the larger angle in the
case of a lower R. As a consequence, �s for R=500 is larger than

Fig. 1 Aft section of wind tunnel. 1—test contour, 2—vortex
generator, 3—roof of wind tunnel; dimensions in mm.

Fig. 2 Streamwise surface pressure distribution for nonma-
nipulated boundary layer. Reynolds number referred to the cyl-
inder radius R. Open symbol �: R=680 mm; remaining sym-
bols R=500 mm. Symbols � and � correspond to the same
flow velocity: V=19.1 m/s.

Fig. 3 Tooth vortex generator „a…, streamwise surface pres-
sure distribution R=500 mm „b…, and 680 mm „c…. w /h=10, q
=�V2 /2; symbol �: „SCR…—singular semi-circular rod across
the flow.

Fig. 4 Angular coordinate of separation point

Journal of Fluids Engineering MAY 2006, Vol. 128 / 629

Downloaded 03 Jun 2010 to 171.66.16.155. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



�s for R=680 mm, in spite of the larger pressure gradient dp /ds
�s is the coordinate along the cylinder contour� for a lower cylin-
der.

The visual effect of the vortex generator can be observed in the
photograph in Fig. 5�a�. It shows a section of the cylindrical sur-
face, initially covered with oil, photographed 20 s after switching
on the wind tunnel. During such a short period, washing the oil
down an inclined cylindrical surface, which is enhanced by grav-
ity, was not remarkable. The oil particles in the region of attached
flow were only slightly moved. The photograph shows two sec-
tions divided by a distinct bow line �streamline�. The left- and the
right-hand sections display the nonmanipulated and manipulated
boundary layers, respectively. �the vortex generator in the left sec-
tion was absent�. An explanation of the photograph is given in
Fig. 5�b�. The curvature of the streamline showing the boundary
between the left and right sections is caused by overpressure in
the former section with respect to the latter at the same angular
coordinate in the range of �� �5° �see pressure distributions for
h=0 and h=10 mm in Fig. 3�.

The tooth generator can be considered to be an array of
V-generators without spacing between them. Figure 6�a� presents
surface pressure distributions when the V-generators are spaced
out. The pressure distributions were measured along a line drawn
through the trailing point of the generator and a line of symmetry
between the neighboring generators. Taking these distributions
into account, the separation angles ��s� defined as above were
obtained �Fig. 5�b��. It can be noted that the �s obtained from
streamwise pressure distribution in the symmetry plane between
V-generators is lower than that from pressure distribution down-
stream of the trailing point.

Concluding Remarks
Streamwise vortices produced by oblique semi-circular rods

have been used successfully to transfer the streamwise momentum
of external flow to retarded air in the turbulent boundary layer.
This occurs as a result of the high velocity of air particles, which
accelerate when they pass over the top of the rod and are con-
vected toward the surface. It was observed that a vortex generator
consisting of semi-circular rods set up in a tooth line enables one
to lengthen the distance of the attached flow at the cylindrical
surface by nearly 50% in comparison with the case of a nonma-
nipulated boundary layer. To attain this, it is sufficient for the
height of the vortex generator �radius of semi-circular rods� to be
half of the boundary layer thickness. The generator need not be
located close before the separation point of the nonmanipulated
boundary layer as is recommended for exciting-type generators
�Helmholtz resonator �13� or other means of periodic excitation
�14��. As a result, the semi-circular rod generators can be used
successively in cases in which the location of the separation point
cannot be predicted exactly.

The efficiency of the V-generators set up in an array depends on
the pitch distance. When it is larger than the width of the genera-
tor, the boundary layer in the section of the cylinder correspond-
ing to the spacing between neighboring generators is slightly af-
fected.
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1 Introduction
Advances in fabrication methods in microelectromechanical

systems �MEMS� have generated significant interest in the area of
microscale heat transfer and fluid flow. Microchannel heat ex-
changers can dissipate high heat fluxes which make them well
suited for a wide variety of unique cooling applications. Micro-
channels can also be integrated directly within the heat generating
component; thus, the thermal contact resistance at the interface of
a heat-generating component and heat sink is eliminated. This
feature leads to lower substrate temperatures and smaller tempera-
ture gradients that make microchannels attractive for microelec-
tronics cooling applications �1�. In addition, microchannels are
being used in other applications, such as reactant delivery, physi-
cal particle separation, and inkjet print heads.

Microchannels can be defined as tubes/channels whose diam-
eters are less than 1 mm. There are many techniques used to
manufacture microchannels, but the following four processes are
more common �2�: �i� Micromechanical machining, e.g., diamond
machining, laser processes, microdrilling; �ii� x-ray machining
�such as LIGA LIthographie-Galvanoforming-Abformung�. �iii�
photohthographic-based techniques such as Si chemical etching;
and �iv� surface and surface-proximity micromachining.

Many researchers have conducted experiments and reported
friction factors higher than the values predicted by conventional
theory �smooth pipes� for liquids in microchannels during the last
15 years �see survey articles �1,2��. Tuckerman �3� was the first to
experimentally investigate the liquid flow and heat transfer in mi-
crochannels. He reported that the flow approximately followed the
Hagen-Poiseuille theory. Pfahler et al. �4,5� conducted experimen-
tal studies on the fluid flow in microchannels. They observed that
in the relatively large channels, the experimental observations
were in general agreement with the predictions from conventional
equations. However, in the smallest of the channels, they observed
a significant deviation from the classical predictions. Mala and Li
�6� measured the friction factor of water in microtubes with diam-
eters ranging from 50 to 254 �m. They also reported good agree-
ment with the classical theory in large diameters microtubes. They

proposed a roughness-viscosity model to explain the increase in
the friction factor of the microchannels. The model of �6�, how-
ever, did not encompass the physical mechanism and the effect of
wall roughness. Li et al. �7� experimentally studied the frictional
resistance for deionized water flow in microtubes. They reported a
15%–37% higher friction factor than the classical theory for rough
microtubes. They concluded that the effect of wall roughness can-
not be neglected for microtubes. However, they did not propose
any models to explain the higher friction factors observed experi-
mentally.

Kleinstreuer and Koo �8� proposed a computational model to
consider the effect of wall roughness on liquid flow in microchan-
nels. They modeled roughness by considering a porous medium
layer �PML� near the wall. They showed good agreement with
experimental data when the relative roughness was relatively
large. The PML model of �8� requires parameters such as perme-
ability and porosity for the “porous layer” which must be supplied
to their numerical code. These parameters cannot be measured
directly; no relationship was proposed for determining these pa-
rameters in �8�.

As the diameter of �micro-� tubes decreases, the surface to vol-
ume ratio, which is equal to 2/r, increases rapidly. As a result, the
surface phenomena, including the effect of roughness, become
more significant. There is a need for a better understanding of the
effect of wall roughness on fluid characteristics in microtubes.
This paper is the first attempt to develop an analytical model to
predict the pressure drop of the fully developed, laminar, incom-
pressible flows in rough microtubes.

2 Frictional Resistance
Consider pressure-driven flow in a long microtube. The Rey-

nolds number associated with the flow is in general small, due to
the small radii, therefore the flow is laminar. Applying a force
balance and the no-slip boundary condition, one can find a rela-
tionship between the mass flow rate ṁ, and the pressure drop �P
for a smooth circular tube of radius a, as follows �Hagen-
Poiseuille flow�:

ṁ =
�a4

8

��P

�L
�1�

where the mean velocity of the fluid is, ū= ṁ /��a2. The relation-
ship between the pressure gradient and the mean velocity is
�P /L=8�ū /a2. It can easily be shown that f =64/ReD, where f is
the Darcy’s friction factor.

With an electrical network analogy in mind, we introduce a
frictional resistance as:

ṁ =
�P

Rf ,0
�2�

where Rf ,0 is the frictional resistance of a smooth microtube of
radius a and length L:

Rf ,0 =
8�L

��a4 �3�

Note that the frictional resistance is not linearly proportional to
the radius. The relationship between the frictional resistance, de-
fined in this study, and Darcy’s friction factor f is

f =
4�a3

ūL
Rf ,0 �4�

The concept of frictional resistance, introduced in Eq. �2�, can
also be used to construct frictional resistance networks to analyze
more complex systems.

3 Wall Roughness
Roughness or surface texture can be thought of as the surface

deviation from the nominal topography. The term Gaussian is
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used to describe a surface in which its asperities are isotropic and
randomly distributed over the surface. It is not easy to produce a
wholly isotropic roughness.

According to Liu et al. �9�, five types of instruments are cur-
rently available for measuring the surface topography: �i� stylus-
type surface profilometer, �ii� optical �white-light interference�
measurements, �iii� scanning electron microscope, �iv� atomic
force microscope, and �v� scanning tunneling microscope. Among
these, the first two instruments are usually used for macro-to-
macro asperity measurements, whereas the others may be used for
micro- or nanometric measurements. Surface texture is most com-
monly measured by a profilometer, which draws a stylus over a
sample length of the surface. A datum or centerline is established
by finding the straight line, or circular arc in the case of round
components, from which the mean square deviation is a mini-
mum. The arithmetic average of the absolute values of the mea-
sured profile height deviations, Ra, taken within a sampling length
from the graphical centerline �10�. The value of Ra is

Ra =
1

l�0

l

�z�x��dx �5�

where l is the sampling length in the x direction and z is the
measured value of the surface heights along this length. When the
surface is Gaussian, the standard deviation � is identical to the
rms value Rq:

� = Rq =�1

l�0

l

z2�x�dx �6�

For a Gaussian surface, it can be shown that the average and rms
values are related as follows:

Rq ���

2
Ra � 1.25Ra �7�

4 Frictional Resistance of Rough Microtubes
The assumptions of the present model can be summarized as:

• The fully-developed laminar flow is modeled. The fluid
is forced to move by a pressure gradient applied to the
ends of the microtubes; i.e., pressure-driven flow.

• The fluid is Newtonian and the microtube cross section is
circular.

• The microtube walls are rough; the roughness is assumed
to be Gaussian, i.e., isotropic in all directions. In addi-
tion, there are no macro deviations or waviness inside the
microtubes.

• Rarefaction, compressibility, and slip-on-walls effects
are negligible.

• Fluid properties are constant.

Some researchers have reported that the transition from laminar
to turbulent flow regimes starts at lower Reynolds numbers in
microchannels. However, this early transition has not been ob-
served by Judy et al. �11�. In addition, Obot �12� presented a
critical review of published data and concluded that there is hardly
any evidence to support the occurrence of transition to turbulence
in smooth microchannels for Re�1000. Therefore, the focus of
this study is on the laminar flow regime and the transition will not
be discussed.

Consider a long rough microtube with the mean radius of a and
length L�a �Fig. 1�. As shown schematically in the figure, the
wall roughness of the microtube is assumed to posses a Gaussian
distribution in both the angular and longitudinal directions. Owing
to the random nature of the wall roughness, an exact value of the
local radius r cannot be used for rough microtubes. Instead, prob-
abilities of occurring different radii should be computed. A ran-
dom variable p is used to represent the deviations of the local
radius r in the angular direction. The standard deviation of p is the
wall roughness �� and has the following Gaussian distribution:

	�p� =
1

�2���

exp	−
p2

2��
2
 �8�

The local radius can vary over a wide range of values from much
larger to much smaller radii than the mean radius a �valleys and
hills in Fig. 1� with the Gaussian probability distribution shown in
Eq. �8�. The microtube wall also has roughness in the longitudinal
direction x �see Fig. 1�. The variations of the local radius of the
microtube r in the longitudinal direction is shown by another ran-
dom variable q, with the same Gaussian distribution as in the
angular direction;

	�q� =
1

�2��x

exp	−
q2

2�x
2
 �9�

The local radius of the microtube can be written as

r = a + p + q �10�

where a is the mean statistical value of the local radius r over the
cross sections over the entire length L of the microtube.

To better understand Eq. �10�, consider cross sections of a
rough microtube at different longitudinal locations. These cross
sections have different mean radii where the probability of these
radii occurring can be determined from Eq. �9�: a+q. Meanwhile,
the actual radius at each cross section varies around the mean

Fig. 1 Random rough microtube: wall roughness and Gaussian distribution
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radius, a+q, in the angular direction �variations of p� with the
probability distribution expressed in Eq. �8�. Therefore, the local
radius r of a microtube is a function of both random variables p
and q; i.e., r=r�p ,q�. We assume that the local radius is the su-
perposition of the two random variables, as shown in Eq. �10�.
Note that the variables p and q are independent. For argument’s
sake, consider an imaginary case in which a microtube has rough-
ness only in the angular direction; thus, one can write r=r�p�. As
a result, an average of these variables �r=a+ �p+q� /2� is not cor-
rect.

In the general case, the standard deviations �� and �x might be
different. However in this study, we assume ��=�x=�. This as-
sumption is based on the premise that the texture of microtubes
�surface properties� is isotropic which is the case in most MEMS
fabrication techniques.

The frictional resistance dRf for an infinitesimal element dx can
be written using Eq. �3� as:

dRf =
8�dx

��
�

−


+
�
−


+

	�p�	�q�

r4 dp dq �11�

Equation �11� considers the probabilities of all values of radius r
occurring according to the Gaussian distribution. It should be
noted that it is mathematically possible for the variables p and q to

have values ranging from −
 to +
 �see Eqs. �8� and �9��. How-
ever, the probability of occurrence of much larger/smaller radii
than the mean radius a, are quite small �see Fig. 2�.

The total frictional resistance over the length L is

Rf =
4�

�2��2�
0

L�
−


+
�
−


+

	�p�	�q�

�a + p + q�4dp dq dx �12�

Equation �12� is used to calculate an effective frictional resistance
for rough microtubes. Integrating over the length L, one finds

�13�
where Rf ,0 is the frictional resistance of the smooth microtube,
where no roughness exists �see Eq. �3��. Thus, the effect of wall
roughness on the frictional resistance can be presented as a nor-
malized frictional resistance or a correction factor, i.e., Rf

*

=Rf /Rf0. After changing variables and simplifying, one finds

Rf
* =

1

2�
�

−


+
�
−


+

exp�− u2/2�exp�− v2/2�

�1 + ��u + v��4 du dv �14�

where � is the relative wall roughness

� =
�

a
�15�

Note that in this study, the relative roughness �, is defined as the
rms wall roughness over the radius of the microtube.

The integral in Eq. �14� cannot be solved analytically; thus, it is
solved numerically over a range of relative roughness. It can be
shown that �1+��u+v��4��1+�u�4�1+�v�4, where ��1; thus,
Eq. �14� can be simplified to

Rf
* =

1

2���
−


+

exp�− u2/2�

�1 + �u�4 du
2

, � � 1 �16�

The numerical solution to Eq. �14� is curve fitted and the follow-
ing correlations can be used to calculate Rf

*:

Rf
* = �

1

1 − 23�2 , � 
 0.1

1

1 − 50�2.4 , 0.1 � � � 0.15

�17�

The maximum relative difference between the numerical values
and the above correlation is less than 3%. Note that in the limit
where roughness goes to zero, the effective frictional resistance
predicted by the present model approaches the Hagen-Poiseuille
theory.

Figure 3 illustrates the trend of the normalized frictional resis-
tance Rf

* as relative roughness � is varied. From Eq. �4�, it can be
seen that the effect of wall roughness on the friction factor f is the
same as the frictional resistance, i.e.,

f* =
f

f0
= Rf

* �18�

Equations �17� and �18� can be employed to calculate Darcy’s
friction factor for rough microtubes.

Based on Eq. �17�, the effect of roughness is negligible for
relative roughness values ��0.03. However, as relative roughness
increases the correction factor Rf

* increases rapidly, e.g., for a
microtube with a relative roughness of 0.08, an increase of �17%
in frictional resistance is predicted by the present model. As �
increases to approximately 0.2, the normalized frictional resis-
tance approaches infinity.

Fig. 2 Gaussian distribution

Fig. 3 Effect of relative roughness on pressure drop of micro-
tubes: comparison of present model with all data
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It should be noted that the relative roughness of 0.2 is ex-
tremely high—imagine a microtube where the standard deviation
of its wall roughness is 1/5 of its radius. It is also worth noting
that in the Gaussian distribution as the standard deviation in-
creases, the probability of occurring radii with larger deviations
from the mean radius becomes higher �see Fig. 2�. In other words,
in rougher microtubes �higher values of �� the probability of oc-
curring smaller radii is higher, which leads to higher pressure
drops.

Increasing roughness, while all other parameters are kept con-
stant, results in an increase in the frictional resistance or equiva-
lently the pressure drop �see Eq. �17��. We know that by assuming
the Gaussian distribution, the probabilities of having smaller
and/or larger radii microtubes �than the mean radius a� are iden-
tical; the mean statistical radius of the microtube also remains
unchanged as the roughness is increased. The question may then
arise as to why the frictional resistance increases as roughness
increases. The answer to this question lies in the relationship be-
tween the frictional resistance and the radius of microtube �Eq.
�3��. The frictional resistance is inversely proportional to the ra-
dius to the fourth power: Rf �1/a4. Figure 4 illustrates the fric-
tional resistance as a function of the radius. The frictional resis-
tance of a slightly smaller radius �a0−da� is much larger than the
resistance of a slightly larger radius �a0+da� �see Fig. 4�. There-
fore, the resistance of smaller radii microtubes controls the effec-
tive frictional resistance and the effective frictional resistance in-
creases as a microtube becomes rougher.

5 Comparison with Data
The present model is compared against experimental data con-

ducted by several researchers. A constant roughness value is used
for the same microtube material for all radii reported in each
reference. In other words, the roughness is assumed not to be a
function of the microtube radius. This assumption may not be
strictly correct, unfortunately, none of the available experimental
studies reported the wall roughness for different radii of micro-
tubes. Different values for the uncertainty of the experimental data
were reported by different researchers, in the vicinity of 10%;
thus, a constant error bound of 10% is considered for all data.

Li et al. �7� tested glass, silicon, and stainless steel microtubes
with diameters ranging from 79.9 to 166.3 �m, from 100.25 to
205.3 �m, and from 128.76 to 179.8 �m, respectively. The Rey-
nolds number was varied over 500�Re�2500. To determine the
wall conditions, the three types of microtubes were milled open
along the axial direction. The wall roughness was measured using

a Talysurf-120 profilometer. The wall roughness of glass and sili-
con microtubes were reported in order of 0.05 �m; thus the glass
and the silicon microtubes can be considered as smooth micro-
tubes. However, the stainless steel microtubes exhibited a rela-
tively large wall roughness. They �7� did not report the exact value
of Rq or Ra for wall roughness; only a “peak-valley roughness” in
the order of �5.5 �m was reported for stainless steel microtubes.
Through experiments, Li et al. �7� showed that for glass and sili-
con microtubes the conventional theory in the laminar regime
holds. For stainless steel microtubes the friction factors were
higher than the prediction of the classical theory.

Mala and Li �6� studied experimentally the flow of deionized
water through circular microtubes of fused silica and stainless
steel with Reynolds numbers in the range 100�Re�2500 and
with diameters ranging between 50 to 254 �m. They reported a
strange nonlinear trend between pressure drop and flow rate for
low Reynolds numbers, and that the friction factors were consis-
tently higher than the conventional values.

Figure 5 shows the comparison between the present model, Eq.
�17�, and two sets of data from Li et al. �7� and one set of data
from Mala and Li �6�. As can be seen, the model agrees well with
these data.

Jiang et al. �13� studied the trend of water flow through glass
microtubes. Their circular microtubes were fabricated by the glass
drawn process, with wall roughness in the order of 0.3 �m. The
microtubes diameters ranged from 8 to 42 �m with Reynolds
numbers in the range 0.12�Re�3. The range of the Reynolds
number, in which their experiments were conducted, was very
low. However, they did not report any trends similar to those of
Mala and Li �6�. Figure 6 shows the comparison between the
present model and a set of the �13� data.

Celata et al. �14� performed an experimental analysis of the
friction factor in stainless steel capillary tubes with a diameter of
130 �m with R114 as the fluid with Reynolds numbers in the
range 100�Re�8000. Their reported values of Ra have been
converted to �=Rq, using Eq. �7�, to be used in the comparison.

Kandlikar et al. �15� investigated experimentally the role of the
wall roughness on the pressure drop in two microtubes with Rey-
nolds numbers in the range 500�Re�2500 and with different
diameters 1067 and 620 �m. The wall roughness of the microtube
walls was changed by etching with an acid solution. A micrograph
scan of the microtubes was used to measure the average roughness
Ra �see Eq. �5��. Their reported values of Ra have been converted
to �=Rq, using Eq. �7�, to be used in the comparison.

The frictional resistance constant, C= f ReD, is not a function of

Fig. 4 Relationship between frictional resistance and radius of
rough microtubes Fig. 5 Comparison of present model to Li et al. †7‡ and Mala

and Li †6‡ data
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Reynolds number and remains unchanged for the laminar regime.
Therefore, the experimental data are averaged over the laminar
region; the transitional data are not included in the comparison.
For each data set, the relative roughness is calculated using �
=� /a. As a result, for each experimental data set, a relative rough-
ness and a normalized frictional resistance can be obtained,
dashed lines in Figs. 5 and 6 demarcate the averaged ranges.

Figure 3 shows the comparison between the experimental data
�normalized frictional resistance as a function of relative rough-
ness� and the present model �Eq. �17��. As previously mentioned,
the nonlinear trend of Mala and Li �6� data �at low Reynolds
numbers� has not been observed by any other researchers. There-
fore, those data points are not included in the averaged values
shown in Fig. 3. The agreement between the model and the data is
relatively good; within the 10% for most of data points. More
importantly, the present model captures the trends of the data as
relative roughness increases.

6 Summary and Conclusions
The influence of wall roughness on the laminar, fully devel-

oped, incompressible flow in microtubes is studied and a new
model is proposed. The concept of frictional resistance is intro-
duced and its relation to the Darcy’s friction coefficient is derived.

The present model assumes an isotropic Gaussian distribution
for wall roughness. In addition, the rarefaction, compressibility,
and slip-on-wall effects are assumed to be negligible. Owing to
the random nature of the wall roughness, an exact value of the
local radius cannot be used for rough microtubes. Instead, prob-
abilities of different radii occurring should be computed. Two in-
dependent random variables are considered to account for the de-
viations of the local radius in the angular and longitudinal
directions. The local radius of a microtube is a function of these
two random variables. In the present model, the local radius is
assumed to be the superposition of the two random variables. The
effect of wall roughness on the frictional resistance is presented as
a normalized frictional resistance or a correction factor; the final
results are reported in the form of a compact correlation. It is
found that the effect of roughness is to increase the pressure drop
in microtubes. The effect of roughness can be neglected when
relative roughness is less than 3%. It is observed that the constant
in the conventional frictional resistance, C= f ReD, is a function of
relative roughness, i.e., C=C���. The published experimental data,
in which the roughness is reported, are collected and compared
with the present model. The present model exhibits the influence
of roughness and predicts the pressure drop within the uncertainty
of data.

There is a need for carefully designed experimentation aimed at
more comprehensive wall roughness and pressure drop measure-
ments. For most conventional microtubes, the relative roughness
is small, in the order of a few percent. According to the model, the
increase in the pressure drop for these microtubes are within the
uncertainty of the current experimental arrangements, i.e., 10%.
This makes the validation of the present model a difficult task for
relatively smooth microtube.
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Nomenclature
a � mean radius of rough microtube, m
C � Darcy’s friction coefficient, f ReD
D � microtube inside diameter, m
f � Darcy’s friction factor, �−�

f* � normalized friction factor, f / f0
L � microtube length, m
ṁ � mass flow rate, kg/s

p ,q � random variables, m
Ra � arithmetic average wall roughness, m

r � radius, m
ReD � Reynolds number, �ūD /�

Rf � frictional resistance, m−1s−1

Rf
* � normalized frictional resistance, Rf /Rf ,0

Rq � rms wall roughness, m
T � mean fluid temperature, °C
ū � mean fluid velocity, m/s
z � measured values of surface heights, m

Greek
� � relative roughness, �� /a
� � fluid density, kg/m3

� � fluid viscosity, kg/m s
� � roughness standard deviation, m

�P � pressure gradient, Pa

Subscripts
0 � reference value, smooth microtube
� � in angular direction
x � in longitudinal direction
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Permeability �K� and form coefficient �C� are the characteristic
hydraulic properties of any porous medium. They are determined
simultaneously, for known fluid thermo-physical properties by us-
ing the Hazen-Dupuit-Darcy model (HDD) to curve-fit the longi-
tudinal global pressure-drop versus average fluid speed data from
an isothermal, steady flow, hydraulic experiment across a test sec-
tion of the porous medium. The K and C thus measured are global
parameters, i.e., valid for the entire porous medium and universal
provided the flow throughout the porous medium is of plug flow
nature. We report here experimental evidence on the influence of
non-plug flow velocity profiles at the inlet, on the simultaneous
determination of K and C of fissure- and rod bundle-type porous
inserts. Although variation in K is minimal, as much as 12.1%
variation in C is observed, when going from a fully developed
velocity profile to a plug flow profile at the inlet.
�DOI: 10.1115/1.2175172�

Introduction
The hydraulic properties that characterize a porous medium are

its permeability �K ,m2� and form coefficient �C ,m−1�. In line with
the original experiments of Darcy, the permeability of a porous
medium can be determined �1� from Darcy’s law, expressed as

�P/L = ��/K�U �1�

A curve fit of longitudinal global pressure drop ��P /L, Pa/m�
versus average fluid speed �U, m/s� obtained from an isothermal,
steady flow, laboratory experiment, for known fluid viscosity
�� ,N s m−2� will accomplish this. Such an experiment must be
prescribed at lower fluid speeds �pore diameter based Re is less
than 0.1� for better accuracy of the measured permeability, as
form effects �due to shape of the solid matrix� dominate at higher
fluid speeds �2�. On the other hand, to simultaneously determine K
and C for a porous medium, the accepted practice �3–5� is to use
the Hazen-Dupuit-Darcy �HDD� model, expressed as

�P

L
=

�

K
U + C�U2 �2�

The K and C obtained from curve fit are global parameters �valid
for the entire porous medium� and under isothermal conditions,
are independent of the properties and flow conditions of the fluid
flowing through the porous medium. Consequently, they can be
used with the HDD model on all subsequent occasions in the
determination of the unknown global pressure drop for a particu-
lar flow speed across a configuration using that porous medium
�2�.

However, the universality of the K and C measurements �inde-
pendent of the flow and geometry� found using the standard po-
rous pipe flow hydraulic experiment is doubtful. For instance, for
a chosen porous medium, the global HDD model �Eq. �2�� and the
differential HDD model, dp /dx= �� /K�u+�Cu2, would yield
identical results for K and C, only for the plug flow �PF� profile.
This means, as shown in �6�, non-PF profiles achieved through
spatial variation of properties and local velocities inside a noniso-
thermal porous medium could affect K and C measurement.
Hence, the present experimental study investigates, under isother-
mal conditions, the influence of non-PF profile �say, fully devel-
oped flow �FDF� profile� on the simultaneous determination of K
and C for porous inserts in rectangular channels, by using the
HDD model.

Experimental Apparatus
Figures 1�a� and 1�b� show the experimental apparatus. The

Mono Bloc pump provides a steady continuous discharge of water
with minimum agitation and the constant head water tank main-
tains a 1.5 m head for all of the experiments, using an adjustable
pipe arrangement. The discharge from the tank is sent to the test
section with the porous insert via an initial section of sufficient
length �3 m� to ensure laminar flow conditions for the aspect ratio
�L /Dh� of the chosen configuration. The test section A is a flow
channel of rectangular cross section into which the porous inserts
are placed. An exit section is provided at the end of the test sec-
tion for undisturbed exit flow. Pressure measurements across the
test section A are done using static pressure taps �made of 1 mm
bore stainless steel tubes�, two each, on the upper wall of the flow
channel connected to two differential pressure transmitters �make:
Fisher Rose Mount, range: 0 to 50 mbar, accuracy: 0.2%; and
make: Instrumentation Ltd., range: 0 to 80 mm H2O column, ac-
curacy: 0.25%�. As this procedure could “capture” the inlet and
outlet pressure drops, special care �as suggested in �3�� is paid to
ensure that the porous medium �inside test section A� pressure-
drop component is much larger than the pressure-drop component
of the inlet/outlet portions of section A. Discharge measurements
were carried out by collecting water in a measuring can �Fig. 1� at
the exit for a known period. The flow measured covered a range of
flow rates from 3.3�10−6 to 1.7�10−4 m3/s, corresponding to U
between 0.01 to 0.12 m/s. The water temperature at the inlet and
outlet of the test section are measured using thermocouples con-
nected to an indicator �make: Thermal Systems, model: DQ 100�
and the difference is found negligible ��0.1°C� ensuring isother-
mal conditions. Further details of the experiment, along with the
validation of the setup, are available in �7�.

Plug Flow Generation
Next, we report on the method adopted to generate plug flow

�PF� at the entry of the test section A. An initial section B �see Fig.
1�b�� with a mesh-type porous insert �of individual pore size of
10−4 m, always an order of magnitude less than that of the pores
of the porous inserts kept inside test section A� is fitted just before
the actual test section A in which the currently reported pressure-
drop measurements are carried out. This initial section B has a
length �4.5 cm� greater than the length �2 cm� necessary for an
inlet flow of FDF nature to become fully PF �u�y�=U� type. This
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length is obtained from a “numerical simulation experiment” �see
Fig. 1�c�� conducted using an isotropic porous medium model
�solving a differential form of Eq. �2�, with K and C taken as
known; further details of the numerical procedure, tested for grid
independence and numerical accuracy, can be found in �6�� inside
B, and finding the sufficient length for which the FDF profile at
the inlet of B, becomes PF type. Hence, in the actual experiment
of Fig. 1, a FDF profile is always ensured at the inlet to this
mesh-type porous medium inserted section B by an initial channel
of length L=3 m. The outlet flow from section B is practically PF
�u�y�=U� type, which consequently is sent as the inlet to the test
section A. For all the FDF experiments conducted, this “plug flow
generator,” i.e., section B in Fig. 1, is manually removed from the
test setup, ensuring the FDF profile from the initial section to
enter test section A.

Measurement Uncertainties
Laminar flow experiments using water were performed on four

different porous medium inserts placed inside the test section A of
Fig. 1. Figure 2 provides the details of the types of inserts used.
The pressure measurements for obtaining the pressure drop across
the test section A are done immediately before and after the sec-
tion A, using the pressure tapping �one each, before and after the
test section A� made in the top wall of the left and right flanges of
the test section A. The individual uncertainties in calculating the
area of the test section A and hydraulic diameter of the duct �Dh�
are 0.24% and 0.27%, respectively. The uncertainty in discharge
and pressure-drop measurement using the differential pressure
transmitter is 0.5% and 0.25%, respectively. The pressure-drop
and average velocity measurements �obtained from the discharge
measurements� for all of the experiments, are curve fit using the
HDD model �Eq. �2�� to obtain the permeability K and form co-
efficient C of the porous medium, for known values of � and � of
water �values are taken from �8�, with less than 2% uncertainty�.
The uncertainty u of a quantity R, which is a function of several
variables x1 . . .xN, can be found using root-sum-square combina-
tion �9� as uR= ��i=1

N ���R /�xi�ui�2�0.5, where ui is the uncertainty
in the generic variable xi. We use this relation along with the
standard procedure �1,3,4� to calculate the uncertainty in simulta-
neous K and C determination through experimental pressure-drop
measurements �reported in Table 1�.

Results and Discussion
Figure 3�a� show data for the pressure-drop versus cross-

section averaged fluid speed results for two different velocity pro-
files �PF and FDF� at the inlet to the test section �A in Fig. 1�
having aluminum rod bundles as the porous insert �Fig. 2�a��. The
continuous curves represent the dimensional HDD model �Eq.
�2��, curve fit of the data in the full range of the flow rates tested,
in order to determine simultaneously the K and C of the porous
medium. Comparing the two HDD model curve fits we can ob-
serve a mild but consistent deviation of the FDF profile curve fit
from that of the PF curve fit. The variation in K between the two
curve fits is close to 0.52%—the same as that of the uncertainty in
the determination of K. The variation in C is about 7.5%—more
than twice that of 2.90%, the respective uncertainty in the deter-
mination of C �Table 1�. Proceeding from left to right in Fig. 3�a�
the plot show that the variation between the curve fits for FDF and
PF profiles increases for higher average inlet velocities �U�. This
suggests that the variation will be seen more in the values of C
obtained from the two curve fits for higher average velocities,
when the flow through the porous medium is form-drag domi-
nated �10�.

However, from Fig. 2�a�, it is evident that the rod bundle po-
rous insert allows the porosity to spike up near the bounding
walls, resulting in the effect documented in porous medium litera-
ture �10,11� as wall channeling. Because of the local increase in
porosity, a higher mass efflux is anticipated near the walls. Hence,
a flow entering either as PF or FDF in the porous test section A,
leaves it with a higher local velocity near the walls �at the wall it
is still zero—no slip�. This results in a higher local pressure drop
across the porous test section near the walls than that of the case
when the wall channeling effect was absent. The pressure tapping
on the walls before and after the test section measure the pressure
drop influenced by this wall channeling effect. Therefore, in Fig.
3�a�, the pressure-drop data for both PF and FDF conditions
�thereby the curve fits� are higher than what they actually would
be if the wall channeling effect were absent.

From the above discussion it is clear that there are two velocity
profile variation effects: one imposed at the inlet and the other due
to the porous medium itself. To reduce the wall channeling we
reduced the diameter of the rods used in the rod bundles from
3 to 1 mm, as shown in Fig. 2�b�. The corresponding experimen-
tal data set and curve fits are shown in Fig. 3�b�. For identical

Fig. 1 „a… Picture and „b… schematic of experimental appara-
tus. „c… Simulation results for determining the length necessary
to generate plug flow at the exit of the plug flow generator.
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velocity range of the experiment on the abscissa, the pressure drop
across the porous inserts is observed to increase by an order of
magnitude on the ordinate. As expected �10�, the value of K de-
creases as greater surface area resisting the flow leads to greater
viscous friction. However, the variation in K for the two velocity
profiles is minimal, as found by the HDD model curve fits. Even
in this configuration of reduced wall channeling, the effect of the
inlet velocity profiles is significant on the estimation of C. Since
the local velocity profile is changing inside the channel, it leads to
greater local variations in the form effect, which depends on the
local velocity and form �shape� of the medium �2,10�, in this case
of 990 rods �Fig. 2�b��. This is reflected in the variation of the
global form coefficient C, obtained from a global HDD model
�Eq. �2��, curve fit of the global pressure drop versus average
velocity.

Figures 4�a� and 4�b� depict the results for fissure-type porous
inserts of Figs. 2�c� and 2�d� respectively, which are, complemen-
tary to the rod bundles, blocks with holes drilled through them. In
addition, L /Dh=1.6, with the pressure drop measured across the
reduced L. As the gaps between the blocks and the bounding
channel wall is sealed, the wall channeling effect is absent in these
porous inserts. As the wall channeling inside the porous medium
is absent, the result support the earlier conjecture of how the C is
influenced by the local velocity profile �u�y�� variation through
the variation in local form effects inside the porous insert.

Table 1 summarizes the results of K and C evaluation for all of
the reported experiments. Using the appropriate method of HDD
model �Eq. �2�� curve-fit procedure, the variation in K is mostly
comparable to the uncertainties of its measurement except for the

Fig. 2 Cross-sectional pictures of the porous inserts used: Types „a…
through „d… are serialized as nos. 1 through 4, respectively, in Table 1

Table 1 Permeability and form coefficient results using non-slug flow experiments

S.
no.

Types of
aluminum

porous
inserts

Aspect
ratio

�L /Dh�

Inlet
velocity
profile

HDD model �Eq. �2��

Percentage
variation

from PF to
FD flow

Percentage
uncertainties

K�10−8

m2
C�10−2

m−1 K C K C

1 Rods
�=0.25,

140 rods,
d=3 mm

3.2 PF 1.92 3.60 0.52 7.50 0.50 2.90

FDF 1.91 3.33

2 Rods
�=0.21,

990 rods,
d=1 mm

3.2 PF 0.173 21.9 0.57 12.10 0.50 5.20

FDF 0.172 19.2

3 Block
�=0.176,
84 holes,
d=2 mm

1.6 PF 5.52 1.84 0.72 7.60 0.77 1.09

FDF 5.48 1.70

4 Block
�=0.187,
159 holes,
d=1.5 mm

1.6 PF 4.76 1.90 2.00 10.4 0.76 4.50

FDF 4.86 2.12
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block-type porous insert with 159 holes of 1.5 mm �last row�, in
which case, it is about twice that of the uncertainty. In contrast,
the variation in C is consistently more than twice that of the
respective uncertainties in measurements for all of the inserts �and
is almost four times for the block-type insert in the third row�.
Further, it is amplified from 7.5% to 12.1% for the rod bundle
inserts and from 7.6% to 10.4% for the block-type inserts; i.e., the
C variation increases as we proceed towards more porous medium
behavior �pore scale, �10−6 m2, very small when compared to the
global length scale—here, the channel cross section, 1.5
�10−3 m2�. Altering the inlet velocity profile from PF to FDF
profile allows the flow while traversing through the porous me-
dium to have local �macroscopic, porous continuum level� varia-
tion in velocities �u�y��U�, at least for sufficient initial length of
the porous medium test section. This local velocity variation af-
fects more the form drag, hence C, which depends on the square

of the velocity. Further, the deviation becomes pronounced for
higher velocities and also while approaching strong porous me-
dium behavior.

The results of Figs. 3 and 4 can be interpreted using a Reynolds
number and friction factor, defined using length scales, which are
functions of K or the pore diameter �Dp� of the porous medium
�10�. Although limited in applicability in the context of determin-
ing flow regimes �2,4,6,12�, for instance, this approach has been
elegantly used in �13� to “collapse” data onto a single curve, for
fibrous porous media. However, if this approach is followed for
the data in Figs. 3 and 4, confusion could result over which K and
C �either for PF or FDF velocity profile� is to be used to define Re
and the friction factor. In addition, the experimental data of Fig. 3
and 4 �generated within identical flow rate values�, if interpreted
using an aforementioned Re and friction factor plot, would not
collapse into a single curve.

Fig. 3 Longitudinal pressure drop versus average fluid veloc-
ity for „a… aluminum rod bundle inserts for porosity �=0.25, 140
rods of d=3 mm, L /Dh=3.2. Experiment done at T=30°C, with
water of �=792.4Ã10−6 N s m−2 and �=995.7 kg/m3; „b… alumi-
num rod bundle inserts for porosity �=0.21, 990 rods of d
=1 mm, L /Dh=3.2. Experiment done at T=31°C, with water of
�=811.4Ã10−6 N s m−2 and �=997.25 kg/m3.

Fig. 4 Longitudinal pressure drop versus average fluid veloc-
ity for „a… aluminum block inserts porosity �=0.18, 84 holes of
d=2 mm, L /Dh=1.6. Experiment done at T=25°C, with water of
�=935.06Ã10−6 N s m−2 and �=999 kg/m3; „b… aluminum block
inserts porosity �=0.18, 159 holes of d=1.5 mm, L /Dh=1.6. Ex-
periment done at T=27°C, with water of �=882.6
Ã10−6 N s m−2 and �=998.25 kg/m3.
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Conclusions

Isothermal, laminar, steady flow, hydrodynamic pressure-drop
experiments through different porous inserts using water flowing
with two different velocity profile conditions; viz., plug flow �PF�
and fully developed flow �FDF� at the inlet of the test section were
performed. The effects of these velocity profile variations on the
simultaneous determination of the permeability K and form coef-
ficient C of the porous inserts were studied. Altering the inlet
velocity profile from PF to FDF profile affects more the form drag
�hence C, which depends on the square of the velocity� than the
viscous drag, as observed from the 12.1% variation reported in
Table 1, in the determination of C using the HDD model curve fit.

Inlet velocity profile variation effect could be countered by the
effect of porous medium test section length increase. While per-
forming a laboratory experiment to determine the K and C, a PF
profile at the inlet to the test section should be ensured. Otherwise,
sufficient length of the test section should be provided such that
any velocity profile at the inlet “develops” into a plug flow well
before the exit. As shown by the preliminary yet fundamental
results of this paper, use of porous medium in practical locations
of altered inlet velocity profiles �such as a FDF profile�, will result
in an experimental pressure drop different from the pressure drop
obtained from the HDD model using the K and C obtained from a
standard plug flow experiment in the lab. An experimental data-
base, amplifying the effects noticed in this paper, is required to
enunciate appropriate correction factors to standardize K and C
measurements.
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The paper by Uchiyama and Fukase �1� proposes a three-
dimensional vortex method for particulate flows, which is applied
to a circular jet of air laden with glass particles. The numerical
method presented has the following characteristics: �1� it includes
the two-way coupling of the particles and the fluid, �2� it dis-
cretizes the vorticity in the gas phase in the usual manner when
vortex blob methods are used, and �3� it accounts for the effects of
viscosity in the fluid by means of the less-than-usual core spread-
ing method.

The method presented in the paper under discussion is claimed
to be a 3D extension of the two-dimensional vortex method for
particle-laden flows proposed by Uchiyama and Naruse �2�. Upon
reading this previous work, however, one notes important differ-
ences in the core spreading viscous scheme. There is an apparent
inconsistency in the paper in relation to the implementation of the
vortex method, which will be discussed below. There are three
issues that should be made clear.

1. The core spreading formula presented is not the same as
used in the previous work by Uchiyama and Naruse �2� �and
several subsequent works by Uchiyama and others�. The ex-
tension to 3D of �1� refers to the particle-fluid coupling only.

2. The core spreading scheme in �1� corresponds to that pre-
sented by Leonard �3�; that scheme is derived for simple
Gaussian vortex blobs, whereas in �1� a cubic Gaussian is
used. This is a severe inconsistency, and readers should be
made aware that core spreading is derived for a specific blob
distribution.

3. The core spreading method used in �1� �Leonard’s� is a two-
dimensional scheme, derived from an exact solution to the
2D Navier-Stokes equation. It is unclear how the authors are
applying the scheme for 3D flows; in fact, the mere applica-
tion of this scheme to 3D is questionable.

The 2D antecessor �2� of the method presented in �1� incorpo-
rated the two-way coupling for particles and fluid, by means of

turning the force of particles acting on the fluid into a source term
in the vorticity transport equation. This technique was well known
at the time. The generation of vorticity due to the presence of the
particles and by the action of the drag force was pointed out in the
review by Crowe et al. �4�. The concept was implemented suc-
cessfully in a vortex-based method in �5�.

The salient feature of the 2D method of Uchiyama and Naruse
�2� is the use of the core spreading method for viscous effects in
the gas phase. The core spreading method has not been used often,
due to it falling out of favor with vortex methods workers when
consistency objections were raised �6�. The scheme was presented
by Leonard �3�, and consists of the idea that elementary vortex
blobs can be made to grow in time to simulate viscosity.

The consistency issues with the core spreading vortex method
stem from the fact that the vortex blobs are advected without
deformation, and thus they cannot be allowed to grow larger and
larger in time. Basically, the size of the blobs represents the small-
est scales that the vortex blob method can resolve. If the size of
the vortex blobs is �, then the truncation error of the vortex
method grows with �2, as proved in �3�. Moreover, since the
vorticity is advected with an average velocity and not with the
actual local velocity, the convection of vorticity is incorrect even
in the limit of infinitely many particles, as proved by �6�. These
issues were successfully addressed by Rossi �7�, who proposed a
vortex splitting technique to control the core sizes, and proved it
to be convergent. This result prompted new recent work with the
core spreading method �8,9�. Most recently, a new formulation for
the vortex method with core spreading has been developed, in
which the core size control necessary for consistency and conver-
gence is provided �without splitting� in a spatial adaption scheme
using radial basis function interpolation �10�.

In the paper under discussion, and the previous work of
Uchiyama and co-workers, starting with �2�, no correction is pro-
vided for the consistency problem of the core spreading method.
As far as can be inferred from their publications, they allow the
vortex blobs to grow uncontrolled throughout a time marching
calculation. This is acceptable if the Reynolds number is large and
the simulations short, but it is important to underscore that the
algorithm is inconsistent if applied to another flow situation.

Going into more detail, in �2� the authors cite as their source for
the core spreading method the scheme proposed by Nakanishi and
Kamemoto �11�, and thus the core sizes are grown in time follow-
ing the rule:

d�

dt
=

�c2

2�
�1�

where the constant c takes the numeric value of 2.242; this is Eq.
15 of �2�, taken from Eq. 10 of �11� with changes in notation.

The cited work �11� contains a rather scant derivation, and is
easy to question. They claim to obtain the above formula for the
change in blob radius due to viscosity in three dimensions by
approximating it by two-dimensional viscous diffusion “for con-
venience.” They seem to take the 3D vortex blobs, with spherical
symmetry, and approximate these with a cylinder of equal vol-
ume, then use 2D core spreading to diffuse the �finite-length!�
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cylindrical vortex. Apparently they then switch back to a spherical
blob of volume equal to the “diffused” cylindrical one.

The first question that comes to mind is, what may be the ac-
curacy of the approximation of spherical blobs with cylinders, and
of using a 2D viscous scheme in a 3D method? Secondly, and
more importantly, how is the 2D core spreading formula given by
�1� obtained, and what is its accuracy? The authors of �11� claim
that the numeric value of the constant c in the formula is “ob-
tained using an exact solution of Navier-Stokes equation for a
straight and infinitely long vortex filament of fluid.” Indeed, this is
the concept behind the core spreading method that is well known
by the rest of the community. In �11�, strangely, the blob distribu-
tion function is an algebraic cutoff, given by:

���� =
15

8�

1

��2 + 1�7/2 �2�

where �= �x−xi�2 /�2, and the vorticity distribution of each blob is
�1/�2�����. The above cutoff function is certainly not an exact
solution of the Navier-Stokes equations. How this spherical distri-
bution of vorticity is turned into a “straight and infinitely long
filament” to obtain the core spreading formula is simply not ex-
plained.

Turning our attention back to the work by Uchiyama and co-
workers, we note that in �2� they have used the core spreading
formula given by �1�, but they utilize a different cutoff function
�Chorin’s�. This is disconcerting, as the core spreading method is
explicitly tied to the cutoff function. In subsequent papers
�12–14�, the authors continue to give the same core spreading
formula as above, and continue to use Chorin’s cutoff function.
This cutoff was introduced in �15� and is the following:

���� = � 1

2��
, � � 1

0, � � 1
� �3�

The above is a 2D blob function and indeed the work of �2,12–14�
is always in two dimensions. However, recall that the method of
�11� is a 3D method, where an algebraic cutoff is used, and some
transformations between spherical and cylindrical symmetry are
applied to obtain the formula given by �1�.

Subsequently, in �16�, the authors no longer reference �11� but
instead cite �3� for the core spreading method. They now use a
Gaussian blob distribution function, and present the following for-
mula for core spreading:

d�

dt
=

2�

�
�4�

One can see that the formula above is equivalent to �1� if one
takes c=2, and it is also equivalent to the core spreading formula
more familiar to the community, as presented by �3�:

d�2

dt
= 4� �5�

The factor 4 in the above equation is sometimes replaced by 2, or
even 1, depending on the normalization of the Gaussian cutoff
used.

In deriving the core spreading scheme, the viscous term of the
vorticity equation is satisfied identically, using the classical exact
solution of the Navier-Stokes equation known as “spreading line
vortex” ���17�, p. 204�. This exact solution is given by

��x,t� =
	

4��t
exp�− �x�2/4�t� �6�

With the 2D Gaussian cutoff used by Leonard,

���� =
1

�
exp�− �2� �7�

clearly the diffusion equation is satisfied exactly by each blob

when making �2 grow linearly according to �5�. Since the diffu-
sion equation is linear, the discretized vorticity field in 2D can be
seen as a superposition of spreading line vortices of different
strengths �circulation�. This is the essence of the core spreading
vortex method.

In the three-dimensional extension of the the method presented
in the paper under discussion, the authors give the core spreading
formula as in �5�, citing Leonard. This time, however, they use a
cubic Gaussian cutoff function, given by:

���� =
3

4�
exp�− �3� �8�

It is not explained how the authors use the two-dimensional
core spreading formula with a three-dimensional cutoff function.
It is also not clear why the standard core spreading formula is
given, which applies only to simple Gaussian blobs, like �7�.

The compilation of articles by Uchiyama and co-workers, from
�2� to the paper under discussion, seems to indicate that the core
spreading method has been misinterpreted. I tend to believe that
the method that has been implemented is rather like a point vortex
model, regularized. It seems quite probable that viscous effects are
incorrectly modeled; the method seems to be mathematically in-
consistent.

It is important, in my opinion, to discuss and acknowledge the
problems just examined. The vortex method has sometimes suf-
fered the reputation of being only a modeling approach for un-
steady flows. It is a fact that the vortex method can produce direct
numerical simulation results, and many researchers have shown
accuracy in competition with finite difference methods and even
spectral methods �see, for example, �18–22��. One should not,
under the cover of considering the “application to engineering
problems,” fail to have concern for numerical consistency and
accuracy.
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